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PREFACE. 

It is hoped that this little treatise may be of use to Candidates 
for mathematical scholarships, and to others whose reading is 
not quite elementary. I have assumed on the part of the 
student a knowledge of Trigonometry up to the Solution of 
Triangles, and of the simpler parts of Analytical Geometry ; 
I have made occasional reference to the notation of the 
Dififerential Calculus for the benefit of students who may be 
beginning that subject 

Chapter I. deals chiefly with matter which in one form or 
another will be familiar to the student; I have, therefore, 
confined it within the narrowest limits possible. Here, and 
throughout, I have used the bar, introduced by Maxwell in 
Matter and Motion, to distinguish vector quantities ; thus U 
will denote the vector whose scalar magnitude is u ; the 
bar, however, has been employed only when necessary to 
prevent ambiguity, or to indicate, without circumlocution, 
that direction must be taken into account ; for many pur- 
poses the phrase *a velocity t*' is a sufficiently clear abbre- 
viation for *a velocity whose magnitude is t*,' some definite 
direction being implied by the use of the word velocity 
instead of the word speed. 

In Cliapter 11. I have endeavoured to arrange the ideas 
of Clifford's Dynamic (Vol. I.) for the use of ordinary students. 

Chapter III. is an attempt to state in an elementary 
manner the views held by modern writers on the Laws of 
Motion. It is based mainly on Mach's Science of Mechanics 
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{Die Mechanik in ihrer Entwickelung\ Clifford's Dynamic 
(Vol. II.), Karl Pearson's Grammar of Science^ and Mr. W. 
H. Macaulay's article in the Bulletin of the American Mathe- 
matical Society (July, 1897) ; I have throughout verified my 
references to the Frindpia in Lord Kelvin's Reprint. My 
object has been to preserve as far as possible the familiar 
landmarks ; this procedure, however, presents difficulties which 
I can hope at the best to have but partially overcome. I have, 
in the text, indicated my great indebtedness to Mr. Macaulay ; 
but it seems proper here formally to dissociate him from any 
responsibility for the contents of this chapter^ especially as 
I cannot be sure that he would regard my statement of the 
matter as satisfactory. The same remark applies to the 
section dealing with the Measurement of Time in Chapter I. ; 
but in this section even more than elsewhere I have to 
assume the responsibility for whatever may be defective. 

When my little book was still unfinished. Professor Love's 
far more able and elaborate work appeared. As I was 
writing for less advanced students, and, though with the 
same intention, on quite a different plan, I was the more 
encouraged to proceed. I have availed myself of Professor 
Love's work, so far as my ability has permitted me, to check 
here and there what I have written ; I further owe some- 
thing to it in my treatment of Reactions. 

Chapter IV. deals more fully with Work and Energy than 
has hitherto been customary in elementary books ; Dr. Hicks' 
Elementary Dynamics^ to which I have once or twice had 
occasion to refer, is an exception in this respect. 

Chapter V. treats the Theory of Dimensions in a simple, 
and I trust satisfactory, manner. 

Chapters VI., VII., and VIII., dealing respectively with 
Impact, Projectiles, and the Simple Pendulum, are slighter 
than is usual in text books of this class ; but they contain, 
I hope, all that is essential. Much of the matter sometimes 
given under these heads finds a place in earlier parts of 
the present book. The comparatively small bulk of these 
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chapters is due also to a feeling that more time is devoted, 
as a rule, to these problems than their intrinsic importance 
warrants. 

For some years past I have been accustomed to show to 
my pupils the graphic methods which I have occasionally 
employed in this book ; when I began to collect examination 
papers I speedily became convinced that these methods 
would be already familiar to many students. 

In addition to the works mentioned above, I have from 
time to time referred to Maxwell's Matter and Motion^ to 
Thomson and Tait's Natural Philosophy^ to Bouth's Bigid 
Dynamics (Part I.), to Besant's Dynamics^ to Garnett's 
Elementary Dynamics^ and to Lock's Elementary Dynamics, 

In selecting examples I have looked through not only 
Cambridge examination papers, but through many set by 
examining bodies elsewhere ; a few of the examples are my 
own. I have to thank the various college authorities who have 
either supplied me with papers or given me access to their 
libraries. In particular I must tender my acknowledgments to 
the authorities of University College, Gower Street, for copies 
of papers set by Professor Pearson, from which I obtained more 
than one valuable hint; the use of the convenient term speed- 
acceleration I ventured to adopt from these papers. 

I trust that I have acknowledged all my manifold obliga- 
tion to the work of others, or at least that any omission 
may be put down to oversight. I cannot close these remarks 
without a few words of gratitude to the friends who have 
helped me, especially to Mr. Arthur Berry, whose constant 
kindness alone has encouraged me to proceed ; my obligation 
to him is greater than I can express ; at the same time 
I ought to say that the calls on his leisure are so great that 
I did not feel it right to ask him to give more than the 
most cursory glance at the sheets, and I cannot but fear that 
there may be much in the little book which he might 
not approve. To my friend Mr. J. T. Little, of Bedford 
Grammar School, I owe thanks for his continuous care in 
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reading the sheets and in verifying all the examples ; also to 
my friend and former pupil, Mr. H. A. Webb, Scholar of 
Trinity College, Cambridge, for much work of the same kind. 
My leisure for writing has long been of the scantiest ; 
how scanty, may be inferred from the fact that a rough 
draft of the whole book with the exception of Chapters IV. 
and VIII. was already finished in 1896; I can only hope, 
with no great confidence, that I have avoided serious error. 
I shall be grateful to correspondents who will draw my 
attention to any mistakes or inaccuracies which they may 
discover. 

H. A. ROBERTS. 

4 Mortimer Road, 
Cambridge, August^ 1900. 
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CHAPTEK I. 

On the Measurement of Quantity and the 

Fundamental Units. 

1. Ask the question : " How far is it from London to 
Leeds ?** The answer is: "200 miles'*; that is, the answer 
consists of two parts, one a definite length recognised by every- 
body^ and the other a number. In the same way, to measure 
any quantity whatever, two things are required— -(1) a unit, 
that is, a quantity of the same kind as the quantity we are 
measuring, but of fixed and definite magnitude ; (2) a number 
expressing the ratio of the quantity to the unit. This number 
is called the measure of the quantity. 

2. There are three kinds of quantity on the measurement of 
which that of all other physical quantities depends ; these are 
Length, Time, Mass. 

Two systems of units are employed in England ; one, the 
so-called British (or foot-pound-second) system, the other the 
C.G.S. (centimetre-gram-second) system ; the former is sanc- 
tioned by custom, the latter is used in all scientific work ; it is 
also in general use on the continent of Europe. 

3. Unit of Length. The British unit of length is a foot. 

Dbfinition. a foot 18 one-third of the distance between the 
centres of two gold plugs in a certain rod of bronze kept in the 
Exchequer Chambers, when; that rod is at a temperature of 62** 
Fahrenheit, (62* Fahrenheit is the average temperature of the 
air in England.) 

The C.G.S. unit of length is a centimetre. 

Definition. A centimetre is one-hundredth part of the distance 
between the ends of a certain rod of platinum Kept at Paris, when 
that rod is' at a temperature of (f Centigrade, (0° Centigrade is 
the temperature of melting ice.) 

R.D. A ^ 
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4. The idea of measuring time seems to arise from the 
fact that many of our sensations recur in an invariable sequence 
in easily reco^ised &^roups. Such recurring groups of sensations 
are connected chiefly with, the xn«tion of various bodies ; we 
may take, as instances, the apparent daily and annual motions 
of the Sun, the motion of tTuplter's moons, the vibration of a 
pendulum in a vacuum, the vibr&tiKm of an atom of some definite 
chemical substance, or even the human pulse-beat. Let us call 
these various groups A, B, C, ...; and while the group A is 
repeated a times, let the group B be repeated b times, the group C 
c times, and so on ; then when a, 6, o, ... are all large numbers, it is 
found that whatever the particular numbers a, 6, c, ... may be, the 
ratios a:b:c .,. aufe nearly constant, but that some of the ratios 
are much more nearly constant than others ; it is necessary to 
take a large number of repetitions, because it is exceedinglv 
improbable that a given number of repetitions of one group will 
correspoud exactly to a given number of repetitions of any other ; 
but wnen the numbers are large, one repetition more or less 
makes but little difference. The best time-measurer would be 
that recurring group which makes as large a number of the 
ratios as possible as nearly constant as possible. 

A simple instance may make this clear. 

Galileo is said to have discovered the constancy of the period 
of vibration of the pendulum by counting the number of beats 
of his pulse corresponding to a given number of vibrations of 
the pendulum ; we may imagine him to have proceeded to test 
one pendulum against others, and one pulse against others, and 
finally pendulums against pulses ; he would have found the 
ratios of corresponding numbers of vibrations very nearly 
constant for all the pendulums, much less so for pendulums and 
pulses, and still less so for pulse and pulse ; the pendulum is 
therefore a better time measurer than the pulse. 

The motion used for measuring time is the rotation of the 
Earth on its axis. Equal iutervajs of time are taken to be 
those during which the Earth turns about its axis through 
equal angles relative to the stars.^ 

Unit of Time. The unit of time is the same in both systems 
of units, and is cedled a second. 

Dbfinitiok. a second is a definite fraction ( gflifli ) of the 
time taken hy the Earth to rotate on its axis relative to the stars. 

When physicists discuss the question of the possible variation 
in the length of a second, some such comparison of periodic 

*A minute correction is necessary. See HerscbeFs Astronomy , 
S 908, Note. 
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motions with each other as that contemplated above is held in 
view. 

5. We are not in a position to discuss the nature of Mass 
and the units in which it is measured until we come to consider 
the Laws of Motion. The student will find the units of Mass 
defined in Chapter iii., § 60. 

6. On Limits. Suppose that we are measuring some 
length, such as the distance between two minute scratches on a 
metol rod, and that after using the most accurate instruments 
at our disposal, such as measuring microscopes, we assert the 
length to DC 2*7245 feet ; what is the precise meaning of this 
statement ? Not that all the decimal places to the right of the 
5 are necessarily empty, but that our measuring instruments 
will not enable us to fill them ; even if we obtain better instru- 
ments and so fill two more places, the measurement, though 
nearer the truth, is still not absolutely exact, and no increase in 
the accuracy of measurement would make it so. The same is 
true of all measurements ; the better our instruments, the more 
closely can we approximate to the truth, but that is all ; even 
were two lengths by some extraordinary accident absolutely the 
same, we should have no means of ascertaining that this was 
the case. 

Applied Mathematics have always such measurements in 
view ; but in order to make our results applicable to eveiy 
degree of approximation, however close, the idea of a limit is 
introduced. 

Suppose that a certain quantity is being estimated by some 
process either of calculation or physical measurement, and that 
the value assigned to it depends on the extent to which the 
process is carried out. 

For example, 

(1) The sum of n terms of the series 1 +s+t+ ... is 2- t^ when 

I 12 4 2" 

n= 10, 2 - ^ when n= 100, 2-2^9 when n= 1000. 

(2) The value of ?!^, where x is the circular measure of an 

X 

angle, is OS... when a;=l, 0098... when a;=01, 0*99098 when 
a?=0*01, and 0*9999998 when a:=0*001. 

Then if it happens, either from the beginning or after a 
certain stage in the process, that there is a definite value L 
such that the difference between L and the quantity continu- 
ally decreases as the process goes on, and can be made as small 
as we please by carrying the process far enough, L is said to be 
the limit of the value of the quantity obtained by the process. 
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This is sometimes expressed by saying that^ as the process 
proceeds, the quantity tends to the limit. 

For example, the sum of n terms of the series 1 + y+t+ ••• ^^^^ 

to the limit 2 when n is indefinitely increased ; and tends to 

the limit unity when x is indefinitely diminished. 

In the case of the rod just mentioned we may imagine succes- 
sive improvements of the measuring process to give 2*7 feet, 
2-73 feet, 2*724 feet, 2*7245 feet, and so on. Although we cannot 
assign any definite number as a limit to the quantity which we 
call the length of the rod, yet it is evident that as the process 
proceeds this quantity behaves in a manner analogous to a 
quantity which is tending to a limit. 

7. The following is an example of a limit which will be 
frequently used in Sie course of this work : 

It is required to find the area of the figure HKFA, bounded 
by the curve HK, the parallel straight lines HA, KFy and the 

straight line AF, 

Divide AF into any number 
of parts A By BC, CD,,,, and on 
them describe the contiguous 
parallelograms HB^pC, qD, ... 
«F, each with one comer (viz., 
^y Pt 9i ^^') on the curve. 
Then the area required is equal 
to the limit to which the sum 
of the areas of the parallelo- 
grams approaches as the divi- 
sions AB, BCf CD ,,. are each diminished indefinitely, and the 
number of divisions consequently increased indefinitely. 

For let Z^be equal to the greatest of the divisions AB, BC, .... 
The diflference between the required area and that of the sum 
of the parallelograms can be shown to be less than the area of 
the parallelogram KL, But the area of this parallelogram can 
be continually diminished and made less than any assignable 
finite area by sufliciently diminishing the divisions AB, BC, 
CD ... , etc. Hence the required area is the limit of the sum of 
the areas of the parallelograms. 




Elementary Theorems on Vectors. 

8. Position. The position of a point in space can only be 
determined relative to other points. 

jl P and Q are two points, the position of Q relative to P 
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is known when the magmtvde of the straight line PQ is 
known, and also its direction relative to the system of points 
considered. 

The magnitude and direction of PQ may be most simply 
indicated thus : 

Let a point travelling alons the straight line PQ from P to § 
be said to describe the straight line in the positive sense, and let 
the positive senses of all other straight lines be similarly 
defined. 

Take any three points of the system 0, A, B. Join OA, and 
take this line for cucts of x as in coordinate geometry, the 
positive sense being to ^. 

Draw ^Ch/ perpendicular to Oa? 
in the plane OAB, and zOs^ per- 
pendicular to this plane, and let 
the positive senses of these be Oy, 
Ozy and be so chosen that if any 
two of the axes Ox, Oy, Oz be sup- 
posed turned round the third m 
such a sense that Oa; follows Oy, 
Oy follows Oz, or Oz follows Oa:, 
the sense of turning is related to 
the positive sense of the third 
axis m the same way as the senses 
of twisting and travelling in an ordinary or right-handed screw. 

The reader will find that, given the positive senses of Ox and 
Oy, that of Oz is determinate. 

Let LL\ MM', NN' be the orthogonal projections (see Hebson's 
Trigonometry, § 17) of PQ on the axes. As a point describes 
PQ, the point which is its projection 
on Ox describes LU ; if LL' is de- 
scribed in the positive sense of Ox, 
let the projection LU be called posi- 
tive, otherwise negative, and let the 
senses of the projections MM', NN' 
be similarly determined. 

Then when the magnitude and 
sense of the projections LL', MM', 
NN' are given, the magnitude and 
direction of PQ is given. 

The word direction must be taken ^ 
to include sense. 

Note that to determine axes of coordinates three points of 
reference are required in space of three dimensions, or two in 
space of tvjo dimensions. Also when the axes are determined 
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the position of Q relative to P is deteimined by three numbers 
in the former or ttoo in the latter case. 

9. Vectors and Scalars. Any quantity which is com- 
pletely determined when its magnitude and direction are known 
IS called a directed quantity or vector. 

Any quantity involving magnitude only is called a scalar. 

In particular the straight line PQ, given in magnitude and 
direction with positive sense P to Q, is called the position 
vector of Q relative to F, 

Any directed quantity may be represented by a straight line, 
the number of units in whose lengtn (on some convenient scale) 
is equal to the number of units in the quantity, and whose 
direction is the direction of the quantity. The sense of the 
vector may be indicated by an arrowheaa on the straight line 
which represents it. 

As we see from the preceding paragraph two scalars are 
sufficient to determine a vector in space of two dimensions, or 
three in space of three dimensiona 

The exact point from which the line representing a vector 
starts is to be regarded as immaterial unless the contrary is 
stated, provided only its length and direction are given. 

Thus if ^, B, C^ D are four points on a map such that B is two 

feet north-east of A and D two 
feet north-east of (7, the position 
vector of B relative to Am re^rded 
as being the same as that of D rela- 
tive to (7; what is meant by this 
identity is that we go through the 
same process to arrive at B from A 

as to arrive at D from C, In each case we travel two feet to the 

north-east. 

10. Vector Sum. 

Let there be any number of vectors a, )S, y, ... of the same 

kind ; starting from any point 
0, draw a straight line OA to 
represent a ; from A draw AB 
to represent jBy from B draw BC 
to represent y, and so on ; let 
K be the terminal point of the 
incomplete polygon so formed ; 
then the vector represented by 
OK is called the Vector Sum of a, )S, y, ... . 

Resultant of any number of Vectors. If a, j9, y, ... be 
any number of vectors of the same kind, and if a single vector p 
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can be found whose effect (whatever that may be) is exactly 
equivalent to that of a, )3, y, ... combined, then the vector p is 
cadled the Resultant of the vectors a, )9, y, ... . 

The combination %i vectors of every kind considered in this 
treatise is governed by one rule, which will be proved for vectors 
of various kinds as they present themselves, and which may now 
be stated thus : 

The resultant of any number of vectors of the same hind is their 
vector suTTL* 

For example, if OA^ AB, BC are position vectors, the position 
vector of G relative to is the vector sum of that of C relative to 
Bj that of B relative to A^ and that of A relative to 

11. The following proposition is important : 

Vector addition is commutative ; that isy the vector sum is inde- 
pendent of the order in which the vectors are taken. 

For if OA, ABj BC, CD represent the vectors a, /?, y, 8, 
complete the parallelogram ABCE, 

D 
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O ^ A 

^^is equal and parallel to BC, and therefore represents the 
vector y ; similarly EC represents the vector )8. Thus the 
vector sum of a, y, /8, S is the same as that of a, P, y, 8. By 
interchanging successive pairs we can arrive at any assigned 
order for adding the vectors, the sum remaining unchanged. 

12. If AB, CD represent two parallel vectors of the same 

B 




A 

D 
magnitude but opposite senses, their vector sum is zero. If 
then AB be denoted by c^ we may denote CD by — ou 

* There are quantities sometimes called vectors to which this rule does 
not apply ; — e,g. finite rotations of a rigid body. 
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Now let AB, AC represent two vectors a. j8. BC is the 
vector sum of BA, AC, that is, of -a and p, BC may thus 




consistently be called the vector difference of a from )8 ; similarly 
CB is the vector difference of /3 from a. 

13. If all the vectors are parallel, the magnitude of the vector 
sum is the algebraic sum of the magnitudes of the vectors. 

Consistently with this, if m be a pure number, positive or 
negative, integral or fractional, ma is to be regarded as a vector 
parallel to a, but of m times its length, in the same sense as a 
if m be positive, and in the opposite sense if m be negative. 

Multiplication hf a nvmerical factor, positive or negative, 
integral or fractioruil, may he distributed over vector additioiu 
and subtractions; that is, 

m{a+fi+y + ».,)=ma+ml3+my + ,,,. 

To prove this the following proposition suffices : 
The vector sum of ma, mfi is m times the vector sum of a 
and (3. 

This the student may prove by similar triangles. 

Let the vectors o, g, ma, mp be represented by AB, BC, A'B', 
B'C, respectively, Ptove that the triangles ABC, A'B'C are 
similar, and therefore that A'C is parallel to AC and numerically 
equal to mAC. 

The theorem can be at once extended to the sum of any 
number of vectors. 

14. Having shown that the commutative and distributive 
laws hold for the addition and subtraction of vectors and their 
multiplication by scalars, we may use the ordinary signs + 
and — to denote vector addition and subtraction, provwted we 
interpret the equality sign (=) to mean "are equivalmt as vectors 
to,"* 

When vector addition is meant, the symbols added will be 
distinguished as vectors by a bar drawn above them. 

Thus when it is required to distinguish the vector OA from 
the scalar OA we shall write the former OA 
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We may then write the symbolic statement of a vector sum 

*^"« ' 02+AB+BC= OC. 

Greek letters maybe used to denote vectors where no ambiguity 
is possibla The statement a=)8 will then mean that the vector 
a is equal and parallel to the vector j3. 

15. Definition. The angle hetvoeen two vectors is the angle 
between their positive senses, 

Besolved paxt of a vector in a given direction. 

Let Oa^ (positive sense 
to ip) be parallel to the given B 

direction, and let AB repre- 
sent a vector not necessarily 
in one plane with Ox. Then 
the orthogonal projection of 

AB on Ox represents a vec- jr 

tor called the resolved part ^ 
of the vector AB parallel to 
Ox, 

Let the length of -45 be 
denoted by a, and let the 

angle between AB and Ox 

be d. Then the length of O N M ^ 

the resolved part of AB . 

parallel to 0^ is a cos 0, Wlien cos 6 is negative, a cos d is 
negative, and the sense of the resolved part is ^ to 0. 

If we take rectangular coordinate axes, as in § 8, it is evident 
that any vector is equal to the vector smti of its resolved parts 
pa/raUel to the axes. 

Proposition. The algebraic sum of the resolved parts of a 
number of vectors parallel to any line is eqwd to the resolved part 
of their vector sum parallel to that line. 



M 



N 





Let OA, AB, BC, CK represent the vectors, Ox the given line 
Draw AL, BM, ON, KR perpendicular to Ox. OL, LM, MN, NR 



10 ELEMENTARY DYNAMICS. 

are the resolved parts. Their algebraic sum is OR ; but this is 
the resolved part of OK the vector sum. The proposition is 
therefore established. 

16. Mean Vector and Mean Point. 

Definition. Ifa,J3,y.,.be any vectors of the same kind, and 
m^, Wl^ ms ... an^ scalar numbers, integral or fractional, the vector 

(m,a+m2iS4-m3y+ ... )/(mi + m2+m3+ ... ), or ^= — , is called 

2/Ui 

the mean vector ofa,f3,y **.for the multiples mj, m2, mg ... . 

The mean vector is, of course, the same in whatever order 

the addition in the numerator is made. 

• 

If m^, ni^ m^... are all positive integers, the mean vector of the 
m-i vectors a, the m^ vectors j9, the m^ vectors 7 ... is obtained by 
dividing the vector sam of these by the number of the vectors. 

Definition. Let A, OB, OC . . . 6e the position vectors of points 
A, B, C ... relative to a point O which may he called the origin; 
and let G be a point sucn thai its position vector OG relative to O 
is the mean vector o/OA, OB, OC . . . for the multiples mj, m^ mj . . . . 
Then G is called the mean point or centroid of A, B, C ,.,for 
the multiples m^, m2, nis — 

Proposition. The position of the mean point is not affected by 
altering the origin, 

Q ^2- -i^A 




For, take another origin 0'. Denote the vector OOhy ta, the 
vectors OA, OB, 0(7... by a, j8, y, ... and the vectors O^A, O'B, 
aChya',B',y\... 

Then G being the mean point for origin 0, 

mi+?W2+»23+ ... 

^1 + ^2 + ^3+ ••• 

w 1 ( w + a )+m2(<o + )8)+m3((i) + y)+ ... 

z^ — — • 

«ll + ??l2 + Wl3+ ... 
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But ft>+a=a', co+)8=)9', etc. ... ; 

or (7 is also the mean point for origin O. 

This result maj clearly be stated as follows : whatever he the 
position of the point O, the euni of the vectors m^ . OA, m^ . OB^ 
mg. OC ... etc. ... is (mi+m2+ni3+ ... )0G, where Qc is the mean 
point of AjBfC ,..for the multiples mj, ni2, nis ... . 

If (o^i, tfp Zi), (x^ ^2) ^2) ••• ^^' ••• ^ the Cartesian co-ordinates 
of the various points A, B, C .., referred to rectangular axes Ox, 
Oy, Oz ; then since the resolved part of a vector sum is equal to 
the algebraic sum of the resolved parts of the vectors constituting 
it, the coordinates of the mean point of A^ By C *,Aot the 
multiples m^, m^ 7% ... are 

m-^X'^-\-m^^'\-m^^-\- ... ^mx 

, or -^^5 — f 

wii+wi2+wi3+ ... 2^m 

with similar expressions in y and z. 

The following important properties of the mean point we leave 
to the student as exercises : 

(1) If there be only tioo points A and B^ their mean point 
for the multiples m^, m^ lies on AB and divides it in the ratio 
m^ : m^ ; if m^=m^ it is the middle point of AB. 

(2) The mean point of A, B,C,,, for the multiples m^, wioi WI3 ... 
can be obtained thus : take O^ the mean point of A, B for the 
multiples 914, m^ ; then take G2 the mean point of Oi, C, for the 
multiples m^^^+m^ and m^ and so on. The last point so obtained 
is the mean point of the system. 

(3) If (r be the mean point of the system, the vector sum of 
miOAy m^OBy mjjfC ,,, is zero. 

17. It is sometimes convenient to regard the straight line 
representing a vector as drawn from a particular point. The 
vector is then said to be localised at that point, or to be initial 
at that point. 

An important case in which the vectors are localised is the 
Theorem of Moments. This we shall now discuss for vectors 
in a given plane. 

Definition. The moment of a localised vector about any point 
is the product of the magnitude of the vector and the length of the 
perpendicular from the point on the line in which the vector lies. 

Let be a point in the plane of the vectors, AB a, line 
representing one of them. Tnen the moment of the vector AB 
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about is represented by twice the area OAB\ it is reckoned 
positive when a person, placed on an arbitrarily chosen side of 



f \ 

/ * 

* > i 




B 

the plane, looking along the vector in its positive sense sees the 
area on his left, negative if he sees it on his right.* 

Proposition. The algebraic sum of the moments of three 
ooiniiial vectors whose sum is zero about any point in their plane is 
zero. 

Let AB, BC, CA represent three vectors whose sum is zero, 
and let be any point in their plane. 
First suppose that the vectors are initial at A, B, C respec- 
tively. 

Then the algebraic sum of their moments about 
is equal to db (twice the area of the triangle 
ABC), 
The vector AB is initial at A. 
^ The moment of the vector CA would be un- 
Q ^ altered by supposing it to become initial at A. 

The algebraic sum of the moments would be 
diminished if positive, and increased if negative, by twice the 
area ABC if the vector BC were replaced by a vector of the 
same magnitude, direction, and sense, but initial at A, 

Hence if the three vectors AB^ BC, CA represent in magni- 
tude, direction and sense, three vectors coinitial at A, the 
algebraic sum of the moments of these three is zero. 

Oor. L 27ie algebraical sum of the moments of any number of 
coinitial coplanar vectors whose sum is zero about any point in 
their plane is zero. 

The proof of this we leave as an exercise to the student. 

Cor. n. Defining the moment of a localised vector about an 
axis as the moment of its oithogonal projection on a plane 

* Areas, and therefore moments, are in reality vector quantities, which 
may be represented by straight lines of given length and sense perpen- 
dicular to their planes. The vector sum of a number of coplanar areas is 
numerically equal to their algebraic sum. 
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perpendicular to the axis about the point in which the axis cuts 
this plane, it is evident that 

The algebraical sum of the moments of any number of coinitial 
vectors^ not necessarily in one planCy whose sum is zero, about any 
cutisy is zero. 



Examples on Gliapter I. 

1. ABB' A' is a quadrilateral. Prove that the vector difference 
of A'B' from ^^ is equal to the vector difference of BR from AA', 

2. Prove that the straight lines which join the middle points of 
opposite edges of a tetrahe&on meet in a point. 

3. If (7 be the point of concourse of the medians of a triangle, 
O a point either in or outside its plane, prove that 00 is the mean 
vector of OAj OB, 00 for equal multiples. Prove also that the 
vector sum of OA, QB^ 00 is zero. 

4. P is a point such that the len0h of the resultant of the 
position vectors PA, PB, PO is constant, A, B, being fixed 
points. Find the locus of P. 

5. If there are any two groups of points A, B, ... and A\ B\ 
C\ ..., prove that the mean pomts oi the first system (multiples 
m^, m^, m^, ...), of the second system (multiples mrl^m^^m^^ ...)> &^d 
of the combined system (multiples mi, m^, m^... m^, m^\ m^\ ...) are 
coUinear. 

In what ratio does the mean point of the combined system divide 
the line joining the mean points of the separate systems ? 



CHAPTER II. 

KiNEMATICAL THEOREMS. 

18. Kinematics is the name given to that portion of 
mathematical science which teaches us to describe motion. It 
forms the introduction to Dynamics proper, which treats of 
motion of bodies as affected by other bodies. Dynamics again 
is conveniently divided into Kinetics and Statics, the former 
treating of the circumstances of relative motion, the latter of 
the circumstances of relative rest. It is usual, and on the 
whole convenient, to reserve the subject of Statics for treatises 
dealing with it alone. 

19. Displacement. 

Definition. The displacement of a point P relative to a point 
O is the change of ^8 position vector relative to O. 




Thus if a point P move from A to Bhy any path whatever^ AB 
the vector aifference of OA from OB is the displacement of P 
relative to 0. 

Proposition. If a point P undergoes a displacement a relative 
to O, while Q undergoes a displacement P relative to P, the dis- 
placement of Q relative to O is the vector sum of a and (3. 

Let OPf OQ be the position vectors of P, Q relative to 
before, 0P\ OQ! after the displacement. ^ 
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Then §"8 displacement relative to 







But FF' is P*s displacement relative to 0, that is, a ; and 



F'Q^ - FQ is the change of ^s position vector relative to F, that 
is, Q'b displacement relative to F, or /?. Thus ^s displacement 
relative to is the vector sum of a and fi. 

Corollary. If the position vector of Q relative to is the 
sum of the vectors C4, 02, aj, ... and these are changed to aj + 3], 
02+^ ^'*'\» •••» ^^ displacement relative to is the vector 
sum 8i+S2+(^+... . 

Returning to the proposition, note that if P be displaced fi 
relative to and Q be displaced a relative to F, the displace- 
ment of Q relative to is the same as before, viz., the vector 
sum of a and p. 

Finally, the displacement of Q is in each case the same as if it 
had undergone two separate displacements a, ^, ^ooA relative to 
0, The importance 01 these remarks will appear later. 

In all cases the displacement of a point Q relative to a point 
F is equal and opposite to that of F relative to Q, for the vector 
sum of the two displacements is, by the above proposition, zero. 

On Velocity. 

20. Definition. The velocity of a point P relative to a paint 
O is the time-rate of P* disptacernent relative to O. 

Thus, just as displacement is the change of a vector OF, 
velocity is the rate of change of a vector OF, 

Velocity, as is implied in the definition, is relative only. In 
speaking of the velocity of a point, we can only mean the rate at 
whidi its position estimated with regard to other points is 
changing, tnat is, we mean its velocity relative to those points. 
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So, to say that a point is ** at rest " only implies that its position 
relative to other points is not changing ; this is the only 
scientific meaning which can be attributed to the phrase 
" at rest.*" 

When the points or axes to which the motion is referred are 
clearly understood, the word ** velocity " used without qualification, 
is used to denote velocity relative to those points or axes. Thus in 
dynamical problems the velocity of a point relative to certain axes 
through a given point on the ESarth's surface is often for brevity 
called the velocity of the point. 

21. Oonstant Velocity. 

Definition. The velocity of a point is constant when equal 
displacements take place in any two equal times. 

The phrase ^ equal displacements " implies that the displace- 
ments must take place m the same direction and be equal in 
magnitude. Thus a point moving with constant velocity must 
travel along a straight line. 

Constant velocity is a vector quantity. 

Its magnitude = the magnitude (number of feet or centimetres) 
of the displacement which takes place in a second. Its direction 
is the direction of the displacement. The magnitude of a velo- 
city is called its speed. 

A point may travel with constant speed along any path 
whatever ; it will describe equal lengths of the path in any two 
equal times. 

If two points describe the same path in opposite senses, their 
speeds will be distinguished by opposite algebraic signs. 

The Unit Speed is the speed of a point which passes with 
constant speed over a foot in a second (or in the C.G.S. system 
over a centimetre in a second). 

These units are for brevity denoted by 1 f.s., and 1 cm. a. 
respectively. 

A point moving with unit speed in a given direction is said to 
have unit velocity in that direction. 

A velocity whose magnitude is u is often spoken of as "a velocity 
u" it being understood from the use of the word velocity that 
some definite direction is implied ; when a vector-sym Dol is 
required to denote the velocity whose magnitude is u, we shall 
employ u. 

22. Proposition. If a point travels mth constant velocity u 
feet a second for t seconasy its displacement is equal to ut feet. 

Let A be the initial position of the point, and let ABhe the 
direction of the velocity w. 
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Because the velocity is constant, the point will travel in the 
straight line AB, 

B 



Then, if < be a whole number, since by de6nition (§ 21) the 
point's displacement is u feet in each second, it is te x / or ut feet 
in t seconds. 

If ^ be a fraction, let it be equal to ^ , where p and q are 

1 S' . 

integers. Since in each - of a second the point must by defini- 
tion have the same dispukcement, the displacement i^ - in - of 
a second, and therefore p,\oT t,u feet in -^ seconds, as beK>re. 

If O be the point relative to which the velocity of the moving 
point is estimated, and if OA^ OB be the position vectors of the 
mov ing point at the beginning and end of the interval t, then 

OB=0A+vt, 

Variable Velocity. 

23. Constant velocity may be estimated in an interval as 
small as we please ; e.g, a point displaced with constant velocity 

through 1 foot in a second will be displaced through — ^ feet in 
seconds in the same direction, and however small the interval 



10« 

of time is taken, (1) the direction of displacement, (2^ the speed 
will be the same ; this is a direct result of the dennition that 
equal displacements take place in any two equal times. Thus 
the velocity at any instant may he determined by estimating the 
di^acement during any interval containing that instant, 

feut suppose that the moving point is travelling in any way 
whatever other than along a straight line with constant speed. 
If we seek to define the velocity at a given instant, neither of 
the above statements (1), (2) is in general true. For if we 
consider the displacement for an interval t, which includes the 

given instant, and diminish t, the ratio ( — 2 j will 

alter in general both in magnitude and direction. 
R.D. B 
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However, in the majority of cases, the ratio / <^^sp^a^e™ent \ 

tends to become equal to a definite vector, as t diminishes 
indefinitely. 

Definition. When a point is moving in any manner whatever, 
the ratio ^'^^'^^want in a given irUmxd t\ ^ called the a.-nziie9 

velocity /or that interval. 

It is that constant velocity which will produce the actual 
displacement of the point in time r. 



D 




.,.., 



If we are given Fj, V^ Fg, ..., the average velocities of a 
point for a number of successive intervals Tj, Tj, T3, ... , and if 
we draw the successive displacements AB =ViTi, BC^V^t^ 
CD= F3T3, ... we obtain not, it is true, the path of the moving 
point, but a number of points ^, (7, 2), ... on the path, and 
ABCD.,, is a polygon inscribed in the path. 

24. We shall now define the velocity of a point at any 
instant of its motion. 

Definition. If the average velocity of a point for an interval 
r inclvding the particular instant can be made to approach as 
nearly as we please to a definite vector hy dimivdshing r indefmitely, 
the point is said to have a velocity at tne instant, and its value is 

the limit to which the average velocity f —^ j tends. 

The interval r may be chosen so that the instant coincides with 
either end of it or falls between them ; it may happen that the 
results obtained by thus varying the position of the interval with 
reeard to the instant are different. In this exceptional case the 
pomt cannot be said to have a velocity at the instant. 

Suppose that oq represents the average velocity for the 
interval r, and op the definite vector to which it approaches ; 
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the definition implies that the vector pq can be made shorter 
than any assignable lengthy however small, by sufficiently 
diminishing r. 

r9 





It is sometimes convenient to call the velocity of a point at a 
given instant the inatantaneoua velocity of the point. 

Let A and B be two points of the path, one on each side of a 
point P. If the moving point has an instantaneous velocity at 
P, as we suppose A andjJ to move 
up to one another, the chord AB^ 
being the direction of the average 
velocity from A U> B, tends by our 
definition to a definite direction, 
viz. that of the tafigent at P ac- 
cording to Newton's definition of 
a tangent. Accordingly when the moving point has an instan- 
taneous velocity at a point P of its path, there is a tangent 
to the path at P, and this tangent is the direction of the 
instantaneous velocity. 

The reader acquainted with the elements of the differential 
calculus will see that the speed of a point at a given instant 

may be represented by — , where a is the length of the arc of 

the path measured from a given point. Newton denoted the time- 
rate of the increase of a quantity by a dot placed over the symbol 
representing the quantity ; thus in his notation the speed of a point 
may be written a, while if /> be the point's position vector relative to 
a point 0, its velocity relative to may be written p, a vector 
symbol. 

For a fuller discussion of instantaneous velocity see Clifford's 
Dynamic^ Yol. I., pp. 44-52, which work the reader should at 
some time consult. 

25. The velocity of a point at any instant of the motion is, 
as we have just seen, represented by a definite vector^ that is, it 
is equivalent to a certain constant velocity. We will give two 
illustrations of this important aspect of a variable velocity, 
taking for simplicity cases in which the speed alone varies. 

Suppose that two trains A and B are travelling in the same 
sense on parallel lines of rail, and suppose that A starts from 
rest and gradually increases its speed up to 20 miles an hour, 
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while B moves with a constant speed of 10 miles an hour. At 
first A will appear to lose on £, out when A has attained its 
greatest speed it will be gaining on B ; there must then be some 
instant at which A stops losing on B and begins to gain. At that 
instant the train A has a spem of 10 mUes an hour. 

Again, in the case of a stone falling vertically the distance 
traversed in t seconds from rest is given (as will be proved in 
§ 40) by s=a^i where a is the distance traversed in the first 
second. Suppose another body to move vertically downwards 
with constant speed Vy starting with the stone. The distance 
between the boaies at time t 

=vt-a^=-^{v^-{v-2at)\ by algebra. 

- This quantity continually increases as t increases, until 

v-2a<=0, or ^=5-, after which it diminishes. Hence at the 

Jta 

instant when ^=5- each body is at rest relative to the other. 

^a 

Consequently the speed of the falling body at the end of a time 

t (which may be made of any duration by properly choosing v) 

is 2at. 

The above illustrations are taken substantially from Clifibrd's 
Dynamic, 

In a similar way, the instantaneous velocity of a point moving- 
in any manner whatever may be regarded as equal to a certain 
constant velocity ; we have only to make the speeds agree as 
above, and then to make the directions agree. 



Examples. 

1. When the velocity is constant in direction, and the displace- 
ment of the moving point at time t is equal to at'^, find, from the 
definition in § 24, the speed at time t. 

[Displacement in time t=a^, displacement in time t+T=a{t+T)*; 

.'. Displacement in interval r = 2a^r + ar^ ; 

.'. The ratio spftc^™ ^ =2o< + or, which approaches 2at as r 

is indefinitely diminished.] 

2. Under the same circumstances, find the speed at time t when 
the displacement at time t is at\ 

S. The velocity still being constant in direction, find the speed at 
time tf when the displacement at time t =a sin pt. 
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4. A point describes a circle of radius 1 foot with a constant speed 
of 1 foot per second. Another point describes a regular polygon of 
100 sides inscribed in the circle, both revolutions being accomplished 
in the same time. Prove that the difference in their speeds is *00016 
f.s. nearly. Also if they reach an angle of the polygon together, 
and the first point then travels with unaltered speed along the 
tangent to the circle, prove that when the second has described the 

next side of the polygon, the points are less than ^ of a side of 
the polygon apart. 

5. Prove by the method of § 25 that if the displacement of a 
moving point at any time t be 8=iaH\ the direction being constant, 
the speed at time t=aHK 

[The distance between the points moving with variable and constant 

speed=^2v^-(2v^-3avt + aH^)\. Then prove that the last term 
is positive, except when v=a^^.] 

26. Proposition. If a point has a velocity at each instant oj 
its motion, its path may he represented to any required degree oj 
accu/roAyy by supposing the point to travel for a short interval r 
toith the velocity it has at the beginning of this interval^ for 
another short interval r with the velocity it has at the beginning of 
this second interval^ and so on. 

Let Vu v^y i^3...be the velocities 
at^the beginnings of the intervals, 

 ^i> ^2> ^3 ••• t^e average velocities 
for each interval, the initial, K 
the final position of the moving 
point, h the final position on the 
above hypothesis. Let t be the time 
from to iT, and let the intervals t 
be n in number. Then7iT=;. 
Then (definition of average velocity, § 23) 

0Z= IT. ^+ ^ . r+ 1^ . T+ ... 

_=(T,+T2+F3+...)t; 

But Ok=={v^-{-v^-\-v^+ ,,, )t ; 

••• M'=[(Ti-Vi) + (T2-V2) + ...]t. 

Now let u be the greatest of the vectors V^ — v^, V^ — v^ etc. 

.'. kK is numerically less than nur or ut. 

But u, and therefore ut, may be made to diminish indefinitely 
by sufficiently diminishing r (Definition, § 24). Whence the 
proposition. 

The motion of the particle need not be confined to one plane. 
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t 

Ck^roUary. The same would be true if the point were supposed 
to travel throughout each interval with the velocity at the end 
of the interval, or with the velocity at any other point of the 
interval. 

The intervals daring which the point is supposed to travel with 
constant velocity need not of necessity be all equal ; it is sufficient 
if they all diminish indefinitely. The proof of this we leave to the 
student. 

Examples. 

1« A point describes a circle with any constant speed in 4000 
seconds. Prove that if it be supposed to travel for each second with 
the velocity it has at the beginning of that second, at the end of 
1000 seconds its displacement from the position it would have 
occupied at that time if it had continued to travel in the circle is 
slightly more than ^-^ of the radius. 

2, A point moves with a velocity constant in direction ; the velocity 
is initially 8 cm. s. , and at any subsequent time ^ is (8 + cm. s. Prove, 
by considering the velocities at the beginning and end of intervals 
each iV of ft second, that in 10 seconds the space described is greater 
than 129*5 and less than 130*5 cm. 

Besultant of Several Velocities. 

27. The following is a form of the proposition known as the 
Parallelogram of velocities. Taken in conjunction with § 29 
below it gives explicitly all that is implied in shorter statements 
of that proposition. 

Proposition. Let O, A, B be any three points, and let A have 
any motion whatever relative to O, aiid let B have any motion 
whatever relative to A ; ai each instant of the motion^ the velocity 
of B relative to O is the vector siim of the velocities of B rdative 
to A and of A. relative to O. 

(1) Let the velocities be constant. 
Let ^'s velocity relative to be w. 
Let ^8 „ „ il be v. 

Then in a second 

^'s displacement relative to il is t;, 
and 
id's „ „ is w. 

^ . ^s displacement relative to is 

u-\-v. 
Next, in any interval t, 

: ^u ^8 displacement relative toAiavt] 

A^& _„ _ _ „ 0\But\ 

:. Bs displacement relative to is ut+vt=(u'i-v)tf (§ 13). 
that is, t X (displacement of B relative to in a second). 
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Therefore B.ia displaced relative to with a constant velocity 
equal to the vector sum of u and v. 

(2) Next, let the velocities be variable. 

Let OP, PQ represent the average velocities of A relative to 
and B relative tx> A for a small interval r including a given 
instant. Then OQ represents the average velocity of B relative 
to 0; for OP, PQ represent 
constant velocities for a given 
value of r, and therefore the 
average velocity of B relative 
to is their vector sum by the 
first part of the proof. 

Let Op, pq represent the in- 
stantaneous velocities of A rela- 
tive to and of B relative to 
A. Then by hypothesis, the vector difference OP from Op (that 
is Pp), and also the vector difference PQ from pq each dmiinish 
indefinitely as r is diminished. 

Call the former a, the latter p. 




Then Qq^QP-^-Pp+pq 

=Pp+pq-PQ 

This is a vector whose length is numerically less than the 
arithmetic sum of the len^hs of a and fi, and which therefore 
diminishes indefinitely wither. 

Therefore OQ can be made to approach as nearly as we please 
to the definite vector Oy by sufficiently diminishing r. 

Therefore Oq is the instantaneous velocity of B relative to 0. 

But Oq is the vector sum of Op, pq the instantaneous relative 
velocities, which proves the proposition. .^ 

Corollary. Let the points and B coincide. 
Then the vector sum of ^s velocity relative to 
A and ^'s velocity relative to jS is ^s velocity -^ • 

relative to B, that is, zero. ^ • 

Therefore the velocity of A relative to^is eq^ud and opposite to 
that of B relative to A. 

Referring back to § 24, we can now interpret the meanins of pq^ 
the vector difference between the avera^fe sma instantaneous velocities 
thus — let one point be moving with the average velocity for a given 
interval, and another point with the instantaneotis velocity at some 
instant of it ; ^hen pq represents the velocity of one of these points 
relative to the other. 
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28. Polygon of Velocities. The proposition of § 27 may 

be easily extended to the motion of 
C any number of points. Denote these 
• points by 0, A, B, C, ... . 

Let Ui denote the velocity of A 
^ • relative to 0, 

Wg that of B relative to -4, 
0, A , Us that of C relative to By and so on. 

Then the velocity of the last point 
K relative to is the vector sum of i^i, «2> ^3» •••• 

For the velocity of B relative to is the vector sum of w^, i*^. 
The velocity of C relative to is the vector sum of the velo- 
city of B relative to 0, and that of C relative to B^ that is, of 
Uij u^ u^ and so on for any number of points. 

Let ct, )8, y, ... denote the position vectors of A relative to 0, 
B relative to A^ etc., so that the position vector of the last point 
K relative to is a+)8+y + ...; the velocity of any point C 
relative to a point B is the rate of change of the corresponding 
vector y, or m Newton's notation y. We may thus write the 

velocity of Z* relative to as the vector sum d + jS+y4-.... 

The above result can be graphically represented as follows : 
Let Ay By (7, ... be any number of points, moving with various 

velocities relative to one another. 
If we draw from any point the vector ah to represent B^ 

velocity relative to Ay he to represent (7's velocity relative to By 

and so on, we have an assemblage of points a, hyCydy ... which 

is called the velocity diagram. 

A' 

'B 

To represent the relative velocity of two given points we have 
only to join the corresponding points in the velocity diagram. 

Example. A steamer is travelling with constant velocity in a 
steady breeze; find the direction of the line of smoke from the 
funnel. 

Let oa represent the velocity of the steamer, oh that of the wind. 
Assuming that the smoke on leaving the funnel at once takes up the 
velocity of the wind, ab represents the velocity of a particle of the 
smoke relative to the funnel. Hence the direction of Jbhe smoke-line 
isa&. 
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29. Independent Velocities. The vector sum of the 
quantities i^, ^, %, ••. is independent of the order of addition. 
Hence, given any series of points 0, A, B, C, Z>, i?, the velocity 
of ^* relative to will be the same in whatever order the relative 
velocities u^ i^2> ^ •** > ^^^ attributed to the pairs of points ; for 
example, we shall obtain the same vector for the velocity of E 
relative to 0, whether we call il^ the velocity of E relative to /), 
u^ the velocity of D relative to (7, and so on, or whether we call 
i*2 the velocity of E relative to D^ % the velocity of D relative 
to Cy and so on ; of course in the two cases the velocities of the 
intermediate points Z>, C, B, A relative to will not be the same. 

In many cases the particular network of connecting points 
used is quite unimportant. We proceed to discuss a nomen- 
c'ature wkich wiU do away with the necessity for specifying them. 

Consider, for simplicity, the case of two constant relative 
velocities, Ui that of A relative to 0, and U2 that of B relative 
to Af and let the corresponding displacements of A relative to 
0, and B relative to A, each in an interval ^, be a and P, so that 
o=t*i. t, P=U2, t. 

Now the displacement of B relative to 0, viz. the vector sum 
of a and )3, might, so far as the final displacement of B is 
concerned, be made by giving B the separate displacements a 
and P each relative to O. For this reason B may be said to 
have the velocities iZ^, u^ relative to simultaneously. 

We may now define as follows : 

Definition. A point is said to have two simultaneotLS in- 
dependent velocities when its displacement in avy time is the 
vector sum of the displacements which would he due to each velocity 
separately. 

The actual velocity of the point is {in accordance with the dejini- 
tion of § 10) called the resultant of the two independent velocitieSy 
and these latter are called the components. 

A similar definition will apply for any number of independent 
velocities. 

We may now succinctly state the proposition known as the 
Polygon of Velocities, given in § 28, as follows : 

The resultant of any number of independent velocities 
is their vector sum. 

Since an instantaneous velocity is equivalent to a certain 
constant velocity, and (§ 27) is subject to the same rule of 
composition as that constant velocity, all the above definitions 
of independent, component, and resultant velocities apply to 
instantaneous velocities. 

The velocities are not necessarily all parallel to one plane. 
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30. On the Composition of Motions in general. Let a 

Soint P have any number of independent motions whatever; 
enote these by {A\ {B), {C\ 

Let a be the displacement which would be due to the motion 

(A) alone in time t 

Let P be the displacement which would be due to the motion 

(B) alone in time t. 

Let y be the displacement which would be due to the motion 

(C) alone in time t, etc. 

The displacement of P when all the motions go on simul- 
taneously is the vector sum of a, /?, y, ... . 

To prove this we have only to remark that the resultant 
velocity at any instant is the vector sum of the velocities which 
would be due to each motion separately (§ 29). 

.*. the displacement which would be due to the resultant 
velocity in a small interval t beginning at the instant is the 
vector sum of the displacements which would be due to the 
several independent velocities in the same interval. 

The same is true for each small interval. By the principle of 
§ 26, the final actual displacement can be made to approach as 
nearly as we please to the vector sum of these small displace- 
ments for all the intervals by sufficiently diminishing r. But 
the set of displacements due to (A) add up to a, and the set of 
displacements due to {B) add up to ^, and so on. Hence the 
proposition. 

31. Calculation of the resultant of any number of inde- 
pendent velocities. 

As we have seen, the resultant of any number of independent 
velocities may be found graphically by constructing their vector 
sum. 

The following case deserves special notice : Let the velocities 
be represented by multiples, rriioay m^oh^ m^ ..., of straight 
lines ooy oh^ oc ,.. drawn from a given point o, where m^, m^yin^... 
are any scalars. Then (§ 16) the resultant is represented by 
(mi+m2+^s ... ) og, where g is the mean point of a, 6, c ... for 
the multiples m^y m^, m^.,. . 

6 




In particular, the resultant of two velocities represented by 
oa, oh is 2o^, where g is the middle point of ah» 
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Caxtesian Fonniilae for the Besnltant. 

To find the resultant of any number of coplanar velocities of 
magnitudes t^, v, w ,., inclined at angles o^ P, y ... to a given 
direction Ox. Let V be the magnitude of the resultant, and let 
the resultant be inclined at an angle <^ to Ox, 




Then since (§ 15) the resolved part of the vector sum = the 
algebraic sum of the resolved parts, taking resolved parts parallel 
to Ox we ha^ve 

Fcos </)=M cos a+2; cos jS+ w cos y + ... =2w cos a. 
And similarly, taking the resolved parts perpendicular to Ox^ 
Fsin </>= w sin a+ v sin /S+w sin y + ... =2t« sin a. 

And therefore F2=u'+t?2+ti^+... + 2wi; cos (a~/3)+ ... and 

. , 2m sin a 

tan0=^; ' 

^ 2M cos a 

Oorollary. If there are only two velocities inclined at an 
angle ^, the resultant is given by F^=w*+v2+2ttt;cos^, and 
the inclination of the resultant to the velocity u by 

, v sin a 

tan <p= — ; $ 

^ M+vcosa 

as may be easily seen independently. 

The resultant of velocities not all parallel to a plane can be found 
in a similar manner by reference to three axes. Ine magnitude V of 
the resultant is given by 

V^ = (2tt cos a,)» + (2tt cos a^)* + (Stt cos a,)*, 

where a^, Oy, Ot, are the inclinations to the axes of the velocity whose 
magnitude is v. The inclinations of the resultant to the axes are 



cos 



-{Zucoaax 



^^g-iSMcosoy 



cos 



.I'Sucoaot 
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32. Resolution of a velocity into components. 

I. In T\Do Dimensions. Let OJ, numerically equal to F, 
represent the velocity. It may be resolved into two com- 
ponents represented by OB^ BA in 
an infinite number of ways, because 
B may be chosen to be any point 
whatever. These components may 
be made to satisfy various condi- 
tions of which the following is a 
summary : 

(1) Given the magnitudes, u^ v, 
of the components, the direction of 
each is determinate. The resolution is possible if u+v>V. 

(2) Given the directions, the magnitudes are determinate. 

Let (X, /3 be the angles the known directions make with the 
direction of V. 

Then angle OB A = tt - (a 4- jS). 

OB BA 




But by trigonometry. 



therefore 



Fsinjg 



OA 

8in^~sina 8in(a4-)8)' 

Fsina 
sin(a+^y 



v=- 



(3) Given the magnitude (u) of one component, and its direc- 
tion, the other component is determinate. 

(4) Given the magnitude (u) of one component and the 
direction of the other. 




TA be the given direction. 
Draw OL perpendicular to AT. 

Then (i.) if u<OL^ the resolution is impossible ; 

(ii.) if u=^OL there is one possible pair of components, 
and these are at right angles ; 
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(iii.) iiu>OL but < OA ( V\ there are two possible pairs 
of components ; 

(iv.) a u> OA there are also two pairs ; but one of the v 
components is in the sense TA, the other in the 
sense A T, 

(5) If the direction only of one component (m) is given, there 
are an infinite number of pairs of components. 




Let or be the direction of u. Take any point B on OT^ then 
OB^ BA represent a possible pair of components. 

The cage in which tJiepair ofcomponenU is at right angles is of 
supreme importance. The components OB, BA are then the 





resolved parts (see § 15 above) of V parallel and perpendicular 
to the given direction. 

Their magnitudes are therefore Fcos ^ parallel to the given 
direction, F cos (90**-^) or Fsin^ perpenaicular to it, ^ Being 
the angle (acute or obtuse) between the directions of u and V, 
When 6 is obtuse, the u component is in the sense TO, 

II. In Three Dimensions. An important case of resolution 
into three components mutually at rignt angles is the following : 

Let the velocity, of magnitude F, be inclined to the axis ot z 
at an angle 6, and let the plane zOVhe inclined to the plane 
zOx at an angle ^. 
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Then the resolved parts of Tare Fsin ^cos</> parallel to Oxy 

y 




Fsin ^sin </> parallel to Oy, Fcos Q parallel to Oz. 

33. Velocity of the Mean Point (centroid). Let a, /}, 
y, ... be the position vectors of the points -4,-5, (7 ... relative to 
any origin 0. Then the position vector of 6^ the mean point of 
J, J?, (7, ... for the multiples wij, vn^ m^ is 

^{m^a + wi2)8 + ms7 + . . . }, 

mj, TTig, 7% ... being any scalars. 

Now, the velocity of a point whose position vector is p being 
denoted by p, that of a point whose position vector is mp 
(m being a scalar), is m/S ; for when p becomes p+8, mp becomes 
m{fi-\-^\ the displacements are thus in the ratio \\m\ so 
consequently are the average velocities for a given interval, and 
so therefore are the velocities at a given instant. 

Hence, by the polygon of velocities, § 28, the velocity of Q 
relative to is 



2«i* 2m 



•^+^-^+-M 



or 



2wd 
2w' 



^ OoroUaxy. If the resolved parts of a, jS, y, ... parallel to any 
line be of magnitudes t^^, u^^ %, ... the resolv^ part of the 

velocity of Q parallel to this line is of magnitude ^^^. 
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This result evidently appears in the Velocity Diagram as 
follows : 

Let Ay B, G^ ... be the points j^ . 

whose velocities we are consider- A j ^ 

ing, and a, 6, c, ... the points * 
in the velocity diagram corre- . q 

sponding to -4, ^, C, ... respec- '9 

tively. .^ 

Let O be the mean point of ^^ 

Ay By Cy ... for the multiples • ^ 
Wj, 7»2, W3, ... . And let g be the 

mean point of a, 6, c, ... for the same multiples. Then the 
velocity of O relative to any point in the diagram J, 
By (7, ... is represented by o^, wnere is the point corresponding 
to in the velocity diagram. 

Examples. 

L A point has four simultaneous velocities of 20 cm. 8. The 
angle between the first and second is «^°, that between the second 
and third is 60°, and that between the third and fourth is 30°. 

Find the magnitude and direction of their resultant, (i) by 
a graphical construction, using mathematical instruments ; (li) by 
calculation. 

2. A ship is sailing due south at the rate of 4 f.s.; a current is 
carrying it due east at the rate of 3 f.s., and a sailor is climbing up 
a vertical mast at the rate of 2 f.s. What are the speeds of the 
ship and the man ? 

3. A point has independent velocities 1, -roi +tt» ~\a* ®*^*' 

ir. Li l^ 

parallel to a given line, and 1, -1-5-, +??-, etc., perpendicular to 

li 1£ 

this line. 

Verify with mathematical instruments that its resultant 
velocity is unity, inclined at an angle of 1 radian to the given line. 

4. Assuming the law of composition of velocities and some rule 
for drawing a tangent to a parabola, find the velocity at any instant 
of a point moving with the horizontal component of its motion 
uniform in a parabola whose axis is vertical. 

5. A person moving due east at 4 miles an hour observes that 
the wind seems to blow directly from the north. On doubling his 
speed, it appears to blow from the north-east ; find the true velocity 
of the wind. 

[Draw the velocity diagram. Let oa represent the person's first, 
oc his second velocity, so that oa=ac. He observes the velocity of 
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the wind relative to himself. Drawing ab from N. to S., c6 from 
N.E. to S.W., these are the directions of the relative velocities. 




Then joining oh, ob is the actual velocity of the wind. Angle 
ac6=45^ ha = ac=oa\ .*. cb = 4t^2 miles an hour, and angle 
ftoa =45^ or the wind is in the N. W.] 

6. Two points are moving with constant velocities in straight 
lines A B ana CD, and in the same second they move from A to B 
and G to D respectively. Find by geometrical construction the 
position in which they are nearest together. 

7. A B, CD are two equal straight lines bisecting each other at 
right ansles. Points start at the same instant from Ay G and move 
along An, CD with constant velocities. Show that, the relative 
velocity of the points being given in magnitude, the time that elapses 
before they are at their shortest distance apart is proportional to 
the sum of their speeds. 

8. Show that the trail of smoke from the funnel of a steamer 
moving with constant velocity is in a vertical plane parallel to the 
vane on the mast. 

9. A steamer is going down a straight river at constant speed, 
and its flags make an angle a with the direction of motion. On 
turning through a right angle the flags make an angle /3 with the 
direction of motion. Find the direction of the wind. 

10. OA, OB, 00 are three straight lines meeting in O. Angle 
AOB =30% angle BOG=&)\ Three points P, Q, B start simul- 
taneously from O and travel along 0-4, OB, 00 respectively with 
constant velocities such that P, Q, R are always in a straight line 
perpendicular to OB, Prove that the velocities of Q and R relative 
to P are in the ratio 1 : 4. 

11. Two points move along straight lines at right angles to one 
another, eacn with a speed of 7 i.s. Determine their relative 
velocity, and show that if one of them passes through the point of 
intersection of their paths a second later than the other, tne time 
between the two occasions at which their distance apart is 5 ft. will 

be -f of a second. 
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34. Change of Velocitsr. 

Defikitiok. If a 'point has <U any vMtant a vdocity u, arid 
after any interval a velocity v, the change of vdocity during the 
interval is that velocity which compounded with u gives v. 

It is evident from § 29 that 
the change of velocity is the vector 
difference of u from ?. It is to 
be noted that the speed may be 
the same throughout the inter- 
val, and yet there may be a 
chajige of velocity. 

Thus, let opy oq represent the 
velocities v^ Vy and suppose that 

op, oq are equal in magnitude ; the vector pq is still in general 
nnite. 

Hodograph. 

Let a point P be describing a curve, and from a fixed point o 
let there be drawn op to represent the velocity of P, so that as 
P moves along its path, op turns so as to be always parallel to 





the tangent at P, and grows or diminishes so that the number 
of units in its length is always numerically equal to the speed of 
P ; p traces out a new curve called the hodograph. 

Any radius to the new curve from o represents the velocity 
at the corresponding ^int of the path. Hence the name 
{liodon graphei — it describes the way). The point o is called the 
pole of the hodograph. 

If P, Q be two points on the path, jp, a the corresponcUng 
points of the hodograph, pq the chord oi the hodograph repre* 
sents the change of velocity as the moving point travels from F 
to Q. The arc pq of the hodograph may be regarded as the 
limit of a polygon whose sides represent successive small changes 
of velocity whose vector sum is the chord pq, 

R.D. c 
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Examples. 

1. A point moves with speed 10 cm.s. along the base BC of an 
equilateral triangle ; on arriving at C it proceeds with doable speed 
along the next side. Find the change of velocity. 

2. A point proceeds with constant speed t; round the perimeter 
of a regular octagon. Pro ve that the change of velocity at each 

angular point is equal to vj2- ^2, along the radius of the circum- 
circle of the octagon. 

S. A point travels with constant speed v from A to B along the 
circumference of a circle, centre O. If the angle AOB be B^ prove 

that the change of velocity as the point goes from A to B\a2v sin - 
in a direction parallel to the bisector of the angle AOB. 

4. If the moving point P travels with constant velocity, the 
hodograph is a point ; if with velocity constant in direction only, 
the hodograph is a straight line through the pole parallel to tms 
direction. 

5. If the point P describes the successive sides of a regular 
hexagon with constant speed, what is the hodograph 7 

6. A point moves in a circle, and its speed is proportional to 
its distance from a fixed diameter of the circle ; find the hodo- 
graph. 

7. A x>oint P moves in an ellipse in such a way that if its velocity 
be resolved into two components parallel to HP, PS the focal 
distances, these components are constant in magnitude. Find the 
hodograph. 

85. Acceleration. 

Dbfinition. Acceleration is the time-rate of change of velocity. 

On Constant Acceleration. 

Definition. The acceleration of a point is constant when eqtuil 
changes of velocity take place in any two eqttal times. 

The phrase "equal changes" implies, of course, that the 
changes of velocity must be in the same direction. 

Constant acceleration is a vector quantity. 

Its magnitude = the magnitude of the change of velocity in 
one second. 

The direction of the acceleration is the direction of the change 
of velocity. 

77ie Unit of Acceleration is the acceleration of a point which 
receives unit change of velocity iu unit time. 
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The unit of acceleration is usually spoken of as "a foot (or 
centimetre) per second per second." 

These units are for brevity denoted by 1 f.s.s. and 1 cm.s.s. 
respectively. 

The rate of change of speed may be called speed-acceleration. 
It is a scalar quantity, and is not in general equal in magnitude 
to the accderation. (See forward, § 49.) 

The double reference to time in the measure of acceleration is 
clearly brought out in the following examples : 

1. A point moves from rest in such a manner that at the end 
of a minute it has acquired a velocity of 3600 feet per minute. 
What is its acceleration ? 

A velocity of 3600 feet per minute= ^ j^^ feet per second =60 
units of velocity. 

.*. 60 units of velocity are acquired in a minute. 

.'. 7$* or 1 unit of velocity, is acouired in a second. 

.'. the acceleration is unity, or 1 toot per second per second. 

2. The measure of an acceleration in the C.G.S. system is 981 ; 
what is its measure when a yard and a minute are units, if I foot be 
taken equal to 30*5 cm. ? 

36. Variable Acceleration. Let a point P be describing 
any path. Suppose the point describes the arc PQ in the 
interval r. Let op, oq represent the instantaneous velocities at 
Pand Q, pq represents tne change of velocity in the interval t ; 

\^ j represents the average a/icderation for that interval, which 




is defined as thai constant accderation which mil produce the 
actual charige of velocity in the interval r. 
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Acceleration at any instant of the motion. 

Definition. If the average acceUration for an interval r in- 
eluding the particular instant can he made to approach as nearly 
as we please to a definite vector hy diminishing r indefinitely, the 
point IS said to have an acceleration at the instant ana its value is 

the limit to which the average acceleroMon (^) tends. 

As in the case of instantaneous velocity, unless the same limit 
is obtained for all positions of the interval with regard to the 
instant, the point cannot be said to have an acceleration at the 
instant. 

From the definition we see that the instantaneous acceleration 
of P is represented by the instantaneous velocity of p in the 
hodograph. This is a most important result : it enables us 
at once without further proof to transform any velocity 
theorem into an acceleration theorem. 

Thus the theorem of § 26 becomes : If a point has an 
acceleration at each instant of its motion, its velocity at any 
instant may be found to any required degree of accuracy by 
supposing the point to travel for a short interval r with the 
acceleration it has at the beginning of this interval, for another 
short interval r with the acceleration it has at the beginning of 
this other interval, and so on. 

The student acquainted with the elements of the differential 
calculus will note that if v be the speed, the speed-acceleration is 

equal to — -. In Newton's notation we may denote it by v, a scalar 
dt 

symbol. If p represent the velocity, p, a vector symbol, is used to 

denote the acceleration. 

Examples. 

1. A point moves in a curved path with constant acceleration ; 
prove that v the speed at any point of the path is proportional to 
cosec 0, where <f> is the angle between the direction of the velocity 
at that point and that of the acceleration. 

[Here the hodograph is a straight line. See § 40 below.] 

2. If the direction of the acceleration of a point describing a 
curve always bisects the angle between the tangent and normal, 
find the velocity at any point in terms of the angle which the normal 
at the point makes with a fixed line. 

[The hodograph is an equiangular spiral ; if Vo be the speed when 
the normal is parallel to the fixed line, v the speed when tne inclina- 
tion of the normal to the fixed line is 6, v=Va^,] 
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3. In what time will a constant acceleration / change a velocity 
of magnitude v into a velocity of magnitude v' in a direction making 
an angle with the direction of the former velocity? 



37. Acceleration, like velocity, is al- 
ways relative. The acceleration of a 
point Q relative to a point P is the rate 
of change of ^s velocity relative to P. 
If the vector pq represent this relative 
velocity, the acceleration of Q relative to 
P is represented by the rate of change 
of this vector, that is, by the velocity of 
q relative to p. 



38. Parallelogram of Accelerations. 

Proposition. If a point Q has an acceleration f^ relative to 
a point P, and P an acceleration f| relative to a point O, the 
(zccderatton of Q rdative to O is the vector sum of f ^ and f^- 

[This at once follows, as remarked in § 36, from the corre- 
sponding velocity theorem, but .q 
tne student may find it con- 
venient to have a formal proof.] 

Let op represent the velocity • P 

of P relative to 0, pq that of 
Q relative to P. Therefore oq 
represents that of Q relative to 
0. Now the velocity of q rela- 
tive to is the vector sum of 
the velocity of q relative to p 
and that of p relative to o. 

But the velocity of 

q relative to p is the acceleration of Q relative to P, 

P J, o » P jy 0. 

q n o „ § » 0, 

which proves the proposition. 

CoroUary. If J, 5, C, ... be any number of moving points, 

and if f^ be the acceleration of A relative to 0, f^ that of B 

relative to -4, f^ that of C relative to B, and so on, the accelera- 
tion of the Jast point {K) of the series relative to is the vector 

sum of /i, /a, /s, .... 
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Thus, the position vector of K relative to being the vector sum 
a+/3+7+..., and /T's velocity d+/3 + 7+..., its acceleration may 
be written o + ^ +7 + ... . 

39. On Component Accelerations. If in the last article 
we interchange the accelerations of P and Q, giving 

Q the acceleration /^ relative to P, and 

just as before the acceleration of Q relative to would be the 
vector sum of /j and f^ the order in which the vector sum is 
taken making no difference to the result 

We express this by saying (as in § 29^ that the poiut Q has 
two ^' independent " accelerations relative to 0, and we may 
define as follows : A point is said to have two or more simul- 
taneous independent accelerations when its change of velocity in 
any time is the vector sum of the changes of velocity which 
would be due to each acceleration separately. The actual 
acceleration of the point is called the resultant of the two 
independent accelerations, and these latter are called the com- 
ponents. Similar definitions hold good for any number of 
independent accelerations, and we may now state the result of 
the last paragraph in the following form : 

The resultant of any number of independent accelera- 
tions is their vector sum. 

All the geometrical results of §§ 31-33 hold good for the com- 
position of accelerations. 

For example, from § 33, replacing position vectors by velo- 
cities and velocities by accelerations, we see that if a, ^, y, ... be 
the position vectors oi A, B^C ,.. relative to a given origin 0, the 
acceleration relative to of the mean point of ^, ^, C, ... for the 

multiples wij, m^ tWj, ... is -=r-^, or, if /i, /2, ... be the resolved 

accelerations of ^1, 5, (7, ... parallel to to, the resolved accelera- 
tion of the mean point is -.^J^. 

ZtV/l 

40. Motion under Constant Acceleration. 

(i.) If a point has an initial velocity u and a constant acceleru' 
tion f, its velocity at the end oft seconds is the vector sum ii-Hft. 
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Since the acceleration is constant, the hodograph is a straight 
line described with speed/. 

Draw oa to represent the initial 
velocity u, and ah parallel to the 
direction of f. Then ab is the hodo- 
graph. Make ah==ft ; then h is the 
position of the point tracing the 
hodograph at the end of t seconds. 
The velocity in the path is then oh, 

or u +ft. 

(ii.) Under the same circumstances the displacement of the 
moving point in time t is ut+Jft^. 





oa representing the initial, oh the final velocity, bisect ah at c. 
Then ac—ch=f. -, and oc is the velocity at half-time. 

Divide - into n intervals each equal to t, and let ap—pq^ 

qr— ... =r^^ =q'p' =p'h^f , r. 

To get the actual displacement, we may by the theorem of § 26 
suppose the point to move for successive intervals each equal to 
T with velocities oa, op, oq, ... the velocities at the heginnings 
of the intervals, and then after half-time with velocities ... oq', 
op\ oh, the velocities at the ends of the intervals, provided we 
diminish t indefinitely. Now the pairs of velocities oa, oh ; 
op, op' ; og, oq'; ,.. are each equivalent to twice the velocity oc 
(§ 31). Therefore the vector sum of all these velocities 
s=2n. oc 
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Hence the vector sum of the displacements oa, r^ op, Tj etc. . . . 

= 2w. oc , T=OC, t=:(^+j^fi)t 

Hence, diminishing r indefinitely, the actual displacement in 
time t=ut-\-\f^. 

Corollary. The velocity oc is the velocity which would pro- 
duce the actual displacement in time t. It is therefore the 
average velocity for this interval. Thus in motion under con- 
stant acceleration the average velocity for any interval of time 
is the velocity at the middle of the interval ; it is Jedso half the 
vector sum of the initial and final velocities. 

(iii.) Under the same drcvmstancesy to find the path of the 
point. 




Draw ol perpendicular to the hodograph. 

Let A be the point of the path corresponding to the velocity 
0^, and let oZ= U. 

Then the position of the point at any subsequent time t is 
obtained by drawing the displacements AN=^f^ parallel to o^, 
and iVP= U. t parallel to ol. 

Hence PN^^—j- ,AN, or the path is a parabola whose axis 

is parallel to the direction of the acceleration and whose latus 

2U^ 
rectum = --, where U is the constant component of the velocity 

perpendicular to this direction. 
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If the point does not actually pass through A but starts 
beyond it^ we can still suppose that the velocity at P was 
generated by starting the point from J, under the given 
acceleration, and the aubove reasoning is still applicable. 

(iv.) If UyY be the initial and Jlncu speeds, and she the resolved 
displacement in the direction of the accelerationf s being reckoned 
positive when it is in the same sense as f , these qtiantiiies are con- 
nected by the soodar eqtuUion v^=u^+2fs. 





^ positive 



s negative 



s positive 



s negative 



61 being perpendicular to a5 or a& produced, it follows that 

i^^u^snob^—oa^ 

=W-la^ 

^(lb+la){lb-la). 



Ih+la 



Now — 5 — = speed of the average velocity resolved in 



the 



direction of the acceleration, = +-, the positive sign being taken 

z 

in all cases if « is reckoned positive in the sense of/, negative in 
the sense opposite to/. 

Also lb — la—ab=ft^ in all cases. 

2s 



or, 



/. ««-.w«=y./f=2/r, 



4L Motion under constant acceleration when the direc- 
tion of the initial velocity u coincides with that of the 
acceleration t 

In this case the vector sums of § 40 become algebraic, and we 
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have, u denoting the initial, v the final velocity, / the accelera- 
tion, 8 the displacement, 

v—u -]rft, from (i.) 

8=ut+\f^y from (ii.) 

v^—u^+2f8 from (iv.) 

If the sense of f is opposite to that of u, the acceleration is a 
retardation 'f u will then be negative in the first two of these 
formulae, and v and s will at first also be negative, becoming 
positive, however, after a sufficient time has elapsed. 

Examples. 

1. In the case of rectilinear motioD, deduce the third formula 
from the other two. 

[Square the first ; .'. v^=u^+2fi ,u+f^ 

2. If a point be moving in a straight line with constant retarda- 
tion, it will pass twice through any point in part of its path with 
velocities equal in magnitude and opposite in direction. What is 
the corresponding theorem when the motion is not rectilinear, but 
still under constant acceleration ? 

42. Vertical Motion under Gravity. Experiment shows 
that if a body be let fall towards the earth, or be projected 
vertically upwards from the earth's surface, the motion taking 
place in a vacuum, the body moves with an acceleration (or 
retardation) which is the same for all bodies at the same spot, 
but is slightly different at different spots, on the earth's surface. 
This acceleration is, to a close approximation, constant during 
the body's motion, its direction being the vertical, defined as the 
line in which a plumb-line hangs ; this acceleration is called the 
acceleration due to gravity ; its numerical value at a given spot 
on the earth's surface is determined not by direct experiments 
on falling bodies but by observations on pendulums ; some 
account of the essential points of such an observation is given in 
Chapter VIII. § 170. This numerical value is denoted by g. 
The value of g m the latitude of London is 32*19 f.s.s:, or 981 
cm.s.s., approximately. At any point on the earth's surface 
whose latitude is X its value is given by Clairaut's Formula, 
viz, : 

^=^J1+ -005133 sin2 A), 

where ^^ is the value of g at the equator. 
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43. In discussing examples of vertical motion under gravity, 
we shall find it convenient in all cases to adopt the convention 
of siffn employed in § 40 (iv.). The positive sense for velocities 
and displacements wul thus be dotpmvards in all cases. If, then, 
u and h be positive numbers representing numerically the 
initial velocity of a body thrown upwards and its height at 
time tf we shall have 

v= '-u-\-gt..,(\),-h= -ut+ig^ (2) 

and v^=^u^-2gh. (3) 

It is to be noted that equation (2) gives only the actual displace- 
ment of the body from its starting-point at time t, and not the 
length of path traversed in time t, tne two being identical only 
on the journey awav from the starting-point. 

The foUowing elementary propositions should be noticed. 
(1) When a bo^ is projecte d vertica lly upwards, the speed at 

height h is given hy v= ± »Ju^ - 2gh, the positive sign corre- 
sponding to a velocity downwards ; therefore the body always 
passes a given point of its path with equal speeds on the upward 
and downward journeys. (2) Hence, by the help of the 
proposition of § 26, it appears that any portion of the path is 
described in equal times on the upward and downward journeys. 
(3) The velocity due to a fall from a height h is given by 

i;=V2^A. This is often called "the velocity due to a height A.*' 

In the following examples the resistance of the air is to be 
neglected. 

Examples. 

1. Taking 1 cm. = '3937 inches, verify that an acceleration of 
32*19 f.8.s. is equivalent to an acceleration of 981 cm.s.s. 

2. A stone is thrown vertically upwards with a speed of 1000 
cm.s. from the extreme edge of a cliff 300 metres high. After what 
time will it reach the base of the cliff? 

[Taking the formula 8=vi + \fl^y we must, with the above conven- 
tion with regard to signs, write 

tt=-1000, /=gr=+981, «= +30,000, 

obtaining the quadratic 981<2 - 2000e - 60,000 = 0. 

The positive root gives 8*9 seconds approximately for the required 
time.] 

3. Interpret the negative root of the quadratic in Question 2. 

4. A stone falls vertically from rest for 3 seconds. Another is 
then thrown down after it with a velocity of Sgr f.s. When and 
where will they meet ? [flf = 32 f . s. s. ] 
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[Use relative velocities. 

The relative velocity of the two when the second starts is 5p - 3(7, 



or 2g Lb\, and the two are then ^^(3)^ or ^ feet apart. 

The acceleration of both is the same, and therefore the relative 
velocity remains the same throughout the motion. 

.*. the second catches the first up after ^ -f 2^, or 2| seconds. 

The first stone has now been moving for 5^ seconds, and is 
therefore at a depth of ^^(5^)', or 441 feet] 

5. Two balls are projected at the same instant, one downwards 
with a speed of 60 f.s. from the top of a tower 55 ft. high, the other 
upwards from the bottom with a speed of 50 f.s. When and where 
will they meet ? [gr = 32 f . s. s. ] 

6. A stone is thrown vertically upwards with a speed of 50 f.s., 
a second later another stone is thrown vertically upwards with a 
speed of 40 f.s. ; taking g as equal to 32 f.s.s., find when and where 
the stones will meet. 

What is the least speed with which the second stone can be pro- 
jected in order that they may meet while both are stiU in motion ? 

7. A point having constant acceleration is observed to pass over 
100 feet in a certain second, and after an interval of 3 seconds is 
observed to pass over 148 feet in the next second. When was it at 
rest? 

8. A point is moving in a straight line with constant acceleration. 
If the speeds at four points be in arithmetical progression, the 
distances between those points are also in arithmetical progression. 

9. Two points start simultaneously from the same point to 
traverse a closed path, 144 feet long, in opposite directions : the one 
moves with a constant speed of 7 f.s., the other, whose initial speed 
is zero, has a constant speed-acceleration of 2 f.s.s. When and 
where do they next meet ? Account for the negative solution. 

10. A number of points start simultaneously from a given point 
with equal speeds in different directions but the same constant 
acceleration. Prove that at any subsequent instant they all lie on 
a sphere whose centre is distant iJt^ from 0, f being the numerical 
value of the acceleration. 

11. A train stopping at two stations 2 miles apart on a straight 
line takes 4 minutes for the journey. Assuming that its motion is 
first uniformly accelerated and then uniformly retarded, prove that 

-+-=4, where x and y are the magnitudes of the acceleration and 
X y 

retardation respectively, a mile and a minute being the units. 

19., A number of points start simultaneously from a given point 
with different velocities and the same constant acceleration;. 



KINEMATICAL THEOREMS. 45 

prove that at any subsequent instant their directions of motion all 
meet in a point. 

13. Two points A, B are moving in a plane, each with constant 
acceleration. Prove that the path of either relative to the other is 
a parabola, and find its latus rectum. 

44. Angulax Velocity and Angular Acceleration. 

DsFiiriTiON. The angular velocity of a straight line AB 
relative to another straight line CD, ooth the lines being in one 
plane, is the rate of change of the angle between their positive 
directions. 

As a rule the angular velocities of all lines in the plane are 
estimated relative to some specified line. The phrase ^ angular 
velocity " without qualification means angular velocity reuitive 
to this line. 

Angular velocity measures the rate of turning only, and is quite 
independent of any motion of translation the straight line may have. 

Let Ox be the specified line, 
and let the positive sense of the 
straight line AB make an angle 
</> with Ox, Suppose that AB 
moves to A'B m the small 
interval r^ thus changing <^ 
into <^+& 

Then the angular velocity of 
AB at any instant is the limit 

(if any) to which - tends as r is diminished indefinitely, the 

T 

interval r being taken indififerently so that the instant coincides 
with either end of it, or falls between them. (See § 24. 
Definition of variable velocity). 

The angular velocity is reckoned positive if AB is rotating 
counterclockwise from Ox, otherwise negative. 

The measure of an angular velocity is usually denoted by a>, 

or in Newton's Notation, by d, <^ etc. 

Relative angular velocities in one plane may clearly be com- 
pounded by algebraic addition.^ 

The unit of angular velocity usually adopted is an angular 
velocity of one raman per second. 

* An angular velocity is really a vector ; it may be represented by a 
straight line of given direction and sense drawn at right angles to its 
plane ; the algebraic addition of the text is a partionlar case of vector 
addition. 
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tangent to Pa path; thus t^sin ^=-^= component of t; per- 
pendicular to OF=wr ; 




(I) 



= ^ , or 0) s=^. Also clearly r = v cos <^. 



47. Areal Velocity. 

Definition. If the point P is moving along any line XP which 
cute Ox m X, the rate of increase of the area XOP is called the 
areal vdodty of P alnmt O. 




Let P, Q be the positions of the moving point at the begin- 
nii^ and end of a small interval r, and let angle P0Q=8, 
Tien area POQ=i OP. OQ sin & 
And the areal velocity of P about 

=the limitof i.OP.Oe.^.p 

when r is indefinitely diminished, 
or the areal velocity =^r*o)s=«ivp, 

where r, <u, v, p have the same meanings as in the preceding 
section. 

Rate of change of areal velocity is called areal acceleration. 
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Examples. 

1. Assuming that the moon travels in a circle round the earth's 
centre once in 27i days, the plane of the moon's equator being the 
same as that of the circle, and that the point of the moon's surface 
nearest the centre of the earth is always the same point, find the 
angular velocity of any point on the moon's equator about the moon's 
centre. 

2. A point moves with constant speed in a straight line. Prove 
that its anffular velocitv about a given point varies inversely as the 
square of the distance from that point. 

3. A point moves with constant speed in a parabola. Prove that 
its angular velocity about the focus is proportional to — -. 

4. A point moves with constant speed in an ellipse. Prove that 
its arecU velocity about the centre is inversely proportional to the 
diameter conjugate to that through the point. Also if the areal 
velocity is constant the speed is proportional to the conjugate 
diameter. 

5. Find the velocity of an insect that crawls at a rate of 10 feet 
per minute along a spoke of a flywheel that makes 5 revolutions per 
minute, when it is at a distance of 2 feet from the centre of the 
wheel. 

6. A straight line AB of invariable length is moving in a plane. 
Prove that if the velocities of A and B are parallel they are either 
equal or at right angles to ^^. 

7. A point describes a circle with constant angular velocity 
about a point in the circumference. What is the hodograph ? 

8. A By BC, CD, ... are a number of equal laths, each of length a, 
pivoted together at 5, (7, /),... . A'B'y B'C\ CU, ... are an equal 
number of similar laths of length a, similarly pivoted. AB and A'B! 
are pivoted together at their middle points in the form of an X, as 
are also BG and B'C, CD and G'D\.,., If ^, -4' are moved 
towards each other with given equal speeds v, find the velocities of 
the various joints j9, B'yC, C...etc., as also the velocities of the 
middle points of the laths. 

48. Cnrvatnre. Let P be a point describing a path in a 
plane with instantaneous speed v, and let a straight line he 
supposed to move in such a manner that as P describes the path 
the straight line is always a tangent to the path at P\ this 
straight Tine will for any given position of P have an instan- 
taneous angular velocity, which we may call the angvlar velocity 

R.D. D 
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of the tangent. Denote this angular velocity by 12. Then the 
ratio — is called the curvature of the path at P, 




If PQ be an arc of the curve described, yjr the angle between 
the tangents at P and Q, the curvature at P is cleany the limit 

to which the ratio — ^^-^7: tends as Q is made to move up to P, 

arc PQ ^ *^ 

It is thus independent of the particular value of v {pr which the 
moving point passes through P, Thus the ratio - is the same 

at the same point of a given path for all values of v. 

When the path is a circle, the tangent is perpendicular to the 
radius at all points, and therefore has the same angular velocity 
as the radius. Hence, r being the radius, i;=rI2, (§ 45) or 

— =-. Thus the curvature of a circle at an^ point is measured hy 

the reciprocal of its radius. 

Definition. A circle which has the same curvature as a given 
curve at a given point is called the circle of curvature at thai 
poin4. The radius of the circle is called the radius of curvature 
at that point. 

If the radius of curvature of a curve at a given point is R^ 
the curvature at that point is evidently equal to -^. 

49. A point P is moving in any mxinner in a plane. To find 
the resolved parts of its acceleration parallel and perpendicular 
to the tangent at T to the path. 

Let V be the speed of P, / the rate of change of v, i,e, the speed- 
acceleration, 12 tne angular velocity of the tangent at P. Draw 
op to represent the velocity at P, so that p traces out the 
hodograpn. "Then op=v numerically, and being always parallel 
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to the tangent is revolving instantaneously with angular velocity 
Q. The acceleration of P is the velocity of p. 




Now by § 46 the velocity ofp parallel to op {i.e. to the tangent 
at P) is equal to the rate of change of the length op, that is 
to the speed-accderaMon f. 

Also by the same article the velocity of p perpendicular to op 
{i.e. to the tangent at P) is o^. i2, or v^ parallel to the inward 
normal at P. Let R be the radius of curvature of the path at 
P, then 



12 1 , 



i>fl=^=122^ 



Thus the acceleration of P may be resolved into an accelera- 
tion parallel to the tangent, and numerically equal to/ the speed- 

acceleration, and an acceleration ^ {—Q.^R) inwards along the 
normal. ^ 

In Newton's notation /may be written *i, and the normal accelera- 
tion ^ or Br/^, s being the length of arc measured from a fixed 

point, xp the angle made by the tangent with a fixed line. 

Note that the resolved part of the acceleration along the tangent 
is entirely due to the change of speed, while that along the normal is 
entirely due to the change of direction of the velocity. 
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CiOroUary. If the path be a circle, radius r, described with 
constant speed v, the acceleration is entirely along the normal 

(inwards) and=— . The moving point is said then to have 

Uniform Circrdar Motion. 

Further, if two points A, B are moving in a plane in such a 
manner that the length AB is constant, and that AB i& moving 
with angular velocity w, the resolved part of the acceleration of 
B relative to ^ in the direction BA is (o^ . BA, If w is constant, 
this is the total acceleration of B relative to A, 

Examples. 

1. Prove that the resultant of two uniform circular motions in 
one plane of the same period and sense is a uniform circular motion. 

2. Prove that a point moving iu a plaue with acceleration con- 
stant in magnitude and always at right angles to the velocity must 
be moving with uniform circular motion. 

3. Prove that, if the speed-a^cceleraiion is at all points of the 
path equal in magnitude to the accelei^aiion, the path of the moving 
point must be a straight line. 

4. A point is describing a certain plane curve, and at a certain 
point on the curve its speed is found to be 2 f.s., while the angular 
velocity of the tangent is 3 radians per second ; if the speed at 
this point were 3 f.s., what would the angular velocity of the 
tangent be ? 

5. Assuming that the moon revolves uniformly in a circle rela- 
tive to the earth's centre, and that the acceleration of a body 
due to the gravity of the earth is inversely proportional to the 
square of the distance of the body from the earth's centre, prove 
that the acceleration of the inooa relative to the earth's centre 
is very nearly that which would be due to the earth's gravitation. 

[Earth's radius =4000 miles, radius of moon's orbit =60 times 
earth's radius, periodic time of moon in orbit =27i days, value 
of g at earth's surface =32*2. 

The acceleration of the moon relative to the earth's centre as 
calculated from the orbit = '00897 f.8.s. ; that due to gravity- at 
the distance of the moon= '00894 f.s.s.] 

6. Prove that the radius of curvature at a point P of an equian- 
gular spiral, angle a, is r cosec a, where r is the distance of P from 
the pole. 

7. A point P moves in a plane ; if be the origin, and if OP 
(=r) increases with constant speed-acceleration V* while OP turns 
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with' constant angular velocity w, prove (using the hodograph and 
the principle of relative velocities) that the accelerations of P 
parallel and perpendicular to OP are numerically equal to r - r»^ 
and 2r(a, 

50. Simple Hamionic Motion. 

Dbfinition. The orthogonal projection of uniform drcvla/r 
motion on any diameter of the circle is caUea Simple Harmonio 
Motion. 

To find the velocity and acceleration of a point m^oving with 
simple harmonic motion. 

Let P be a point moving in a circle of radius a and centre 0, 
with constant angular velocity 
(i>, Op a vector perpendicular 
to OP, and numerically equal 
to oci) ; then Op represents the 
velocity of P. Let M, m he 
the orthogonal projections of 
P, jo, on the diameter AA\ 
Then M has a simple harmonic 
motion in AA'. 

Now the velocity of P is 
equivalent to the velocity of P 
relative to M and the velocity 
of if. The velocity of P re- 
lative to if is perpendicular to A A', Hence the velocity of 
i/"= resolved part of velocity of P parallel to AA\ and a similar 
statement is true for the accelerations. 

Hence the velocity of M is represented by Om, 

And Om = (o . PM by similar triangles 

=0) . »Ja^ — a^, if OM=x. 

Also the acceleration of P is w^ . PO ; therefore that of M is 
0)2 . MO, or - (o^x. 

Thus in simple harmonic motion the acceleration is directed 
to a fixed point, and is proportional to the distance of the 
moving point from this fixed point. 

This nxed point is called the centre of acceleration. The 
extreme displacement of the moving point from the centre of 
acceleration is called the amplitude of the motion or *' vibration." 

The numerical value of the acceleration at unit distance is 
usually denoted by /a. The acceleration at distance x is then 
— yuc; if 0) be the angular velocity in the circular motion, (o^^fju 




^^•<«...„»— '- 
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The periodic time of a vibration is the interval between two 
successive passages of the moving point through any given 
position in the same direction. ThiB is equal to the periodic 

time in the circle, which is — , or -^. 

The periodic time of a Simple ffarmomc Vibration is tktu inde- 
pendent of the amplitude, a most important result 

The phase of the motion at any instant is the fraction of the 
periodic time which has elapsed since the point was at its 
extreme position in the positive direction. 

For instance, when the point is at ^ the phase is zero, when at 
O the phase is J or f, when at A* the phase is J. 

The time of transit from A to M 

.J. ,. angle ^ OP 1 ,a? 

= periodic time x ^j— 5 r- =—7= cos~* -. 

^ 4 rt. angles V^ a 

These results may be conveniently expressed thus : — Let the 
time t be measured from the instant when OP, the moving 
radius of the circle, has travelled through a positive angle c 
from the positive sense of the diameter on which the motion is 
projected ; then, a being the amplitude, 

the displacement at time ^ is + acos((i>^+e), 

the velocity is — a>asin(a)f+€), 

and the acceleration is — a>^a cos {(at + c), co^ being as 
before equal to fi the acceleration at unit distance. 

The angle € is called the epoch. The phasQ when ^=0 is 
evidently -— , so that the epoch may be defined as the number 

of radians in (Stt x the phase at the instant from which the time 
is measured). 

51. The following examples embody the more important 
points in the elementary theory of harmonic motion. The 
student will have no difficulty in verifying them. 

(1) The resultant of any number of simple harmonic motions 
of the same period in the same straight line is a simple harmonic 
motion in that straight line. 

The displacements mtw be taken as ar^ cob {cat + €i)y OaCOsCw^+c,), 
03 cos ((u^ + 63), etc The resultant displacement is acos(ci^+i|), 

where a^=(2)acose)^ + (2)a8in6)^ and tani; = =; . 

2«acose 
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(2) Uniform circular motion is compounded of two simple 
harmonic motions of the same period and amplitude, their phases 
differing by ^, and their directions being perpendicular. 

Taking axes Ox, Oy as the directions of the motions, we may 
write the displacements as x=acoBtaty and y=aco6((tf^-i .2ir), or 

y =a cosf <«'^ - o )* ^^® P^^^ ^^ ^^® point in the resultant motion is 

the circle a5*+y*=a^; the accelerations are -«^, -w'y, which com- 
pound into - wV along the radius of the circle. 

(3) The resultant of two simple harmonic motions of the same 
period, of different amplitudes and in different directions, their 

E bases differing by ^, is motion in an ellipse, the acceleration 
eing directed towards the centre and proportional to the 
distance of the moving point from the centre. The velocity at 
any point is proportional to the diameter parallel to its direc- 
tion. 
This is called Elliptic Harmonic Motion. 
Its properties may be obtained at once from uniform circular 
motion by orthogonal projection. 

I«t P, P' be a point and its projection ; the displacement of P 
projects into that of P', and hence the average velocity {v) of P into 
the average velocity (t/) of P' ; then prove that as v approaches 
a definite vector so does i/ ; the hodograph of P projects into that 
of P', and a vector in the original plane whicn represents the 
acceleration of P into a vector which represents the acceleration 
ofP'. 

(4) The resultant of two simple harmonic motions of the same 
period in perpendicular lines is in general an elliptic harmonic 
motion. 

The displacements may be written x=aGoa{<at + €), y=h coatat. 
Elliminatihg t, the equation of the path is seen to be 

-5 + T5 - 2^ cos e = sin^ c. 
or Ir ab 

The acceleration is the resultant of - u^x, - u^y parallel to the axes ; 
these compound into - u^, where r is the displacement of the point 
from 0. 

(6) The resultant of any number of simple harmonic motions 
in any directions parallel to a plane, of the same period but of 
different amplitude and phase, is an elliptic harmonic motion. 

This follows from examples (1), (3), and (4) by resolving all the 
motions in the same two perpendicular directions. 
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(6) The resultant of two simple harmonic motions of the same 
phase in different directions, the period of one being twice that 
of the other, is motion in a portion of a parabola. 

The displacements may be written x=a cos 2wt, y=h cos at. 

The composition of two simple harmonic motions of different 
periods is beyond the kinematical requirements of this treatise ; the 
carves are of great beauty and of great importance in Physics ; in 
order to trace them the displacements may be conveniently laid off 
along the axes by means of a table of natural cosines. The reader 
may consult Thomson and Tait's Natural PhUosophyyYol. L Part L, 
§§ 67-74, or Clifford, Dynamic, VoL I., pp. 33-37. 

52. The theorems given in this and the following section 
are often of use in kinematical problems. 

A number of points J, ^, (7, ... P, Q, are moving in a plane in 
such a manner tnat the distance between each pair is invariable. 
To construct the Velocity Diagram of the system. 




Q' 



The angular velocity (w) of the straight lines joining every 
pair of points is the same, since all such lines remain at 
invariable angles to one another. 

Since the position vector of Q relative to P is of constant 
magnitude, tne velocity of Q relative to P is w . PQ at right 
angles to PQ. The same is true of every pair of points 
belonginff to the system. Thus the diagram ^, ^, (7...P, §, if 
rotated through a right angle in the sense of a> is similar and 
similarly situated to the velocity diagram, the latter diagram 
having its linear dimensions co times those of the former. 

Now let Ay Bhe two points of the system, the directions AX, 
BY oi whose velocities relative to an origin in the plane are 
known ; draw AI, iS/ perpendicular to these directions, meeting 
in /. Then from the triangle of velocities AIB the velocity ot 
A must be b>,IA perpendicular to lA. Therefore from the 
properties of the velocity diagram the velocity of any other 
point P of the system is w . IP perpendicular to IP. 

Thus the motion of the system is the same, for the instant, as 
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if it were turning round /. / is called the instantaneous centre 
of rotation, which we thus define as a point on the plane. 

The position of the instantaneous centre can thus always be 
found if the directions of the velocities of two points of the 
system are known, and these directions are different. If these 
directions are the same, and are not perpendicular to the straight 
line joining the points, /is at infinity and all the points have 
the same velocity. 

If an area is moving in a plane, one point and one alone 
is instantaneously at rest, viz. that point wnich coincides at the 
instant with the instantaneous centre ; * this will often enable 
us to determine the instantaneous centre. 




If a curve AB rolls without slipping on a straight line CD, 
the instantaneous centre is the point of contact I; for since 
there is no slipping, the point / on the curve has no velocity 
parallel to CD ; also just before the instant considered it was 
moving towards, just after it will be moving atcai/ from CD ; 
thus its resultant velocity is instantaneously zero. 

Hence the velocity of any point Q rigidly attached to the 
curve is <a , IQ, and QI is a normal to Q'a path. 

53. A similar theorem holds for the accelerations of the 
system. 

a.PQ 




Let (i> be the angular velocity, a the angular accelera- 
tion of the system. The acceleration of Q relative to F 
is o>2 . QP parallel, a . PQ perpendicular, to FQ ; these are 

. a 

equivalent to \/u)*+a^.QF inclined at an angle ^=tan"^— 5 

to QP, this angle being measured in the sense opposite to a. 

The diagram A, B, (/...rotated through an angle 6 in this 
sense is similar and similarly situated to the acceleration 
diagram. 

* If the instantaneous centre is outside the area, the point which coin- 
cides with it may be supposed rigidly connected with the area. 
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Let AX, BY he the directions of the accelerations oi A, B ; 
draw AJ, BJ making an angle with these in the same sense as 
a. t/ is a point such that the acceleration of any point P of the 




system is w* . PJ parallel and a . JP perpendicular to JP, J is 
called the acceleration centre of the system. 

In the particular case in which a=0, ./is the intersection of 
AX, BY, 

Examples. 

1. A circle is rolling without slipping alons a straight line with 
constant angular velocity. Prove tnat the velocity of any point of 
the circumference relative to the centre is numerically equal to the 
velocity of the centre. 

[Both are om, where a is the radius of the circle, u) its angular 
velocity.] 

2. Find the radius of curvature of the path of a point on the 
circumference of the circle. 

[Let P he the point, / the point of contact, G the centre of the 
circle ; Cs acceleration is zero, therefore G coincides with the 
acceleration centre. The acceleration of P is w* . PG. The resolved 
part of this parallel to PI is huPPI, whence the radius of curvature 
18 2P/.] 

3. A straight rod A B moves with its ends on two fixed inter- 
secting wires OX, OY, the rod turning with constant angular 
velocity «. Prove that the acceleration of any point P on the rod 
is represented by w^ . PO, and hence that the motion of P is elliptic 
harmonic motion. 

Prove also that the projections of P on OX, OY, move with 
simple harmonic motion. 

4. If in the above question OX, Y are at right angles, and the 
angular velocity of AB is not necessarily constant, the speeds of 
A, B are inversely proportional to their distanc'es from O. 
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5. The ends of a rod of length I are movmg with velocities u, v 
respectively perpendicular to its length. Find the instantaneous 
centre of rotation. 

54. When the law according to which the speed of a point 
varies is given, the length of path traversed is often con- 
venientlj obtained bj means of the curve of speeds. Taking 




two axes Oo?, (hf at ri^ht angles, let the abscissa Olf be equal to 
the number of units m the time reckoned from some particular 
instant, and let the ordinate MP be taken equal to the number 
of unitis in the speed at the time represented by OM, As OM 
increases from zero to any finite length t, P will describe a 
curve called the curve of speeds. 

Proposition. The length of the path described hv a point in 
any time is numerically equal to the area indudea between the 
curve of speeds^ Ox, Oy ana the ordinate corresponding to the time. 
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Divide the time t, represented by OA^ into any number of 
intervals represented by Otifj, MM^ M^M^,, . . . etc. Let the 

ordinates iA-Pi, i^2A> i/3A'"''®P'^®'*®'^* ^^^ average speeds 
through eack of these intervals ; complete the rectangles 
OP^^M^P^, M^P^ etc. 
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The length of path described in any interval M^^ is 
accurately equal to the number of units of area in M^M^ x MJP^ 
that is, in the rectangle MJP^. Therefore the length of path 
described in time t is accurately represented by the sum oi the 
rectangles But as the intervals OM^y M^M^ M^M^ etc., are 
indefinitely diminished (their number consequently mcreasing) 
the ordinates M^P^, M^P^ • • • have for their limits the speeds at 
the instants indicated by M^, M^ M^ ..., and the curve through 
their extremities becomes the curve of speeds. Now by § 7 
the limit of the sum of the areas of the rectangles is the area 
of the curve. Hence the proposition. 

In a similar way, if abscissae be taken to represent times and 
ordinates to represent speed-accelerations, we obtain the curve 
of speed-accelerations, the area of which, estimated as before, 
is numerically equal to the speed. 



Examples. 

1. Find by means of the curve of speeds the displacement in 
time ^ of a point moving in a straight line with constant accelera- 
tion/. 

2. If the speed-acceleration oc^, the length of path described 
from rest oc ^. 

3. If a point 'moves in a straight line in such a manner that its 
retardation is proportional to its speed, prove that the space 
described in any time is proportional to the speed destroyed in 
that time. 

4. What is the curve of speeds for simple harmonic motion ? 

55. We have defined in § 17 the moment of a vector about 
a point. The moments of the velocity and acceleration of 
a moving point are important kinematical quantities ; in the 
case of each of these quantities it is to be understood that the 
vector representing the quantity at any instant is localised at 
the instantaneous position of the moving point The moment of 
the velocity about a point is (§ 47) equal to tmce the areal 
velocity/ about that point. 

Proposition. The rate of change of the moment of the velocity 
of a point momng in a plane about any fixed poiTit in that 
plane is eqtud to the moment of the acceleration about that point. 

Let be the fixed point, AB the small arc of path described 
in a small interval r, AP, BP the tangents at ^, ^ ; p, Pi the 
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lengths of the perpendiculars from on these lines, v, v^ the 
velocities at A and !o, / the acceleration at A, q the length of the 

perpendicular on the vector / localised at A. F the average 
acceleration from ^ to ^. 




Then t; is to be localised &tA,Vi at B, and/, as already stated, 
at A, 

The moments of v and Vi will be unaltered if these vectors are 
localised at P, instead of at A and B. The sum of the vectors 



-v, V. 



II 



F.T 



IS zero. 
Hence (§ 17) if these vectors are all taken as localised at P, 

where Q is the perpendicular from on the direction of F 
supposed localised at P. 

Therefore Vi Pi-vp 

T 



=FQ, 



Now as T diminishes, ^^ — ^ becomes in the limit the rate of 

T 

change of the moment of the velocity. Further, the point F 
moves up to A and ultimately coinciaes with it, and F" and Q 
tend to / and q respectively as their limits. Hence the rate of 
change of the quantity vp is equal to fq. 

This equation in the language of the differential calculus may be 

written — (vp)= moment of the acceleration. 
at 

CiOroUary. If the direction of the acceleration always passes 
through 0, its moment about is always zero, and vp the 
moment of the velocity about is constant. Conversely if the 
moment of the velocity about is constant, either the acceleration 
is zero (i,e, the motion takes place with constant velocity), or the 
direction of the acceleration passes through 0, 
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Examples on Chapter n. 

1. If the velocity of a point at time t is the vector sum of u and 
g^+i^ ti and a beine constant vectors and n any integer, the space 
described between tne times - 1 and +t ia 2ut, 

2. A straight line AB moves uniformly parallel to itself so as to 
make constant angles 0, <f> with two fixed straight lines OA, OB, 
If C7 be the third vertex of an equilateral triangle one of whose sides 
ia AB, show that G moves with constant velocity on a straight line 
through O, and find the ratio of the magnitude of this velocity to 
the speed of A, 

3. A point is displaced from P to Q under constant acceleration ; 
R is the point of tne path reached at half-time ; V is the middle 

Soint of PQ. Prove by a vector method that i? F is parallel to the 
irection of the acceleration, that VR produced intersects the 
tangents at P and Q to the path in the same point T, and that 
TIi=RV. 

4. If a point moves in a parabola whose axis is vertical with 
constant horizontal velocity, show that the vertical component of its 
velocity increases or diminishes uniformly with the time. 

Hence shew that if in rectilinear motion the distance passed over 
is proportional to the square of the time the velocity will be 
propoiiiional to the time simply. 

5. A point moves from rest in a straight line under the influence 
of an alternate acceleration and retardation of magnitudes /and/' 
respectively for equal intervals of time t. Prove that the space 

passed over in 2n intervals is "o" { (2w + 1 )/- (2w - 1 )/' }. 

6. ^^ is a straight line, P and Q are two moving points ; P starts 
from A to travel along AB with speed u and acceleration /and at 
the same instant Q starts from B to travel along BA with speed u' 
and acceleration/ ; if they pass one another. at the middle point of 
ABasid arrive at the other ends of AB with equal speeds, show that 
(«+u') (/-/)= 8 [fu'-f'uY 

7. Three horses in a field are at a certain moment at the angular 
points of an equilateral triangle. Their motion relative to a person 
driving along a road is in direction round the sides of the equilateral 
triangle (in the same sense) aud in magnitude equal to the speed 
of the carriage. Show that the three horses are moving along 
concurrent lines. 

8. A number of points start from coincidence, with an initial 
velocity which is the same for all both in magnitude and direction, 
but with different constant accelerations ; if the magnitude of 
the acceleration is proportional to the cosine of its inclination to 
a fixed line, prove that at a given instant all the points lie on a 
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polygon which is always similar to itself, and whose area is pro- 
portional to the fourth power of the time. Prove also that this 
polygon is inscriptible in a circle. 

9. Two straight railways converge to a level crossing, at an 
an^le a ; and two trains distant respectively a and b from this 
point are moving towards it with speeds u, v respectivelv. Find 
when and where thev are nearest each other, and prove tnat their 
least distance apart is 

{av «* bu) sin a 

fju^+t^ - 2uv cos a 

- 10. Two straight lines of railway cross one another on the same 
level, and two trains are approaching the crossing, one on each line; 
if one train has a speed of 30 miles per hour, when the engine is 160 
yards from the crossing, and if the greatest speed attainable by 
it before reaching the crossing is 31 niues per hour and the least is 
10 miles per hour, and if the correspondins; quantities for the other 
train are 240 yards, and speeds 40, 42, ancr20 miles per hour, prove 
that a collision is inevitable unless the length of the first train 

<8&nr y&rds or else that of the second < 90x7 y&i^ds, the accelera- 
tion or retardation of the trains being always uniform. 

11. Two rings P and Q connected by a tight inextensible string 
slide on rods AB^ AC inclined at an angle a ; if v be the speed of P 
at any instant and the inclination of the string to AC^ shew that 
the speed of P relative to Q is v sin a/cos B. 

12. A point P describes a circle of 1 foot radius in 1 hour, and a 
point Q describes a coucentric circle of 4 feet radius in 14 hours ; 
both points move uniformly and in the same sense ; shew that the 

line joining them rotates in that sense for a period of 43^ minutes, 

followed by a period of 21-]^ minutes in the opposite sense. 

13. It is observed that the direction of the line of smoke from a 
steamer steaming a miles per hour due north is ^ to the east of 
south ; and that the direction of that from a steamer steaming h 
miles per hour due east is to the west of south. Shew that if the 
wind is north-west 

a sin ^(sin 0-hcos 0) = & cos 0(cos ^ - sin B). 

14. AB is the breadth of a river with parallel banks. A boat 
whose speed in still water is equal to the speed of the current starts 
from A so that its bows always point directly towards B. Find the 
path of the boat and prove that the boat never reaches B, and only 
reaches the opposite bank after an infinite time. 

15. If the hodograph of a motion is a circle described with 
constant speed, the pole being in the circumference, the path of 
the moving point is a cycloid. 



64 ELEMENTARY DYNAMICS. 

16. The hodograph of a certain motion is a regular polygon, of 
which the sides are traversed in succession with tne same constant 
speed. Give a general description of the motion. Prove also that 
if the pole is at the centre of the polygon the path is closed and 
the motion periodic. 

17. If in the last question the pole is at any other point, and if 
T be the time taken to describe the polygon, the total displacements 
in intervals T are all equal and in the same straight line. 

18. A point P moves in a circle of radius a in such a manner 
that the radius vector from P to a point distant c from the centre 
of the circle revolves with constant angular velocity w. Show that 
the hodograph of the motion may be obtained by subtracting the 
focal radii vectores of an ellipse of major axis 2(i>a and eccentricity 

- from the corresponding radii of a circle of radius 2ctx» with the 
a 

focus for centre. 

19. A curve is described with constant speed. Prove that if A^ 
B, G, are three consecutive points such that the time from A to B 
is equal to the time from B to G, the difference of the vectors AB, BG 
divided by [the length ABf is in the limit a vector parallel to the 
inner normal and equal to the curvature. 

20. Deduce from the properties of the hodograph for motion 
under constant acceleration that the radius of curvature of the 
parabola at any point occosec'^, where d is the inclination of the 
tangent at that point to the axis. 

21. Find the radius of curvature at any point of an ellipse by 
considering the properties of elliptic harmonic motion. 

22. A circle rotates in its own plane about a point in its circum- 
ference with angalar velocity w, and a point P moves in the circle 
so that the radius to P rotates relative to the circle with angular 
velocity 2<u in the opposite sense. Show that P moves in a straight 
line and find its velocity. 

23. A point P starts from O with constant velocity v in a 
straight line inclined at an an^e a to the straight line OAS through 
two fixed points A and B. Prove that the angular velocity with 
which A and B appear to separate, as seen from P, is 



vsina^^-^j, 



where a and &, r and r' are the distances of A and B from and P 
respectively. Show that the points appear relatively at rest after a 



time 

V 



2/L Two toothed wheels have their axes parallel and revolve in 
contact ; prove that if the common normal to the surface of contact 
intersects the line of centres in a fixed point, the ratio of the 
angular velocities is constant. 
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25. ABG is a right angle ; if G begin to move with angular 
velocity /3 about B, EG remaining constant, and if B begin to move 
with angular velocity a about ^, AB remaining constant, show that 
the initial angular velocity of G about A is acosM +/38inM, all the 
motion taking place in the plane ABG, 

26. AB, BG are two bars freely jointed at 5, and pivoted to a 
fixed point at ^. AB rotates round A with one revolution a 
second; BG rotates round B with three revolutions a second. AB 
is 1 foot long, BG is 2 feet long, and the whole motion takes place 
in one plane. Write down the velocity and acceleration of C 
(giving tneir directions) when the angle at jS is a right angle. 

27. Three points are moving with speeds Mj, Wj, Wg along three 
straight lines in one plane equally inclined to one another. Show 
that the speed of their centroid for equal multiples is 

28. Prove by a vector method that the resultant of any number 
of simple harmonic motions, in different directions but of the same 
period and phase, is a simple harmonic motion of that period and 
phase. 

29. Two points are moving each with simple harmonic motion of 
periodic time t ; if they are at rest at the same instants, and the 
straight line a joining them at one of these instants be at right 
angles to the strai^t line b joining them at another, prove that the 

shortest distance between them is / „ ,_ , and that the time 

V a^ + (r 

required for the distance between them to change from a to the 
t _. _, 2ab 



mmimum is -:- sm"^ 



2t ©2 + 52 

30. Over an ocean shoal a N. and S. tidal current is superposed 

on a constant S.E. current whose speed is ^ knot, the maximum 

speed of the tidal current being -^ knot, its period 12 hours, and its 
law of variation simple harmonic. Draw the hodograph for a 
particle of the water, indicating the direction and magnitude of the 
resultant velocity at intervals of three hours. 

31. A caterpillar crawls in a straight line, its head and tail being 
alternately at rest for equal intervals of time ; while the head is at 
rest the tail moves from rest to rest with a motion which may be 
regarded as simple harmonic of half a period ; and while the tail is 
at rest the head moves forward with a similar motion ; what is the 
motion of any other point of the caterpillar relative to the head or 
the tail, assuming that the point always divides the caterpillar's 
length in the same ratio ? 

32. Prove that the resultant of two simple harmonic motions in 
the same straight line of equal amplitude a and of very nearly equal 
period may be regarded as a simple harmonic motion whose ampli- 
tude varies slowly from a to zero, and from zero to a. 

R.D. E 
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33* A common method of compounding simple harmonic vibra- 
tions is the following : a platform, to which is affixed a piece of 
paper, performs simple harmonic vibrations to and fro, while a pen 
resting on the paper performs simple harmonic vibrations of equal 
amplitude across the platform, the period of each vibration being 
adjustable ; if the machine be adjusted so that the trace on the 
paper would be a circle, and then the adjustment is very slightly 
disturbed so that the periods are no longer exactly equal, sketch 
the general nature of the trace on the paper. 

34. A body is projected vertically upwards with velocity v; after 
a time t a second body is projected vertically upwards with a velocity 
i/ less than v. If the first body meets the second as soon as possible 

after the first starts, prove that t = • 

35. Two men A and B stand at a distance c apart. B starts to 
move in a direction which he never varies with constant speed v. 
A starting simultaneously tries to catch By and moves with a speed 
which he can vary at will between u and u'. Prove that if A never 
varies the direction of his motion after starting, and if v<?t'<tt, B 
will be safe from capture except while crossing a certain space 
whose area is . « «./2\ /«,2*,'2 -4\ 

36. Two boats each move with speed v relative to the water, and 
both cross a river of breadth a running with uniform velocity V. 
They start together, one boat crossing by the shortest path, the 
other in the shortest time. Prove that the difference between the 
times of arrival is either 

«/--il--l\,or^/-^^-l\, 

according as T or v is the greater. 

37. Three points move in a plane, starting at the same instant 
from the same point. The two first have the same given acceleration 
in the same direction HK ; their initial velocities are also given, in 
given different directions. The initial velocity of the third and its 
acceleration are wholly perpendicular to HK. Find these latter, so 
that the three points may be coUinear throughout the motion. 

38. A point has three independent accelerations, proportional 
respectively to its distances from the angular points of a triangle 
ABO, and directed towards these points, all being of the same 
magnitude at unit distance. It moves in a path which touches the 
three sides of the triangle. Prove that the points of contact are 
the middle points of the three sides, and that the speeds at these 
points are proportional to the sides. 
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39. A vessel is often steered for a distant light by keeping the 
forward rigging on one side, the light and the steersman's eye in a 
straight line. What is the real path of the vessel ? 

If the distance from the steersman to the mast opposite the 
rigging be 32 feet, the breadth of beam at the mast 8 feet, and the 
distance from the light when sighted 2000 yards, prove that at a 
distance of 200 yards from the light the vessel will have altered her 
course by (roughly) 1} points. 

40. If» in the last question, the speed of the vessel is constant, 
prove that the rate at which its course is altered is inversely pro- 
portional to its distance from the light. 

41. A rod ^^ is in motion so that the end B moves with constant 
speed u in a circle centre C7, while the end A moves in a straight 
line passing through C. If AB=BG=a, and AC=x, show that the 

speed of -4 = - v 4a* - ar*. 

42. The piston end of the connecting-rod of an ordinary steam 
engine is moving with speed v when the rod is at right angles to the 
crank. Prove that if T be the lensth of the rod and c that of the 
crank, the normal acceleration of the crank-pin is 

43. Three trains of lengths a, b, c feet are travelling with uniform 
velocities u, v, to feet per second in the same direction on equidistant 
parallel rails, with their rearmost carriages in a straight line. Show 
that the trains may all be cut by some straight line or other for a 
tune • g + c ^^^^ „, 26 ^^^^^ 

2v-u-w u-\-w-2v 

aocording as 2v^u + ii7. 

44. A BG is a triangle ; it is moved into any other position 
A'B'G' in its own plane. A\ F^ G' are the middle points of -4-4', BB\ 
GG\ Show that EFG is a triangle, the sides of which are perpen- 
dicular and proportional to the relative mean velocities of displace- 
ment of the points ABG in their motion to A'B'G', Deduce a 
diagram for the mean velocities of displacement in any finite 
uniplanar motion, and proceeding to the limit find a construction 
for the diagram of actual velocities. 

45. A man, who can throw a stone up a height of 121 feet, goes 

down a coal-pit at the rate of Z\ miles an hour. When he is IOG^Vt 
feet from the top, he throws a stone up the pit-shaft. Show that it 

will pass him in 2^|- seconds after it reaches the top ; and find the 

depth of the pit if he has still 797-117 ^^^^ ^ descend when the 
stone reaches the bottom. \g — 32 f . s. s. J 



CHAPTER III. 
The Laws of Motion. 

56. Hitherto we have dealt with the geometrical aspects of 
motion only. We now proceed to consider the circumstances 
under which the motion of bodies takes place. The branch of 
science which treats of these circumstances is called Kinetics. 

If P, Q be any two points of a disc or lamina moving in one 
plane, we have learnt in the last chapter (§§ 52, 53) that the 
magnitude of the vector difference of the velocities or of the 
accelerations of P and Q is proportional to the length FQ. 
Hence by sufficiently diminishing the linear dimensions of the 
disc, the velocity or acceleration of all points on it may be made 
to approach as nearly as we please to a common velocity or 
acceleration. Similar considerations apply to the motion in 
three dimensions of a solid body. This suggests the following 
definition : 

A body 80 small that, for the purposes of our investigation, the 
distances between its several parts may be neglected is called a 

particle. 

A particle so defined may have an appreciable volume, but its 
motion can be represented diagrammatically by that of a point. 

In certain astronomical investigations even the Sun and 
planets are regarded as particles. But no body, however small, 
can be regarded as a particle when its rotation is considered. 

Of a particle as here defined our senses may have direct 
cognisance ; the rules laid down for its behaviour must not be 
held necessarily to apply without further discussion to the atoms 
and molecules, of which physicists and chemists suppose bodies 
to be built up. 

A body the distances between whose several parts cannot be 
neglected may be regarded as made up of particles. 

If, during the motion considered, every straight line ioining 
a pair of the particles of the body remains of constant length, 
the body is called a rigid body. 
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To secure this it is only necessary that each particle of the body 
should maintain constant distances from any given three which are 
not in one straight line. 

If, in addition, each straight line joining a pair of particles 
preserves a constant direction during 

the motion, the body is said to have a p' 

motion of translation only. In this P, 

case all the particles of the body de- 
scribe similar, similarly situated, and 
equal curves. 

For let PQ, P'Q' be successive positions 
of a line joining anv pair of particles. 
The vectors PQ, P'Q' are identical ; so 
therefore are the vectors PP', QQ,'* 

Thus, in this case, to describe the 
motion of the whole body, it is suffi- 
cient to describe the motion of a single partide. 

57. We will now discuss the Laws of Motion,* or Kinetic 
Axioms, as given by Newton. These axioms were suggested, in 
part at least, by experiment. Newton in his Scholium to the 
laws gives full credit to Galileo, Christopher Wren, Huyghens, 
and Wallis in this respect. The really convincing evidence of 
their accuracy and sufficiency is as follows : On the laws of 
motion is based the whole science of Dynamics, which, with the 
Newtonian Law of Gravitation, enables us to predict the relative 
motion of the bodies of the solar system ; these predictions are 
daily and hourly fulfilled with remarkable exactitude. Thus the 
laws of motion describe with great accuracy the phenomena with 
which they deal and satisfy the only valid test for the sufficiency 
of a scientific doctrine. 

58. The First Law of Motion. Every hody continues in a 
state of rest, or of uniform motion in a straight line, except in so 
far as it is compelled hy forces + to change that state, 

* I wish to acknowledge the valuable help I have received, in dealing 
with the Laws of Motion, from Mr. W. H. Macaulay of King's College, 
both in conversation and also from his article in the Bvlietin of the 
American Mathematical Society, JvXy, 18d7 ; but I must assume full 
responsibility for the final shape in whioh the interpretation of the Laws 
appears. I have also freely consulted Mach*s work, Die Mechanik in 
ikrer Entwickehmri, Clifford's Dynamic (Vol. ir.), and Karl Pearson's 
Chrammar of Science, 

t Newton's equivalent for the word force in its modern sense is 'Wis 
impressa." 
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Uniform motion in a straight line we have agreed to call 
constant velocity. To estimate velocity, and to test its con- 
stancy, we must be able to measure time. The measurement of 
time we regard, following Newton, as independent of the First 
Law of Motion. (See § 4, Chapter i.) 

The word bodii/ in the above statement of the law may for our 
purposes be regarded as equivalent to particle^ though Newton 
gave it a somewhat wider significance. We learn then from the 
law that a particle whose velocity is not constant^ Le. which has 
acceleration^ is acted on by force. 

Before enunciatihg the law Newton defines Force {Principia, 
Def. iv.) as "an action exercised on a body with a view to 
changing {ad mutandum) its state of rest or uniform motion in 
a straight line." He then catalogues the various sources of 
force (ex ictu, ex pressione, ex vi centripetd, the latter having 
reference chiefly to gravitation in Newton's work). In every 
case it becomes evident that the circumstance determinative of 
acceleration in a body is the presence of another body or bodies. 

In dealing with the motions of two or more bodies, though, 
as we shall see, each influences the other, it is often convenient 
to confine our attention to the motion of one of the bodies only, 
merely stating the effect of the other bodies on it, without 
attempting to realise in thought their actual motions. To 
enable us to make this statement compactly the concept of 
force is employed ; we may thus expect to find force presently 
defined in such a manner as to determine quantitatively the 
acceleration of a particle regarded as due to other bodies. 

When the motion of a body is modified by the hand or any part 
of the human system, the strain or deformation of the part of the 
system in contact with the body is accompanied by physiological 
phenomena which the brain interprets as a sense of effort ; hence has 
arisen the idea of force as something external to bodies which 
modifies their motion ; no such assumption is necessary to Kinetics. 

59. There remains another important point for discussion. 
Velocity, as we have seen, is always relative ; and the question 
arises : To what origin and axes are the changes of velocity which 
are to be regarded as indicative of force to be referred 1 The 
particular origins and axes used, though not explicitly defined 
m the law, are vet implied in the history of it. 

Galileo was the first to investigate with any success the laws 
of motion ; the motions he studied were those of bodies relative 
to the Earth's surface at a particular spot ; from Galileo's limited 
point of view, then, a point on the Earth's surface may be taken 
as origin, and a vertical line (defined by the direction taken by a 
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plumb line), a north and south line and an east and west line 
through this point as axes, relative to which the accelerations 
are to be measured. These we may call for brevity Galileo's 
axes. Certain refined experiments, however, such as that 
known by the name of Foucault's Pendulum, experiments with 

Gyroscopes, and experiments carried out in a mine at Freiberg in 
axony with falling bodies show that for many purposes Galileo's 
axes are inadequate, and that the First Law represents observed 
facts more accurately when the motion is referred to a point on 
the Earth's surface (or to the Earth's centre) as origin, and to 
axes determined in direction by lines drawn to the so-called 
" fixed " stars. 

The difference between the motion of a body near the Earth's 
surface as predicted by the laws applied to Galileo's axes and its 
observed motion relative to these axes is in general very small ; e.g, 
if a stone is dropped at the Equator from a height of 100 feet in a 
vacuum, the observed and predicted places at which it strikes the 

ground are only about 7 of an inch apart. 

A still closer approximation to facts would be obtained by 
taking for origin a certain point called the Centre of Mass of 
the Solar System, to be presently defined, the axes as before 
being determined in direction by lines drawn from this point to 
the nxed stars. These axes may be called Newton's axes. 
(See below, §§ 66, 86, 90.) 

Most of the motions we shall discuss will be motions of bodies at 
or near the Earth's surface referred to Galileo's axes ; in consider- 
ing these motions, the effects produced by the bodies of the solar 
system other than the Earth are neglected as too minute for observa- 
tion, even those produced by the Sun and Moon only becoming 
important in certain special cases such as that of the tides. The 
accelerations produced on one another by particles situated at a 
given spot on the Earth's surface, according to Newton's Theory of 
UniverscU OravitcUion^ are also too small to be taken account of 
except in certain delicate experiments. 

60. On Mass. Newton defined mass as the quantity of 
matter in a body. Apart from metaphysical difficulties, the 
definition fails to suggest how matter should be measured in 
the case of bodies of different material ; it does not tell us how 
the amount of matter in a piece of iron, for instance, is to be 
compared with that in a piece of wood. He further attributes 
to matter a property called inertia^ of which he remarks : 
" through the inertia of matter it comes about, that every body 
is disturbed with difficulty from its state of rest or motion " ; 
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the more matter in a body, according to Newton, the more 
inertia it will have, that is, the more difficult will it be to set it 
in motion with a given speed. That bodies do diflfer among 
themselves in the relative ease with which they may be set 
in motion the roughest observations tell us ; for instance, two 
barrels, both alike to the eye, but one empty and the other full, 
are easily distinguished when an attempt is made to set first 
one and then the other in motion ; and that this phenomenon 
has nothing to do (except indirectly) with the weight of the 
bodies may be inferred from the fact that difficulty is ex- 
perienced in setting in motion a perfectly balanced fly-wheel, 
the weight of which is of course taken by its supports. 

To give a measure of this property of inertia, then, was the 
object of Newton's concept or mass. The view of mass that we 
shall adopt renders it necessary to discuss at this point certain 
phenomena usually considered in connection with the Third Law 
of Motion. 

Confining ourselves for the present to Galileo's axes, experi- 
ments show that, when two particles are found to be directly 
affecting each other's motion, this always happens in such a way 
that each particle induces an acceleration in the other, that 
these accelerations are in the line joining the particles * and of 
opposite senses, and that their magnitudes are in a constant ratio 
for the same two particles, whatever be the nature of the link 
between them ; whether, for instance, it be a mechanical con- 
nection, such as a tight string, or actual contact, or gravitational 
(as in the case of Cavendish's experiment), electrical or magnetic. 
The acceleration so induced in a particle will in general be one 
component only of its resultant acceleration ; for example, in the 
case of two particles moving in a straight line, and connected by 
a tight string, the accelerations of the particles must have some 
common value /; suppose that if the string were cut the 
particles would nave accelerations fi and /2 ; then it is the ratio 
/i-/:/-/2 which is constant for the pair of particles. We 
make then the following definition : 

The mass-ratio of two particles is the negative inverse 
ratio of the magnitudes of their mutually induced accelera- 
tions. 

Since these accelerations are always in opposite senses, the ratio 
of their magnitudes is negative, and all mass-ratios are positive, 

*The phenomena of Electrodynamics form an exception to this rule as 
to direction. 



THE LAWS OF MOTION. 73 

If now we choose a certain particle A as being of unit mass, a 
particle B whose mass is m is such that 

magnitude of acceleration of A due to B _m 
magnitude of acceleration of B due to -4 ~ 1 ' 

Thus the mass-ratio of the particle B to the unit particle ^ is a 
number m, which we may call the mass of B. 

Similarly, in the case of another particle (7, the mass-ratio of 
C7 to il is a number m\ which we may call the mass of C, 

If now the particles B^ C h% tested by experiment, we find, 
as previously remarked, that their mass-ratio is a constant 
number. 

Moreover^ a comparison of experimental results shows that this 

number is eqital to —.. 

m 

The same is, of course, true of any other particles. 

Thus there is associated with each particle a certain number 
called its mcus, such that the ratio of the masses of any two 
particles is equal to their mass-ratio as above defined. 

When two or more particles are rigidly connected so as to 
form a single particle, the mass of the single particle is found 
to be equal to the arithmetic sum of the masses of the separate 
particles composing it. For instance, the mass of a leaden oullet 
A, formed by melting together two other leaden bullets B and 
(7, is the sum of the masses of B and C, 

Two homogeneous particles of the same material and volume 
are found to have equal masses. Hence the masses of homo- 
geneous particles of the same material are proportional to their 
volumes, a result in accordance with observed facts. 

The mass of a particle, as is seen from the above discussion, is 
a constant scalar quanti^. The constancy of mass has usually 
been assumed owing to Newton's definition of it. 

Units of Mass. The British unit of mass, i,e, the body 
regarded as a particle whose mass is arbitrarily assumed to be 
unity, is a lump of platinum kept at Westminster, and called 
the Imperial Standanl Pound. 

The C.G.S. unit of mass is yA^ part of the mass of a lump of 
platiniridium kept at Paris, and called the International Proto- 
type Kilogram. This unit is called a Gram. 

The Kilogram was designed to represent, and approximately 
does so, the mass of 1000 cubic centimetres of distilled water at 
4° C. and 760 millimetres barometric pressure. 

Our definition of mass is now complete as far as Galileo's 
axes are concerned ; we shall presently extend it. 
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61. The mass properties of bodies may be demonstrated 
rouglily for lecture purposes by means of the following apparatus : 




A bar AB oi polished steel, slightly oiled, and about 1 metre 
long, 2*5 cm. broad, and as thin as is consistent with rigidity, is 
attached at its centre to a vertical spindle C so that the bar is 
at right angles to the axis of rotation of the spindle. To the rod, 
and sliding on it on opposite sides of (7, are attached, by flat, 
closely fitting stirrups, two carriers 2>, E of thin metal ; they 
can be loaded with shot, and can be connected by a stout thread 
FO of twisted silk, which passes freely through a hole in the 
spindle ; the length FO is adjustable. At A and B are two 
stops, not shown in the figure, to prevent the carriers from 
flying off the bar. The bar and spindle can be set in rapid 
rotation by means of a multiplying apparatus, and provided the 
metal parts are sufliciently bulky no difficulty is experienced in 
maintaining a sensibly uniform rate of rotation. If the carriers 
are placed in any positions, and not connected by the thread, 
they will, when the bar is set rotating even at a low speed, fly 
with some violence to the ends. If however the carriers are 
connected by the thread, it will be found that, when the thread 
is tight and the bar is made to rotate, there is a definite position 
in which they will remain in equilibrium relative to the bar, 
and that, as the speed of rotation is gradually increased, this 
equihbrium will not be disturbed till a very high speed is 
attained ; the disturbance is then of course due to imperfect 
adjustment, vibration of the apparatus, or other subsidiary 
causes. Suppose that the bar is rotating with constant angular 
velocity co, and that the carriers are in equilibrium when distant 
respectively x and y from the spindle ; then the carriers may 
be regarded as particles moving with uniform circular motion, 
and their accelerations towards the spindle are cd^j? and 
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01^ ; that these accelerations are almost entirely due to the 
connection is inferred from the fact that the limits between 
which relative equilibrium is possible for given loads of the 
carriers are very narrow indeed and that the position of 

equilibrium does not depend on the value of cd. The ratio - 

y 

is thus approximately the mass-ratio of the carrier E to the 
carrier Z>. Apart from the friction, the fact that the carriers 
are not particles introduces a slight uncertainty into the 
measurements. 

By altering the lengths x and y, or the angular velocity, 
keeping the loads of the carriers unaltered, we can establish the 
existence of a mass-ratio between two bodies regarded as 
particles. 

By experimenting with different loads J, B^ C^ we can establish 
the equation 

Mass-ratio of ^ to ^ x mass-ratio of B to C 

= mass-ratio of A to C, 

Finally, by using loads large in comparison with the masses 
of the carriers we can establish the scalarity of mass by finding 
the mass-ratio of a load ^ to a load C, that of a load B to the 
load (7, and lastly that of a load ^ -H^ to the load C. 

62. ]l£ass-Acceleration and Momenttun. It is clear from 
our definition of mass that the product of the acceleration of a 
particle and the number representing its mass plays an important 
part in the study of its motion. We make then these following 
definitions : 

The product of the mass and acceleration of a particle is called 
the mass-acceleration of the particle. 

The product of the mass and velocity of a particle is called the 
momentum of the particle. 

The mass of any particle being a constant scalar, and accelera- 
tion and velocity being vectors, mass-acceleration and momentum 
are also vectors. Further, a particle may be said to have any 
number of independent mass-accelerations or momenta in the 
sense that it may have independent accelerations or velocities, 
each independent mass-acceleration or momentum being the 
product of the corresponding acceleration or velocity and the 
mass of the particle. The utility of this conception will be soon 
seen. 

Again, because mass is a constant scalar, and the rate of change 
of velocity of a particle is equal to its acceleration, it follows 
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that the rate of change of momentum of a particle is equal to its 
mass-acceleration. 

The unit of mass-acceleration is the mass-acceleration of a 
particle of unit mass moving with unit acceleration. 

The unit of momentum is the momentum of a particle of unit 
mass moving with unit velocity. 

Examples. 

1. A mass of 10 tons is unifonhly accelerated in the direction of 
its velocity, and its speed changes from 20 to 60 miles an hour in 
16 seconds. Express in ft. -lb. -second units its initial and final 
momenta, and its mass-acceleration. 

2. A mass of 1 kilogram falls from rest imder gravity for 10 
seconds. Express in C.G.S. units its momentum at the ena of that 

time, and its mass-acceleration. 

• 

63. The Second Law of Motion. The rate of change of 
momentum of a particle measures the force acting on it, arid the 
direction of the change of momentum is the direction of the force. 

Or, in accordance with the last section, the force acting on a 
particle is measured by its mass-acceleration. 

This so-called Law is thus primarily a definition of force as a 
quantity. Let a mass m have an acceleration /; then the force 

acting on it is said to be mf ^ or if P denote the magnitude of 

the force, P=w/ units of force. 

Putting w = l and /=1 in this formula, we see that the unit 
force is uiat force which produces unit acceleration in unit 
mass. 

It is thus a constant independent of the value of the accelera- 
tion due to gravity at a given spot. 

The specific units in use are : 

1. In the British system, the poundaL 

A mass of 1 lb. falling freely under gravity near the Earth's 
surface is said to be acted on by its weight (done. It will have 
g units of acceleration, and therefore g units of force are acting 
on it. g poundals therefore go to the weight of a pound. 

In practice the weight of a pound is often used as unit ; this, 
however, containing as it does g poundals, varies from point to 
point of the Earth's surface. 

2. In the C.G.S. system the unit is called the dt/ne ; reasoning 
similar to the above will show that the weight of a gram contains 
approximately 981 dynes. (g=Q&l cm.s.s. approximately.) 
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As a consequence of our definition of force, all forces must be 
expressed in the British system in poundah, in the C.G.S. system 
in dories, otherwise the relation P=mf i« not necessarily true.* 

The poundal and the dyne are called absolute units of force. 

Examples. 

1. A force equal to the weight of 20 lbs. acts on the mass of a 
ton for 2 minutes. If the mass is initially at rest, find its accelera- 
tion and the speed produced. 

[Let / be the acceleration. The mass-acceleration is 2240/*. 
The force is 20flf poundals. Hence 20gr=224Q/; or f=\ f.s.8. 
Speed at end of 2 minutes=f . 120 f.s. =34^ f.s.] 

2. Find the number of dynes in a force which will produce in a 
kilogram a velocity of 20 cms. per second, the force being constant 
and applied for 25 seconds. 

3. A mass of 1 gram vibrates through a millimetre on each side of 
its mean position 2^ times per second. Assimiing the motion to be 
simple harmonic, find the maximum force on the mass in grams' 
weight, taking y= 081 cm.s.s. 

4. A cannon ball of mass 10,000 grams is discharged with a 
velocity of 45,000 cms. per second from a cannon the length of 
whose barrel is 200 cms. Prove that the mean force exerted on 
the ball during the explosion is 5*0625 x 10^^ dynes. 

64. Principle of the Physical Independence of Forces. 

If any number of forces act on a particle, each prodivces its ovm 
aceeleratian in its ovm direction independently of the effect of the 
other forces or of the motion the body already has. t 

That is, if a set of circumstances A when existing alone 

produce an acceleration / in the particle, and another set of 
circumstances B when existing alone produce an acceleration 

f in the particle, the sets A and B if existing together will 
produce an acceleration which is the resultantof the inde- 
pendent (§§ 29, 39, Chap, ii.) accelerations / and f in addition 
to any other motion the particle already has. 

* If the law be enunciated, *Bate of change of momentum is proportional 
to the force '...etc., its algebraical equivident is P=Kmfj where JT is a 
oonstant. The use of the above units of force reduces K to unity. 

fThis principle, together with the statement of the law we have given 
in § 63^ is generally regarded as being implied in Newton's Second Law, 
which he gives as followB: **Mutationem motus proportionalem esse vi 
motrici impresaae, et fieri secundum lineam rectam qua vis ilia impri- 
mitur." In amplification of this Newton formulates the principle. 
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The principle is most important as showing that all the 
motions produced in a body oy various forces are independent 
in the sense in which the woixl is employed in Chsm. ii., and 
that, therefore, the displacements and velocities resulting from 
each motion may be calculated separately, and the results 
combined by the vector law. 

Thus a particle projected in any direction under gravity near 
the Earth's surface has a vertical acceleration numerically equal 
to Qi independent of the velocity of projection, and will therefore 
[§ 40 (iii.)] describe a parabola. 

The utility of the definition of momentum and mass-accelera- 
tion as vectors is now obvious. 

63. The principle forms Newtotii basis for the Farcdlelogram 
of Forcesy wnich states that two forces actmfi^ on a paii^icle may 
be combined according to the same rule as otner vectors. 

• 

Definition. The resultant of any number of forces acting on 
a particle is that force which produces the acceleration which is 
the resultant of the accelerations which would he due to each of 
the forces separately. 

The forces which produce the component accelerations are 
called the component forces. 

Proposition. The resultant of two forces acting on a particle 
is their vector sum>. 

Let m be the mass of the particle. Let OAj AB represent the 
accelerations which would be due to the forces separately. 




.'. OB represents the resultant acceleration. 

.'. by definition m , OB represents the resultant force in 
magnitude and direction. 

But m . OB is the vector sum of m , OA and m , AB, which 
represent the two component forces. The proposition is there- 
fore established. 

This proposition, known as the Parallelogram of Forces, is 
true whether OA, AB represent constant or variable accelera- 
tions. 
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Corollary L The resultant of any nnmber of forces 
acting on a particle is their vector sum. 

It follows, of course, that the algebraic sum of the resolved 
parts of the forces in any direction is equal to wx resolved 
acceleration in that direction. 

Corollary II. If a particle is acted on only by a number of 
forces whose vector sum is zero, its acceleration relative to the 
axes we are using will be zero, i.e, the particle will be at rest, 
or moving with constant velocity ; the same will be true if 
the same set of forces be applied to a particle of any mass 
whatever; this is the reason why mass does not enter into 
statical investigations. 

66. We are now in a position to discuss what must be 
regarded as the most important of Newton's extensions of the 
fundamental kinetic principles laid down bv his predecessors. 

Our definition of mass (§ 60) asserts that if m, m' be the 
masses of two particles, /,/", their mutually induced accelerations 
relative to Gfialileo's axes (to which cUone, as yety our theory 

applies), m/+m'/'=0. Now, adopting the language of the 

Second Law, the product mf is the force acting on the mass m 

due to the mass m', while the product m'f is the force acting 
on the mass m' due to the mass m, and these are in opposite 
senses and in the straight line joining the particles. 

These opposed forces Newton calls Action and Reaction, and 
hence in the case of two particles referred to Galileo's axes, we 
may say in the words of Newton's 

Third Law of Motion. Reaction is always eqiud and opposite 
to action; that is to say, the actions of two bodies (particles) on 
each other are always equal cmd opposite. 

This law Newton assumes to hold throughout the solar 
system ; hence, though at first sight a mere re-statement in less 
direct terms of the experimental results embodied in our defini- 
tion of mass, it must in all its generality be taken to imply 

(i.) That the bodies of the solar system have masses in a sense 
analogous to that in which terrestrial bodies referred to 
Galileo's axes have (for what we really measure iu the case of 
the motion. of these bodies are certain velocities and accelera- 
tions) ; and that it is possible to find a set of axes relative to 
which the accelerations determinative of these masses are to be 
estimated. 

The ori^n of these axes is a certain point called the Centre 
of Mass of the Solar System, and the directions of the axes are 
determined by reference to the fixed stars. 
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(ii.) Taking into account the principle of the physical in- 
dependence of forces, the law must be considered as asserting 
that the acceleration of any particle A relative to the supposed 
axes can be resolved by the vector law into a number of 
accelerations /^^, /j^, /^^, ... towards other particles^, C, />, ... 
and the acceleration of a particle B into/^^, /^^, fgj,, ... towards 

Af C, D, ,,.f such that the ratio —7^ is a constant ratio called 

Jba 

the mass-ratio of the particles B, A, and that when this is done 
all the accelerations of the solar system relative to the sup- 
posed axes are accounted for; and, further, that the scheme 
of pairs of accelerations is uniqtie. 

Finally, we remark that when one set of axes (1) is deter- 
mined to which the laws apply, any set of axes (2) whose origin 
moves with constant velocity while the axes retain their 
direction relative to the axes (1) may be used instead. For, in 
discussing the force on a particle, we are only concerned with 
changes of momentum, and the change of momentum of a 
particle relative to each set of axes is the same. This is the 
substance of Newton's Fifth Corollary to the Laws of Motion. 
For motions of bodies near the Earth's surface of short duration, 
Galileo's axes may be regarded as thus moving relative to 
Newton's axes. We postpone certain further considerations 
until we have discussed the properties of the Centre of Mass. 

Axes to which, in dealing with the laws of motion, the changes 
of momentum of particles are referred have been usually called 
** fixed " axes. Mr. Macaulay (BuUetin of the American Mathe- 
maticcU Society) suggests that the name kinetic axes would be pre- 
ferable, with the word protnaional prefixed when necesseury, to 
suggest that the axes so chosen are only one set in a series of 
approximations. We shall adopt this suggestion in the text. A 
'^ fixed" point is then a point fixed relative to the set of kinetic 
axes under consideration, and a particle at rest is at rest relative 
to these kinetic axes. No alteration from common usage will, 
however, be made in the wording of examples taken from ex- 
amination papers. 

67. We here append, for convenience, a short summary of 
the kinetic principles hitherto laid down. 

(1) Time. The measurement of time is independent of the 
laws of motion (§ 4). 

(2) Law I. The circumstances under which the motions of 
particles take place determine accelerations. These circum- 
stances are the presence of other particles. The motions are 
supposed to be referred to certain axes, provisionally to 
Gfuileo's axes. 
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(3) Mass. Referring to Galileo's axes, particles have constant 
mass-ratios (inverse acceleration-ratios) ; taking an arbitrary unit, 
numbers may be assigned to all particles call^ their masses. 

(4) Law II. defines force as a quantity. Newton's comments 
on Law IL amount to the principle of the Physical Independence 
of Forces ; from this principle the Parallelogram of Forces 
is proved. 

(5) Law m. implies that, accelerations being estimated 
relative to Newton's Axes, all particles of the solar system have 
masses, and that if the acceleration of each particle be resolved 
into accelerations in the lines joining it to every other, the 
mass-accelerations between any pair are equal, that the system 
of pairs is unique, and that no accelerations are left unaccounted 
for. 

68. Impulse. As a rule the effect of one particle A on the 
motion of another B is most conveniently studied by considering 
the rate of change of momentum produced, t.e. the force acting 
on B, In some cases, however, tne whole change of momentum 
in a definite interval is all that it is necessary to consider. 

Definition. ^ 77ie change of momentum produced by a force in 
a given time is called the Impulse of the force for that time. 

Thus if a force P changes the mo- 
mentum of a mass m from mTi (repre- 
sented by oa) to mv (represented by 
oh) in time t, the impulse of the force 
for time t is the vector difference of 
the momenta, represented by ah. 
When the acceleration, and therefore 
the force, is constant, the numerical 
value of this vector difference is mft or Pt. 

In mafiy cases, such as that of a billiard ball struck by another 
ball or a cue, finite change of momentum is generated in a 
particle in a time too short to measure, so that for purposes of 
observation it may be supposed generated instaivtaneomiy. In 
this case the particle is said to be acted on by an Instan- 
taneous Impulse or Blow, which is thus regarded as the limit 
of the Impulse of a very large force for a very short time. 
The word Impulse used without qualification is to be under- 
stood as meaning Instantaneous Impulse. 

An instantaneous impulse is thus measured by the change 
of momentum generated. 

JI.D. F 
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The unit impulse is that impulse which produces unit change 
of momentum. 

By the principle of the Physical Independence of Forces, the 
resultant of the impulses of the forces acting on a particle for a 
given time is the vector sum of the impulses. Hence, proceeding 
to the limit, 

The restUtant of any number of instantaneous impulses ojcting 
on a particle is their vector sum. 

When a particle is acted on by an instantaneous impulse, 

(1) Its position is not sensibly altered during the action of 
the impulse ; for the impulse produces its effect in a time r 
which 18 to be regarded as insensible ; if then v be the average 
velocity of the particle during this time r, the displacement is 
in*, which is also insensible, since v is finite. 

(2) In the same way, if a force P of finite magnitude is acting 
on the particle, the change of momentum due to it during the 
action oi the impulse is insensible ; for this change of momen- 
tum is jPt, which, as before, is insensible. 

The student will note that when an instantaneous impulse 
acts on a particle we have the exceptional case of § 24. The 
particle cannot be said to have a velocity at the instant at which 
the impulse acts, but it may be said to have one velocity " up 
to ^ ana another " on from " the instant. 

Impulse between Two Particles. Since the action and 
reaction between two particles are by the Third Law always 
equal and opposite, the impulses of these forces for any time 
are always equal and opposite ; and hence, taking the limiting 
case, when the forces oecome very large and the time very 
small. 

If the action between two particles is of the nature of an 

instantaneotis impulse, the impulses on the two particles are 

equal and opposite. Or if M, M be the masses of the particles 

K, F', the changes of velocity produced by the impulses, 

ifr+if'F=0. 

The effect of a constant succession of impulses on a particle, 
when the number of impulses is indefinitely increased and their 
magnitude, as also the intervals between them, indefinitely 
diminished, approximates to that of a force. (See Chap, vi., 
§§ 160, 151.) 

Newton called force and impulse alike *' vis," and seems to have 
regarded imptdse as the more landamental conception of the two. 
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Examples. 

1. A ten-pound shot is projected from a gun with an initial speed 
of 1200 feet a second. What is the impulse on the shot, and what 
constant force applied for half a second, would produce the same 
momentum ? 

2. If the mass of the gun in the last question be half a ton, and 
the gun may be treated as a particle, with what speed does the gun 
begin to recoil ? 

3. Two equal particles are initially at rest, the one being acted 
on by a constant force P, the other by a series of equal impulses 
Pt at equal intervals of time r. Prove that, if the first impulse acts 

at a time ~ after the force begins to act, the particles will have 

described equal spaces at the end of any number of the equal 
intervals. 

69. Tension of a String. A string of neglidble mass and 
sensibly constant length is called a light inexteTisihle string. It is 
safficient for many purposes to regard such a string, when 
straight and connecting two particles, as a mere geometrical 
connection imposing on the particles the condition that the 
acceleration of either particle relative to the other, resolved in 
the direction of the string, is 

(1) zero, if the string is not rotating, or 

(2) ha\ if the string is of length I and is rotating with angular 

velocity a>. 
This at once follows from the fact that the position vector of 
either particle relative to the other is of constant length. (§ 49, 
Cor.) 

The acceleration of either particle perpendicular to the string 
is not altered by the connection. The modification of the motion 
of either particle is conveniently attributed to a force called the 
Tension of the String. 

We shall work out the following example in terms of accelera- 
tions, and then give the argument in aobreviated form, intro- 
ducing a force-symbol to represent the tension. 

Example. A light inextensible string connects two masses m 
arui w! acted on by known forces P and Q respectively j in opposite 
senses, in the direction of the string. To fmd the tension of the 
string. 

Let us take the positive direction as from left to right. Then, 
by Newton's Second Law, if there were no string connecting the 
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p 

masses, the acceleration of m would be + — (left to right), and 

that of m' would be -% (right to left). 

Now, because of the string, both masses have some common 
acceleration /, which we may suppose to be from left to right. 

we see that 

- ( / j is the part of m's acceleration due to m', 

+ (-%+/! is the part of m'*s acceleration due to m. 

Then, by Newton's Third Law, 

m X the part of m's acceleration due to m', 
+ w' X the part of wi'^s acceleration due to m=0. 

-(S-/)+-'(|+/)=o- 

This at once gives (m-hm')f=F— §, 

-' m+rm" 

showing that / is from left to right if P> §, otherwise from 
right to left. 

Now m X the part of wi's acceleration due to m' 

and m'y, the part of m''s acceleration due to m 

are the equal quantities called the action and reaction in Newton's 
Third Law. In this case they are attributed to the tendon of 
the string, which we may call 

- T (right to left) for the mass ^ 

+ T (left to right) for the mass m'. 

We thus have - T= -m ( / j, 



+r= -'(!+/). 



both leading to T= ; — 7^. 

^ 7W + W 
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"We will now work this example in the abbreviated form. 

Let T be the tension of the string, / the common acceleration 

of the two masses, reckoned positive if from left to right. The 

resaltant force on m ]& P—T (left to right). 

.'. by Newton's Second Law, 

P~ T^mf. 

Similarly, the resultant force on m' is T— Q (left to right). 
.*. by Newton's Second Law, 

Add these equations, 

Having now shown the value of the force-symbol as an 
abbreviation, we shaU always adopt it in future. 

We shall assume that the tension of a light inextensible 
string connecting two particles, and passing round a smooth 
surface, is the same on each particle ; this amounts to assuming 
that the mutually induced accelerations of the particles are still 
in accordance with Newton's Third Law as far as magnitude is 
concerned, the acceleration so induced in each particle being of 
course in the direction of the part of the string attached to it. 

70. When it is necessary to speak of the tension at any 
point of a string whose mass is not negligible, the string may 
be conceived as a line of particles such that the sum of the 
masses of the particles in unit length of the string is finite, 
the number of particles being ultiinatdy regarded as increased 
indefinitely, ana the mass of each in consequence diminished 
indefinitely. When the particles are so linked together that 
each can only accelerate its neighbour in the line joining them 
(which is ultimately a tangent to the string), the string is said 
to be perfectly flexible ; the links may be conceived to be short 
light strings as discussed above. The tension of the string 
hetioeen two consecutive particles A and B has now a meaning, 
viz. it is measured by the mass-acceleration either produces 
on the other. The tension of the string at a point P is the 
limit to which the tension between A and 5, taken one on 
each side of P, approaches when the number of particles is 
indefinitely increased, and the distances between them indefi- 
nitely diminished. 
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71. Impulsive Tension. When one of two particles con- 
nected by a light inextensible string is acted on by an impulse, 
the string if tight secures that the velocity of each particle 
relative to the other resolved in the direction of the string is 
zero both before and after impact. The consequent modification 
of the motion of each is attributed to an Impulsive Tension or 
Jerk of the string, measured of course by the change of 
momentum each particle owes to the other. Replacing acceler- 
ation by change of velocity, the reader will have no difficulty 
in discussing on the lines already indicated for tensions the 
jerk at any point of a string whose mass is not negligible. 

Examples 1 and 2 which follow will supply an instance of an 
impulsive tension and a tension. 

Example 1. Two particles of masses m and m' are moving in 
parallel straight lines at a distance a apart with given speeds v, v' 
(v > V) and are connected by a light inextensible string of given 
length a sec a ; fmd the motion of each particle immediately after 
the string becomes tight: find also the impulsive tension of the 
string. 

Let A^ A' denote the positions of the particles as the string 
becomes tight, AB, A'B the directions of their velocities just 



A' V B' 

before the string becomes tight, / the impulsive tension of the 
string in the sense AA' on the particle A and in the sense A' A 
on the particle A', 

Since there is no impulse perpendicular to AA\ the resolved 
parts of the velocities in this perpendicular direction will remain 
unaltered, and therefore after tne jerk will be v cos a, i/cos a 
respectively ; whence the student may prove that the angular 

velocity of the string after the jerk is ^~ cos^o. 

a 

Let u be the magnitude of the common velocity of the particles 

in the direction of the string after the jerk. 

/. resolving in the sense A'A^ 

mw — mv sin a= — /, 

m'u — m V sin a = /, 
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whence u = ; — 7- sm a, 

and the velocities are completely determined. 
Also /= — ; — ; (v - «/) sin a units of impulse. 

Example 2. . Ihvo masses of m and m' lbs. respectively are con- 
nected hy a light inextensMe string which passes over a smooth 
peg. To find the acceleration and the tension of the string. 

Let m > m'. Let T be the tension of the string in poundals, 
which, as already remarked, we assume to be the same on each 
side of the smooth peg, / the acceleration in f.s.s., which is 
evidently the same for both masses since the string continues 
tight. 

The acceleration of m is downwards. 

The resultant force on m downwards =«i^- T poundals. 

.*. By the Second Law, 

m^-T^mf (1) 

The acceleration of w' is upwards. 
The resultant force on m' upwards 

= T- m'g poundals. T^ ^ 

/. by the Second Law, 

T-m'g^mf. (2) ^^ 

Adding equations (1) and (2), we get 

{m - m')g = (m + m')f 






m^^ 



T 



m 



. m — m - 
'' m + m * 

Substitute this value of /in (1), and we obtain 

T= — ; — ,g poundals. 
m+m 

72. The foregoing example illustrates the principle of 
Atwoods rnxuihinCy by means of which, assuming the truth of 
the Laws of Motion, a rough value of g can be determined. It 
consists essentially of a light string passing over a pulley of 
very small mass and having attached to its ends two equal 
masses if, M' ; the axle of the pulley rests on four wheels called 
friction wheels, the object of which is to diminish the friction. 
The motion of one of the masses M is observed by means of a 
vertical graduated pillar AB^ to which are attached by means 
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of clamps a horizontal ring C ami a horizontal platform D, both 
of which cao be fixed at any height. 

Several riders of different maaaea and 
in the form of ft bar {F) too wide to go 
through the ring C are also provided. 
A loud ticking cknntometer is need for 
meaauring the time of motion. 

A rider of luaas m, is placed on the 
maas M, the system ia started from 
rest opposite the zero of the scale at 
A, eiactly at a tick of the chronometer, 
and the ring and platform so adjusted 
by trial that the click of the rider as 
^=1 it is lifted off W the ring and the click 
^ of the masa if as it atrikea the plat- 
form occur simultaneously with ticks 
of the chronometer ; the ear is a very 
good judge of when thia happens. 
After the rider ia liftea off, the 

niately coustant speed ; the measure of 
this ia obtained at once by m.essuring 
CD and dividing the length by the 
number of seconds taken to traverse 
it ; this speed again divided by the 
number of seconds taken to traverse 
AC gives the acceleration of the system daring the first part of 
the motion ; g can then be calculated from the formula 
-_ m 

deduced from that of the last article. 

The determination of the value of ff, however, by Atwood's 
machine is very far from accurate ; the sources of error are the 
resistance of the air, the mass of the string, friction, and, above 
all, the mass of the pulley ; the difficulty in measuring the 
short intervals of time can be to some extent overcome ; for 
instance, in the apparatus in use at the Cavendish Laboratory 
at Cambridge the masses have a possible run of about 30 feet, 
BO that the time of observation is much extended, and an error 
is of less conseq^uence. 

Aaanraing, however, that the value of g ia determined, as ia 
done in practice, by observations on a pendulum, a method 
which does not involve the most of the swinsfing body, we 
may obtain by observing the value of / valuable verification 
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of the mass property provided we assume that the acceleration 
which each mass contributes to the other through the string is 
not affected by the passing of the string round the pulley. 



Examples. 

1. Devise an experiment to show that mass-ratios exist between 
three bodies A, B, C, 

2. Show in the same way that mass is a scalar, t.e. that the 
arithmetic snm of the masses of two particles A and B is equal to 
the mass of a particle formed by rigidly connecting them. 

3. Devise an experiment to prove that weights are proportional 
to masses. 

4. Devise an experiment to show that the tension of a string 
passing over a smooth pulley is unaltered. 

73. Extensible Strings. For our purpose it is sufficient 
to consider light (§ 69) extensible strings. 

No string is in nature inextensible ; many are by no means 
so. The following law (called Hooke's Law) is found to hold for 
all light strings, when not stretched bevond certain limits 
caUed in each case the " limits of elasticity." 

Let T be the tension when the string has a length a; then 

where x^ is the length of the string when its tension is zery, 
and is called the natural or unstretched length of the string, and 
A is a constant depending on the material of which the string 
is made. \ is called the modulus of elasticity of the string. 

Putting a? =20^0, we have T=X\ therefore X is the tension 
of the string when stretched to twice its natural length, 
supposing the law to hold Jor so great an extension. This it 
usually does not, the limits of elasticity being passed long 
before so great an extension is reached. When the law holds 
for large extensions, the string is called an elastic string. Such 
a string cannot support or give rise to an impulsive tension. 

A similar formula holds (within the limits of elasticity) for 
the tension of a rod or a f^piral spring ; in the latter cases, how- 
ever, X may be less than x^y and the tension may be negative — 
that is, the spring or rod may exert a thrust whose magnitude 
is still given oy the above formula. 
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Example 1. A particle of mass m is sitspended from a fixed 
point hy an elastic string. Prove that, if the particle is displaced 
from, its position of equilihriumy it will perform simple harmonic 
oscillations about that position, provided that during the motion 
the string does not become slack. 

If ^ be the length of the string when the tension is T, we have 

J. X -" Xq 

X Xq 

Let / be the acceleration of the particle downwards when the 

string is of length x. 

Then by the Second Law, 

mg— T=mf. 

Whence, substituting for T, 

' ^ I ^ A, X '~ Xek /. \ 

/=5'- - —zr^^ 00 

"' m x^ 



m 



Putting /=0, we have 

^=^»(Y+i). 



^ which defines the position of equilibrium, in 

^ which the tension is just equal to the weight. 

Putting a for this value of x, and substituting in (i.), we have 



( 



\\a — x 



s6 that the acceleration is directly proportional to the displace- 
ment from the position of equilibrium, and, being positive or 
negative according as x is less or greater than a, is directed 
towards it. Hence the particle performs simple harmonic 
vibrations of period 

Sttk ^^ , !- seconds. 
Kmg + k) 

2, With what speed must the particle be projected downwards 
from the position of equilibrium in order that the string may just 
not become slack ? 

3. A particle of mass m is attached to two fixed points A and B 
on a smooth horizontal table by two equal elastic strings, each of 
natural length l{2l <c AB). Find the times of small longitudinal 
and transversal oscillations of the particle, and prove that the 
latter is always greater than the former. 
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74. Beactions of Surfaces. When a particle is moving 
in contact with the surface of a body, the vector difference of 
its mass-acceleration from what it would be if the surface were 
removed, all the other circumstances remaining the same, is 
attributed to a force called the Reaction of the surface. When 
a surface can only give a reaction which is entirely along that 
normal to the surface which passes through the particle, the 
surface is said to be smooth ; no perfectly smooth surfaces exist 
in nature, but many surfaces are approximately smooth. If the 
surface can give a reaction which is not entirely along the 
normal, the surface is said to be rough ; the reaction may then 
be resolved into two components, one along the normal called 
the pressure and one in the tangent plane to the surface 
through the particle. This latter component is called the 
friction, and obeys the following experimental laws ; 

(1) Its direction is opposite to that of the velocity of the 
particle relative to the surface. 

(2) Its magnitude is a multiple ^/2 of the magnitude /2 of the 
pressure ; this multiple is approximately a constant, being inde- 
pendent of the relative velocity, and depending only on the 
nature of the surfaces in contact. 

(3) If the particle is at rest relative to the surface, the 
friction will have the magnitude and direction of the force 
necessary to keep the particle at rest supposing the surface 
became smooth. This magnitude must be less than a multiple 
fj^R of R, where /x^ is a definite constant a little greater than fx 
for most surfaces; otherwise relative motion will ensue. When 
relative motion begins, the ratio of the friction to the pressure 
decreases very rapidly from fj^ to fi. 

The ratio of the friction to the pressure is called the coefi- 
dent of friction. If A be the angle the reaction (resultant 
of friction and pressure) makes with the normal, A is called 
the angle of friction. Evidently /x = tan X. 

When the surface is not fixed relative to the kinetic axes, the 
particle may on its side be regarded as inducing in a small portion 
of the surface contiguous to it a component of mass-acceleration 
equal and opposite to the reaction in accordance with the Third 
Law. But wen the surface iafxedf we cannot interpret the /orcc 
exerted by the particle on the surfoLce in this way. For instance, if 
the particle is resting on a smooth horizontal table, the acceleration 
of the particle perpendicular to the table is zero ; and mg being the 
weight of the particle, R the reaction of the table, we have from the 
Second Law R-7ng=m» 0, or R=mg, i.e. the reaction of the table is 
equal and opposite to the weight of the particle ; but an interpreta- 
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tion of this result as a particular case of the Third Law in terms of 
the mass-acceleration of the particle, on the one hand, and that of 
the system composed of the earth and the table, on the other, cannot 
be made unless we refer to Newton^ a axes. 

76. A heavy particle slides from rest down a rough fixed 
inclined plane whose inclination is a and coefficient of friction 
when the particle is in motion fju Determine the motion. 

Let m be the mass of the particle in pounds. It weight is 

thereiore mg poundals. 
j{ « ^ Let R be the pressure of the plane 

on the particle, then fiR is the force of 
friction as defined in the last article. 

The resultant force dovm the plane is 
mg sin a — fiR, 
Hence, / being the acceleration, 

wi^ sin a - fiR=mf. 

The resultant force perpendicular to the plane is R-mg cos a. 
But there is no displacement, and therefore no acceleration, iu 
this direction. 

Hence R—mgcoaa=0, 

whence f=g{Bin a — fi cos a), 

and the displacement from rest in time t 

— ^^^ (siJi a — /x cos a). 

Corollary. It fi=0, the acceleration down the plane =(7 sin ct, 
and the displacement in time t=^ aina,i^, 

76. A heavy particle faUs from rest at the highest point of a 
fixed vertical circle down a smooth chord of the cirde. To prove 
that the time of descent is the same for all chords. 

Let AB be the vertical diameter, AP any chord through J, 

SLng\ePAB=e. 

Then if t be the time of descent from A 
to P, as in the last article, 

^P=^^sin(90'-^).«2 

=^gcoB6. f, 




whence 



t 



f^AP _ hAB 
""V^costf"V 9 ' 



gco%6 

since AP=AB cos 6. 

But this is the time in which the particle 
would fall freely down the diameter AB, 
and is independent of the inclination of the particular chord AP, 
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Corollary. Similarly it may be shown that the time of 
descent from the circle down all chords to the lowest point is 
constant. 

This theorem is due to Galileo. 

The following we will leave as an exercise to the student : 

The time of descent down all rough chords of a vertical circle, 
which are drawn through a point at an angular distance X from the 
highest point and lie on the side of the vertical through the point 
opposite to that on which the centre lies, is constant, the coefficient 
of friction being tan X. 

77. Straight Lines of Quickest and Slowest Descent. 

(1) Gvoen a curve AB and a point F both in a vertical plane ; to 
find the straight line PQ drawn from T to a point Q in AB sitch 
that the time taken hy a heavy particle to dide doton PQ is a 
minimum or mcucimu/m. 

Draw a vertical circle with highest 
point at P to touch J^ at a point Q. 
Then PQ is the straight line required. 

If PO be the vertical through P, 
QO the common normal at Q, is the 
centre of this circle. 

(a) If the centre of curvature of the 
curve ABdkt Q lies outside the verticals 
through P and Qy the curve in the 
neighbourhood of Q lies entirely out- 
side the circle, and a straight line PQ^ 
drawn to a neighbouring point Q^ cuts 
the circle in a point R between P and 

Thus time down PQ = time down 
PR < time down P^, or the time down PQ is a minimum. 

(b) If the centre of curvature lies inside the verticals through 
P and Qy the curve AB in the neighbourhood of Q lies entirely 
inside the circle, and the time down PQ is a maximum. 

Note that in each case the chord PQ is eqwdVy inclined to the 
normal at Q and the vertical. 

Similar constructions may be made for the chord of quickest 
or slowest descent from a curve to a point. 

(2) IfTQ be the straight line of quickest or slowest descent from 
one curve to another in the same vertical plane, the normals at 
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P, Q to the two curves mid the verticals through P, Q form a 
rhombus. 

Let PO, Q(y be the verticals, PO', QO the normals. Then 
since PQ is the chord of quickest (or slowest) descent from P to 
the lower curve, angles OQP and OPQ are equal ; and since 
PQ is the chord of quickest or slowest descent from the upper 





curve to Q angles OPQ^ OQP a.re equal. Hence PO'=0'Qand 
PO=OQ, Also angle 0'§P= angle OPQ hy parallels. Hence 
angle &PQ =a.us\e OQPy and PC/QO is a parallelogram, and 
therefore a rhombus since PO=OQ. 

As beforCy the time dovm PQ is a minimum if the centres of 
curvature at P and Q both lie otUside the verticals through P and 
Q, and a maximtim if both lie inside. If nether of these conditions 
obtain^ the time dovm PQ thibs constructed is neither a minimum 
nor maximum. 

In many cases the methods of the Differential Calculus are to 
be preferred to the above construction. 

Examples. 

1. If two vertical circles touch at their highest or lowest points, 
the time from rest down the part of any chord through the point 
of contact intercepted between the circles is constant. 

2. Construct the chord of quickest descent to a vertical circle 
from a straight line in the plane of the circle. 

Through Q, the lowest point of the circle, draw QX horizontally 
to meet the line in X. Mark off XY equal to XQ upwards along 
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the line. Join YQ, cutting the circle in B. YR is the required 
straight line. Use the result of Example 1 in the proof. 

A similar construction gives the chord of quickest descent from a 
circle to a straight line. 

3. Find the straight line of quickest descent to a given straight 
line from a given point in the same vertical plane. 

This is a particular case of Example 2. 

4. Given two non-intersecting circles in the same vertical plane, 
find the straight Imes of quickest and slowest descent from one to 
the other. 

^ A' 





Let A, A' be the highest, J?, B* the lowest points of the two 
circles. Join A A', AB\ BA\ BB', Let P, Q be the points in 
which one of these chords cuts the circles again. Then the normals 
and verticals at P, Q form a rhombus, as may at once be seen by 
noting that PQ passes through a centre of similitude. 

By applying the criterion of the position of the centres of curva- 
ture, we discriminate as follows : 

(i. ) If the circles are external to each other, the chords through 
the centre of inverse similitude alone give solutions, and 

(a) If B' is above A, the chord A'B gives a minimum, the chord 
B'A a maximum, time of descent from the circle A'B^ to the circle 
AB, 

(b) If B' is below A, but A' above B, the same chords give two 
minimum solutions, one from the circle ^^ to the circle A'B', one 
from the circle A'B' to the circle AB. 

(ii.) If one circle is inside the other, the chords through the 
centres of direct similitude alone give solutions, both minima, one 
from the outer circle to the inner, one from the inner circle to the 
outer. 

5. Find the chords of quickest and slowest descent to a given 
vertical circle from a given point in its plane. 

This is a particular case of Example 4. 

6. If P be a point on a parabola whose axis is vertical and vertex 
downwards, ^the foot of its ordinate, NQ the line of quickest 
descent from N to the curve, and QM the ordinate of Q, prove that 
MN=PNt provided PN is greater than the latus rectum of the 
parabola. 
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7. ABC is a vertical circle, having its highest point at ^, its 
lowest at C. Particles start to slide simultaneously down the chords 
ABt BG starting from A, B respectively ; prove that their shortest 
distance apart is equal to the perpendicular distance of B from the 
diameter JLC7 ( Wolstenholme). 

The diagram of accelerations gives a simple solution. 

78. We add several examples illustrative of the motion 
of particles. 

(1) ^ string passes over a fixedy under a movable^ and over 
another fixed pidley. To the ends of the string are attached 
masses mj, m^ and to the movable pulley a mass m. Fiivd the 
acceleration of the mcus m, the portions of the string being all 
parallel and the pulleys unthout mass. 

Let The the tension of the string, 
/i» A /> t^e accelerations, v^, v^, », 
the speeds of the masses m^, m^, 
mj respectively. Without loss of 
generality we may suppose the 
senses of /j, /g, v^ v^ upwards; then 
those of/, Vy are downwards. 

The actual values of v^ % v at 
time t will depend on the speeds 
f with which the masses are started, 
' but since the part of the string 
between the pulleys is always being 
lengthened as much as the ends are 
shortened, we must have 2v=^Vi+V2t 
and since this holds at each instant 
of the motion, we have also 

2/=/i+/2. 
The equation given by the Second Law for the mass m is 

mg-2T=mf 

those for the masses Tra^, TTig a.re 

T-mig:=mJi, 

T-m^g=m2f^ 

Eliminating /j, f^ T, from these we have 



f. 




^xg 



^_ m(wi + m^ — Am^m^ 
•^ m(mj + m^ + 4m^m^ ' ^' 
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(2) Two partides are connected hy a jme string which passes over 
a small smooth pulletf in a vertical plane, the pullet/ being made to 
rotate with constant angvlar velocity <i> abo^t its verticcU diameter, 
carrying with it the vertical plane containing the string and the 
particles. Determine the configuration of the system when the 
motion is steady. 




Let m, m' be the masses of the particles, C the pulley, CA, 
CB the portions of the string, ClM a vertical through th^ 
centre of the pulley, AL (=r), BM(=r^) perpendiculars on this 
vertical, T the tension of the string, angle ACL =6, angle 
BCM= <f>. 

When the motion is steady, A and B are describing horizontal 
circles of radii r, / respectively. Hence their accelerations are 
coV, coV in the directions AL, nM respectively. Besolving hori- 
zontally and vertically for each particle 

2^sin ^ = »iwV, Tsin <l> = w'cdV ; 
Tco&6-mg=0, Tcos<l>-m'g=0; 



whence 



r cot ^=-^=/ cot <i, 



or CL=CIf, that is, the particles are in the same horizontal 
plane, 

and mr cosec d = wi V cosec <^, 

or the string is divided by the pulley in the inverse ratio of the 
masses. 

(3) A particle (mass m) hangs hy an inextensible string of length 
L Show that if the tipper extremity of the string be suddenly 
made to describe a circle of radius a in a vertical plane with 

B.D. G 
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angrdar vdocity <i>, starting at the highest point of the circle^ the 
string wUl initially not become slack unless a(l — a)ct)^ exceeds Ig. 

Some care is required in writing down the veii/ical accelera- 
tion of the particle relative to the kinetic axes. 
A^a<» Let AB denote the string, A being the upper end. 

Since A begins to move at right angles to AB there 
is no immUsive tension of the string, and B is acted 
on merely by the finite forces, T the tension, and mg 
the weight of the particle. Hence B is initially at 
rest. 

The initial velocity of ^ is a<i> at right angles to 

ABf and therefore the initial angular velocity of the 

. • • cua 
string IS -J-, 

The acceleration of B relative to ^1 is therefore 
B (^\\ i^ or ^ in the direction BA (§ 49). 

The acceleration of A relative to the kinetic axes is aai^ in the 
direction AB. 
Hence the acceleration of B relative to the kinetic axes is 

ao)2 J—, or o>2 - , — \ vertically downwards. 

Hence, equating the mass acceleration of m to the resultant 
force vertically downwards, 

m . — ^-j — -ia^=mg- 71 

The condition that the string should not become slack is that 
the tension should be positive, giving 

ail — a) ou ^ 

or, o(^-a)a>2J»^. 

(4) Is it possible to move A in such a manner as to give B an 
initial acceleration perpendicular to ^^? 

79. The following are easy miscellaneous examples on the 
motion of particles ; more difficult examples will be found at 
the end of the chapter. 

Examples. 

1. The coupling chain between an oneine and a train the mass of 
which is 96 tons can bear a tension equal to the weight of 12 tons. 
Treating the train as a particle, find the shortest time in which a 
speed of 30 miles per hour may be safely attained on a smooth level 
Ime. 
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2. A small bullet is fastened to the end ^ of a stiff elastic rod AB 
without mass, and it is observed that when the end B of the rod is 
held horizontal the bullet weighs down the end A an inch and a 
half. The whole is then placed on a smooth table, and the end B is 
held tight. Assuming that the horizontal oscillations of the bullet, 
when drawn aside and released, are simple harmonic, prove that 8/ir 
oscillations will be performed in a second. 

3. Assuming the Earth to be a sphere of 4000 miles' radius, and 
that a ball starts from rest at some point on a material tangent 
plane to the Earth's surface not far from its point of contact with 
the Earth, shew that it wiU move along the plane with a simple 
harmonic motion of period nearly equal to 1 hour 25 minutes. 

[The motion is to be referred to ** Galileo's Axes," and the accelera- 
tion due to gravity is to be assumed to be normal to the sphere at 
every point, and equal to 32 f.s.8.] 

4. A gun weighing 1 ton fires a projectile weighing 7 lbs. , and 
the recoil carries the gun up a smooth inclined plane to the height 
of 4 feet. Treating the gim and its carriage as a particle, find the 
initial speed of the projectile. 

5. An india-rubber ball is dropped vertically from the hand and 
bounces a number of times on tne ground. Prove that the time- 
average of the impulses of the ground on the ball is numerically 
equal to the weight of the ball. 

How will the resistance of the air, if taken into account, affect 
this result ? 

6. Prove that in the case of a heavy particle sliding up or down 
a rough inclined plane, the speed at any point will be that due to 
falling freely under gravity to that point from a certain straight line 
which slopes downwards in the direction of motion at the angle of 
friction to the horizontal. 

7. The cage of a coal-pit is lowered for the first third of the shaft 
with constant acceleration ; for the next third it descends with 
constant velocity, and then a constant retarding force just brings it 
to rest as it reaches the bottom of the shaft. If the time of descent 
is equal to that taken by a particle in falling four times the whole 
depth, prove that the pressure of a man inside on the bottom of 

the cage was at the beginning ^ of his weight. 

8. A smooth wedee with one face vertical and the opposite anele 
30** is fixed on a table with the vertical face projecting over the 
edge. Three particles of equal mass m are knotted together at equal 
intervals (a) on an inelastic string, and placed close together at the 
foot of the wedge. The string is carried over the top of the 
wedge, and attached to a mass m which hangs freely. Prove 
that the system after starting into motion will, if the wedge is of 

sufficient height, come to rest again after a time 11 '\2a * ^^* *^** 
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if the hei^t of the wedge is less than ^a, the single particle will 
pall all the others over the top. 

9. A given point lies in the same vertical plane with a circle of 
radius a at a greater height than any point of the circle ; ^ and ^2 
are the least and greatest times of descent down straight lines from 
the given point to any point of the circle ; prove that 

e being the distance from the point to the centre of the circle. 

10. If the weights in an Atwood's machine are Mg, {M-'p)g, 
and the bar- weight 2pg is alternately caught np and deposited on 
the ring by the smaller weight, show that the intervals between the 
catching up and depositing of the bar- weight by the smaller weight 

form a geometrical progression of common ratio ^f-P. 

2M+P 

11. Two particles start simultaneously from rest at ii to slide 
down two smooth tubes A By AG, fixed in a vertical plane. Show 
that the line joining the particles at any instant makes with the 
line bisecting the angle BAG the same angle as the bisector makes 
with the horizon, and find the acceleration of one particle relative 
to the other. 

12. A particle is held at rest close under a smooth rod which is 
inclined at an angle a to the horizon. When the particle is set free 
the rod begins to move with a horizontal acceleration /; show that 
if /> g cot g, the pa rticle moves in a straight line with an accelera- 
tion sin a X »Jg^ +/*. 

13. A string OABG is trisected at A and B, and particles of 
equal mass are fastened to the points A, B, and (7. If the end is 
fastened to a fixed point on a horizontal plane, and if the string is 
straightened on the plane, and then set in motion so as to remain 
straight, prove that the tensions of the three portions of the string 
will be in the ratios 6:5:3. 

14. A mass m on a smooth horizontal table is connected with a 
mass m' below it by a string of length c which passes through a 
smooth hole in the table. Show how to start them so that m may 
describe a circle with constant speed on the table, and m' move in 
a horizontal circle with constant speed, the time of revolution being 
the same for both. If the time of revolution is given, find the least 
value of c that the problem may be possible. 

15. A flexible heavy string, length 2/, is moving over a smooth 
fixed small pulley, the two unequal portions hanging vertically. 
Prove that at the instant when its middle point is at a distance x 

below the pulley, the acceleration with which it is moving is/= j . g. 

Find also the tension of the string at any assigned point of the 
descending portion at the same instant. 
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IQ. A small pulley of mass M is lying on a smooth table ; a light 
string passes round tne pulley and has masses m and m' attached to 
its ends, the two portions of the string being perpendicular to the 
edge of the table and passing over it so that the masses hang 
vertically ; prove that the pulley moves with acceleration 

M(m + m!) + 4mm'' 

17. A string passing round a smooth fixed pulley is attached 
at one end to a weight, and at the other to a smooth weightless 
pulley. A string passes round this weightless pulley, and is attached 
at one end to the ground and at the otner to a weight equal in mass 
to the first mentioned weight. All the hanging portions of string 
are vertical. Prove that the first mentioned weight ascends with an 
acceleration equal to one-fifth of that due to gravity. 

18. Two masses P and Q (P> Q) are suspended by a light string 
over a pulley of inappreciable mass. After moving for a time t, a 
mass P-Q is instantaneously attached to the ascending mass Q. 
Find the whole motion of the system. 

Determine the circumstances of the motion if P - Q were attached 
not to Q but to the i^triug some way above Q, and show that the 

final velocity is J^ gt, 

19. If to the smaller weight of an Atwood's machine is attached 
a string which, passing under a smooth pulley fixed vertically 
beneath on a table, is fastened to a weight fm') on the same table, 
the coefiOicient of friction being /i, find the tension of both strings if 
motion ensues. 

20. Ov'er a smooth light pulley is passed a string supporting at 
one end a weight of mass 6 lbs. , and at the other end a small pulley 
of mass 1 lb. A string, with weights whose masses are 2 lbs. and 
3 lbs., is passed over the second pulley; prove that the speed of 

the 2 lb. mass at the end of two seconds will be \%g. 

21. A particle of mass m is attached by a string to a fixed point 
C and by another string to a smooth ring of mass m' which can freely 
revolve round and slide along a vertical rod passing through G^ 
both strings being weightless and inextensible. If the lengths of 
the vertical projections of the strings are x and y respectively when 
the whole system is revolving with constant angmar velocity w 
about the rod, prove that 

mw^_m+m' tn! 

the ring being so small that it may be treated as a particle. 

22. One end of an elastic string of natural length a is fastened 
to a point distant a below a smooth small fixed pulley ; the string 
passes over the pulley and has fastened to the other end a weight of 
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mass m ; prove that this M'eight when disturbed from its position of 
equilibrium performs harmonic oscillations about that position of 

period 2tj -— J% where \ is the tension which the string would 

have if it were stretched to double its natural length. 

23. A rough vertical circle carrying a bead turns in its own 
plane about its centre with uniform angular velocity greater than 



Vl{'4)'' 



where a is the radius, and /x the coefficient of friction. Prove that 
the bead will never slip. 

80. Momentum of a System. 

Definition. The vector sum of the momenta of a system of 
partideSj estimated relative to a set of kinetic axes is called the 
linear momentum of the si/stem. 

The linear momentvjm of a si/stem resolved parallel to any line is 
the resolved part of this vector sum. 

The word * linear ' is usually omitted, except when its omission 
would lead to ambiguity. 

Thus if m^, m^ m^ ... be the masses of the particles, d, /?, y, ... 
their velocities, u^^ u^ 2*3, ... the resolved paits of the velocities 
parallel to O.r, the momentum of the system is ]^md, aiid the 
momentum resolved parallel to Ox is 2mw. 

Internal and External Forces. In considering such a system 
of particles any part of the mass-acceleration of a particle of the 
system which is due to another particle of the system is called 
an internal force, any part of the mass-acceleration due to a par- 
ticle outside the system is called an external force. 

Thus internal forces occur in equal and opposite pairs (Third 
Law). Such a pair of forces is sometimes called a Stress. 

In the two following propositions we consider the effect on 
the momentum of the system of (1) internal, (2) external forces. 

81. Proposition. ITie mom^entum of a system is unaltered 
by any action, whether force or impulse, between the pairs of 
particles of the system. 

The forces between the particles may be grouped into stress 
pairs, i.e. if mj, m^ be the masses of any two particles of the 
system, and /i,/2 be their mutually induced accelerations, 

^1/1+^12/2=0. 
Hence the change of momentum arising in any finite time from 
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the stress between the particles m^, m^ is zero, and the same is 
true for each pair of particles, which proves the proposition. 

As a particular case, the proposition is evidently true for 
impulses between pairs of particles. 

82. Proposition. The rate of change of momentum of a system 
IS equ ivalent to the vector sum of the external forces. 

With the notation of the last article, the momentum of the 
system is the vector sum 

mid+m^P+m^y-h ... 

and the rate of change of this is 

Now m^a is the resultant force on the particle mj (Law II.), 
and is therefore equivalent to the vector sum of the forces, 
internal and external, on that particle. 

Hence mrfi+m20+m3y+ ... 

is equivalent to the vector sum of the internal forces + the vector 
sum of the external forces on the system. 

But the vector sum of the internal forces is zero, since they 
occur in stress pairs (Law III.). 

.'. The rate of change of momentum of the system is 
equivalent to the vector sum of the external forces. 

Corollary 1. The change of momentum of the system in a 
given time is equivalent to the vector sum of the impulses of the 
external forces for that time. 

As a particular case, when the system is subject to instan- 
taneous impulses, the change of momentum is equivalent to the 
vector sum of the external impulses. 

Corollary 2. The resolved part of the rate of change of 
momentum of the system in any direction is equivalent to the 
algebraic sum of the resolved parts of the forces in that 
direction. 

Corollary 3. (a) If the vector sum of the external forces is 
constant in direction, the rate of change of momentum of the 
system is entirely parallel to that direction, that is, the resolved 
momentum perpendicular to that direction remains unchanged. 

(6) If the vector sum of the external forces is zero, the 
momentum of the system remains unchanged. 

The statements (a) and (b) are known as the Principle of the 

Conservation of Momentum. 
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83. The following example, important in itself, will show 
the manner in which the above principle enables us to deal 
with simple cases of the motion of rigid bodies. 

Example. A particle of mass m dides down a wedge of mass 
M, which is capable of moving horizontally on a smooth tahle. 
Determine the motion. 




[The particle is supposed to be placed symmetrically on the 
wedge so that in the ensuing motion the latter does not 
rotate. M may for the present be regarded as the sum of the 
masses of the particles of the wedge ; but see further, § 87 
below.] 

Let the acceleration of the wedge, which is horizontal, be / 
(left to right), and let the acceleration of the particle m relative 
to the wedge, and parallel to the line of greatest slope be f. 
Then the horizontal acceleration of the particle relative to the 
table (i.e. the kinetic axes) ia f-f cos a (left to right). 

Now, the reactions of the table on the particles which com- 
pose the base of the wedge are all at right angles to the table, 
and consequently there is no external horizontal force on the 
system ; the particles of the wedge are all moving with horizon- 
tal acceleration /, and therefore the rate of change of momentum 
of the system of particles composing the wedge, resolved 
horizontally, is Mf. 

Thus for the system of wedge and particle 

Mf+m(f-f cos a)=^0 (i.) 

Further, resolving for the particle parallel to the line of 
greatest slope, we have 

m(/'-/cosa)=»i^sina. (ii.) 

From (i.) we have f=— ./, 

^ ' •' mcosa •" 

J i-u /"\ ' xt {M-\-m)sma 

and then (ii.) gives f — ~^, — \ » . g, 

-_ m sin a cos a 
•'"JZ+wsin^a*^* 
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If we require the magnitude of the reaction R between 
the wedge and the particle, we note that the horizontal rate of 
change of momentum of the wedge must be equal to the horizon- 
tal resolved part of R, or 

Mf=R sin a, which determines R, 

84. When the system whose motion we are considering 
consists of masses connected by a string which passes over a 
smooth pulley, it is often convenient to realise that the motion 
wOl be the same as if the whole system were placed in a straight 
line with the string tight, and each mass were acted on by 
an external force of the same magnitude as before, and in the 
line of the string. This is evident, since the tension is the 
same on each side of the pulley. For example, in the problem 
considered in § 71, Ex. 2, we may write : External force on the 
system = (m - ni')g. Mass of system = m + m'. Therefore 

acceleration = ^~^, . a. 

The following examples will furnish other cases in point : 

Example 1. A wedge whose section is a right-angled triangle 
rests on a rough toMe with the hypotenuse injdined to the table at 
an angle i. A heavy smooth chain of length a is fastened to the 
wedge near the right angle^ a9id passes over a smooth pulley at 
the edge of the table^ so that the wedge is just on the point of 
motion when a leiigth h of the chain han^gs wer the edge, A heavy 
smooth partide is then placed on the indinedface of the wedge and 
slides down it. Prove that the partide will separate from the wedge 
when the end of the chain has descended a distance equal to 

( — Ha ] co^i, where ft is the coej/icient of friction between the wedge 

and the table both before and during motion^ the m>otion taking 
place in a vertical plane. 




Let M be the mass of the wedge, m that of the chain. The 
value of the friction is iiMg^ and the weight of a length 6 of the 

chain is - . mg. Hence, for equilibrium, fiMg==-mg, or M= — , 
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Now when the particle leaves the wedge, it will be moving 
with a vertical acceleration g. Let / be the acceleration of the 
wedge just as the particle leaves it ; then the resolved part of / 
perpendicular to the face of the wed^e must be just equal to 
the resolved part of the particle's acceleration in this direction ; 

.*. /sin I =^ cost, or f=g cot t. 

When the chain has this acceleration, let a length a: be hang- 
ing over ; then the external force producing this acceleration in 
a mass Af+m, t.e. the sum of the masses of the system composed 

of the wedge and chain, is -.mg — li^Mg^ the reaction between. 

the wedge and particle being zero. 

.*. {M -\-m)g cot i={~.m — iJLM^g 

x — h 

— ^-"^j 

.'. the distance the chain has descended 



=^-6 = a( — Hi Jcott 



-a-) 



cot I. 



2. A boy hangs on to a light rope which passes over a smooth 
pulley and has attached to the other end a mass equal to that of the 
Doy. Discuss the motion if the boy starts to climb (i.) with con- 
stant acceleration, (ii. ) with constant speed. What difiference will 
it make if in the latter case the counterpoising mass is held still 
while the boy starts ? 

3. A system of masses counterpoised on a rope passing over a 
smooth pulley is initially at rest. Prove that if mass descends on 
one side, mass will also descend on the other. 

A bucket of water has a large piece of cork glued to its bottom 
inside, and the whole is attached to a light rope which passes over 
a smooth pulley, and is maintained in equilibrium by a counter- 
poising mass attached to the other end. If the water dissolves the 
glue, prove that when the cork begins to float upwards the counter- 
poise will move doiontvards. 

Centre of Mass of a System. 

85. Dbpinition. The centre of mass of a system ofpartides 
of masses mi, m2, mj, ,„isthe mean point {or centrotd) of the points 
marking the positions of the particlesyfor the mtUtiples m^ m2, m3 . . . . 
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Recapitalating the formulae of §§ 16, 33, 39, if aj, 02, 013, ... 
be the vectors from the origin to the particles, Xi, x^ ^3, ... the 
X coordinates of the particles, ^j, tt2, 1^3, ... their resolved 
velocities, /i, /2, /g, ... their resolved accelerations parallel to Ox, 
we have the following scheme for the displacement, velocity, 
and acceleration of the centre of mass relative to the origin : 





Displacement. 


Velocity. 


Acceleration. 


Vector. 


2m 


Zma 
Zm 


Xtrtrd 
2m 


Resolved 
parallel to Ox. 


Sm 


Zmu 
Sm 


27/1/ 

2wi 



with similar formulae for the other axes. 



Examples. 

1. Prove that the paths described by each of two particles 
relative to the other or to their centre of mass are similar curves. 
(Similar curves are the limits of similar polygons. ) 

2. Taking the orbit of the Earth relative to the Sun to be roughly 
a circle of 93,000,000 miles radius, and the mass-ratio of the Sun to 
the Earth to be roughly equal to 330,000 : 1, find the radius of the 
orbit described by the Sun relative to their common centre of mass. 



86. Velocity and Acceleration of the Centre of Mass. 

We can now represent the momentum of the system as that 
of a single particle. 

Let r be the vector from the origin to the centre of mass of 

the system, so that F, T are vectors representing the velocity 
and acceleration of this point. 

Then, from the formulae of the last article. 



2m 



= r, or 2md=r.2m. 



Hence the momentum of the system is equal to that of a 
particle of mass equal to the sum of the masses of the particles 
of the system, placed at the centre of mass and moving with it. 
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Hence also the velocity of the centre of mass is unaltered by 
internal forces or impul4. ' 

So too we have Sma=r2»i. 

We have shown that 2ma=the vector sum of the external 
forces. 

Hence the acceleration of the centre of mass is the same as 
that of a particle, mass ^Zm, acted on by a force equal to the 
vector sum of the external forces. 

87. These conceptions are of great importance. In the case 
of a rigid body moving without rotation, the motion of the whole 
body IS described when that of one point of it is described. We 
have now learnt how to determine the motion of one such point, 
and the description of the motion of the body is thus in this 
case complete. 

Further, if we define the mass of a rigid body as the sum of 
the masses of its particles, we see in what manner the mass of 
the body, so defined, enters into the equations which determine 
the motion of translation of the body. 

Even when the body is rotating these properties of the centre 
of mass teach us much about its motion. For instance, if a stick 
be thrown into the air, we know that its centre of mass will 
have a constant downward vertical acceleration g^ and will 
therefore describe a parabola, while the stick rotates about the 
centre of mass. 

Ezamplo. A straight smooth groove is cut in a horizontal table, 
and a straight slit is cut at the bottom of the groove. A string of 
length /, attached at one end to a particle of mass m resting in the 
groove, passes through the slit and supports a particle of mass m* 
at its other end. If this particle be held displaced in the vertical 
plane containing the groove, the string being straight, and then 
let go, show that the path of m' is part of an ellipse whose 
semiaxes are /, lml{m-\-m% the major axis oeing vertical. 

[The path of the centre of mass is a vertical straight line.] 

88. Before making our concluding remarks on Newton's axes 
it is convenient to enunciate the following theorem : 

The motion of a si/stem is referred to a given get of kinetic cuces^ 
and the only external forces are such ajs would produce in each 

particle^ if free^ a common acceleration F. Then a set of axes in 
directix/M fixed relative to the former ^ hut whose origin moves with 

acceleration F, if used as kinetic axes will determine correctly the 
internal forces of the system. 

Denote the first set of axes by (1), the second by (2). Let /be 
the acceleration of any particle (mass m) of the system referred 
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to axes (1). Let R be the resultant of the internal forces on the 
particle ; then referring to axes (1) 

mf=R-\-mFy 

or m(f''F)=R 

Bntf—F is the acceleration of the particle referred to axes (2), 
which proves the proposition. 

As an illustration, the Sun produces in the Earth and all 
bodies on its surface an acceleration of about j^^ of the value 
of the acceleration due to gravity at the Earth's surface ; as all 
these accelerations are in sensibly parallel directions and of 
equal magnitudes, they do not enter into calculations relative to 
Galileo's axes. 

89. As a further illustration consider the following : 

Example. Two particles co7inected by a tight string are thrown 
whirltiMf into the air. Determine the motion supposed to be in a 
verticat plane and the tension of the string. 



Let the particles be A and By and their masses m and m\ 
Each mass would have, if free, the independent acceleration g. 
The centre of mass {G) has this acceleration (§ 86). It therefore 
moves in a parabola. 

Further, to determine the tension of the string and the rela- 
tive motion we may, since O has the acceleration g^ choose it as 
origin, and axes through it parallel to Gralileo's axes as kinetic 
axes, ignoring, of course, the forces mg^ m'g on the particles. 

The motion is then, relative to G, uniform circular motion, so 
that the angular velocity remains constant, and equal to (o (say). 
The acceleration of A relative to 6^ is OA . (u^. 

Thus the tension of the string 

y^ . a mm t o 
=m . OA . (0*= — : — -, . lor, 

m+m 

where I is the length of the string. 

The student will find it instructive to solve the same problem by 
reference to Gkilileo's axes. 
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[$ beine the inclination of the string to the vertical at any time, <a 
the angular velocity, d the angular acceleration of the string, the 
accelerations of m parallel and perpendicular to AB are 

7n iQ. _/» m 



-.li^+gcoB0, -,,lu}-\-gsm6. 



m + TTi m + m 

Then find the tension and prove that ii=0.] 

90. The centre of mass of the solar system is, as remarked 
above, to be regarded as the origin of Newton's kinetic axes, 
the directions of the axes being determined by the fixed stars. 
The properties of the centre of mass just discussed are based 
ultimately on terrestrial experiments of the nature indicated in 
§ 61 ; Newton's generalisation assumes that, as in the case of 
systems referred to terrestrial axes, so in the case of the solar 
system the motion of the centre of mass relative to bodies 
outside the system will be unaffected by the interfud forces of 
the system. Moreover, it is a part of the Newtonian theory of 
Universal Gravitation that the particles of a limited material 
system will be affected by all distant bodies each vnih the same 
acceleration, relative to distant bodies, and the centre of mass 
will have this acceleration ; hence the internal forces of the 
system as calculated from the relative motion will form a unique 
and exhaustive system of stress -pairs. The direction in which 
the theory may be extended, if ever our knowledge becomes 
competent, is also obvious. 

We may remark that although the motion of the bodies of 
the solar system relative to its centre of mass is at present only 
approximately known, so far as our knowledge goes theory and 
observation are at one. The mass-ratio of the Sun to even 
the most massive planet (Jupiter) is so great (1000 : 1) that to a 
first approximation the Sun's centre may be used instead of the 
centre of mass for origin, and is so used in the elementary 
theory of the motions of the solar system given in books on 
" The Dynamics of a Particle." 

91. Theorem of Moments. 

The moment of a localised vector about a point, or about an 
axis, has already been defined. When the moment of the 
momentum or of the mass-acceleration of a particle, or of the 
force acting on a particle, is spoken of, it is understood that 
these vectors are to be localised at the point which indicates the 
instantaneous position of the particle. 

Proposition. A system of particles is movitig in one plane; to 
prove that the algebraic sum of the moments of their mass-accderor 
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turns abotU any ^^fixed^^ point in the plaru is e^pjuxl to the sum of 
the moments of the external forces about that point. 

If 971 be the mass of one particle, / its acceleration, mf is equal 
to the vector sum of the forces, internal and external, on the 
mass m. 

Hence (§ 17, Chapter i), the moment of m/ about the given 
point = sum of moments of internal and external forces acting 
on the particle m. 

The same is true for each particle of the system. 

Therefore the sum of the moments of the mass-accelerations 
about the given point = sum of moments of forces, internal and 
external, on each particle. 

But the sum of the moments of the internal forces is zero, 
since they can be grouped into stress-pairs. Therefore the sum 
of the moments of the mass-accelerations = the sum of the 
moments of the external forces. 

Corollary 1. If the motion of the particles is not confined to 
one plane, a corresponding theorem is true for moments about 

an axis. (See § 17, Prop., Cor. 2.) 

Corollary 2. A similar theorem holds for impulses, viz. 

If a system of particles moving in one plane is acted on by 
impulses in 'that plane^ the sum of the moments of the mxymenta 
generated, about a fixed point in the plane, is equal to the sum 
of the moments of the external impulses about that point; and 
mutatis mutandis the theorem will hold for moments ahout an axis. 

92« From the theorem of moments and the theorem of § 86 
which states that the centre of mass of a system moves like a 
particle subject to the vector sum of the external forces, follow 
at once the rules for the equilibrium of a rigid body under the 
action of external forces applied to its particles. Assuming that 
the reader is familiar with these rules, we need here only note 
their place in the logical development of the subject. 

In particular we may assume in future that the sum of the 
moments of the weights of the particles of a rigid body about 
any horizontal axis is equal to the moment of the sum of the 
weights localised so as to pass through the centre of masa 

It will be useful, further, to draw the reader's attention to 
the case of a rigid rod of negligible mass, to which particles 
of given masses are attached. 

If the reactions of the particles on the rod are forces, and 
every point of the rod is moving with finite acceleration, these 
reactions must satisfy the conditions that their vector sum is 
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zero, and the sum of their moments about any fixed point is 
zero. If the reactions are imnulses, and the change of velocity 
of every point of the rod is unite, the impulses satisfy similar 
conditions. 

93. The student shovld espedaUy note that he vnav in every case 
equate the sum of the motnents of the mass-accelerations about any 
fixed axis to those of the external forces abottt that axis. It may 
happen that certain particles of the system will, at the instant 
at which moments are taken, lie on this axis, and in that case 
the mass-accelerations of the particles, as also any forces applied 
to them, will have no moment about the fixed axis. An instance 
of this is found in the following example : 

Example 1. A rectangular wedge ABC of mass M rests on a 
smooth horizontal table with the face AB opposite the right angle 
inclined at an angle a to the horizon. A smooth particte ofmxiss 
m is placed symmetrically at the top of the toeolge, and allotoed to 
run down the inclined face. Prove that, if in the e^isuing motion 
there is no tilting of the tpedge, M mu^t be greater than m sin^a. 




If 72 be the reaction of the particle on the wedge^ / the 
acceleration of the wedge supposed not to tilt, then, as in the 
Example of § 83, 

trjf Tt • ^ m sin a cos a 



-msm^'a 



and therefore 



p_ MmgcoBa 
M+m ain^a' 



Suppose the wedge, when the mass m is placed at the top of 
it, to be just about to tilt ; then the reactions of the plane on 
the particles of the base all pass through the edge C. 

We shall take moments about the fixed straight line in the plane 
with which the edge C instantaneously coincides. 
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If A be the height of the wedge, the moment of R, when m is 
at the top, is Rh sin a, and the moment of the weights of the 
particles composing the wedge = moment of Mg supposed to pass 
through the centre of mass 

—Mg , ^AcotcL 

Similarly, the sum of the moments of the mass-accelerations 
of the particles of which the wedge is composed is Mf. \h. 

We have thus Kh sin a — \Mgh cot a = \hMf. 

Now if the wedge is not about to til^ the terms on the 
left-hand side of this equation would have to be numerically 
increased by the moments of the reactions of the plane on the 
particles of the base of the wedge, so that the condition that 
the wedge should not tilt initially is 

R sin a - \Mg cot a < \Mfy 

which, substituting for R and /, gives 

-If > m sin^o. 

It is evident that if the wedge does not tilt at once it will not 
do so at all, since the moment of the external forces about the 
edge C is greater at the beginning of the motion than at any 
subsequent time. 

Example 2. Three particles of equal masses attached to the 
ends and the middle point of a rigid weightless rod lie on a smooth 
table. If an end particle receive an impulse in the direction per- 
pendicular to the rod, prove that the particles will start off with 
speeds in the ratio q^ 5 : 2 : 1. 



m 



ABC 

Let A, By denote the particles, let m be the mass of any 
one, and let AB=BC=a. 

All the particles will begin to move at right angles to the 
initial position of the rod. 

Let V be the speed with which B begins to move, cd the 
initial angular velocity of the rod. Then Sie velocities oi A, C 
relative to B are of magnitude, —aiHy and +ao) respectively 
(§ 45, Cor.). 

Let C be the particle to which the impulse is given. Take 
moments about the point of the table with which C instan- 
taneously coincides. The impulse has no moment, nor has the 
R.D. H . 
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momentum of the particle G, The momenta generated in the 
other two particles are respectively m{v — ata) and mv, 

:. 2am{v — a(i})+a.mv=0f 

or dv=2a(Oj or a(o=-^. 

The speeds of the particles are therefore 

- -, t;, and -^ respectively. 

The student should consider what the subsequent motion of 
the system will be. 

3. Prove that the tension of a light string is unaltered by passing 
round a smooth circular pulley. 

4. A block with a plane base rests on a smooth horizontal plane. 
A horizontal impulse is applied to it. Determine the condition that 
the impulse shall not tilt the block. 

5. If the impulse is not horizontal, but inclined downwards to 
the plane, prove that the condition is that the line of action of the 
impulse should cut a horizontal plane through the centre of mass in 
a point which lies vertically above some pomt of the area enclosed 
by a tight string drawn round the base. 

6. A railway carriage is travelling round a curve of varying 
curvature, the dimensions of the carriage beine small when com- 
pared with the radius of curvature of the path of any point of it. 

Prove that if the radius of curvature of the curve at any point be 

O Alt 

< , where "h is the height of the centre of mass of the carriage 

above the rails, a is the breadth of the track, and v is the speed, the 
carriage cannot pass this point without the inner wheels leaving the 
line. 

What are the horizontal and vertical pressures on the outer rail 
when this is just about to happen, and what is the direction of the 
residtant pressure ? 

94. The moment of the momentum of a particle moving in 
a plane, about any "fixed'' point in the plane, is called the 
angvXwr momentum of the particle about that point. 

From § 55 we see that the rate ofcharige of angular momentum 
of a particle about a fixed point is equal to the moment of its 
mass-acceleration aboat that point. If then the resultant force 
on the particle always passes through a fixed point, the mass- 
acceleration, which is its expression, has no moment about the 
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point, and the angular momentum of the partide about the point 
is constant. This is the theorem of the conservation of angular 
momentum for a particle. 

95. Initial Motions. ' Suppose that a system of particles is in 
equilibrium under given constraints and that one of the con- 
straints is suddenly removed, we may often by elementary 
methods determine the initial accelerations of the particles 
and the initial values of the forces acting on them. The pro- 
blem is simplified by the fact that all initial vdocities and 
angular vdocities^ are zero. Thus the acceleration of a particle Q 



relative to a particle P to which it is attached by a light inex- 
tensible string in general consists of (i.) an acceleration / 
perpendicular to PQ, and (ii.) an acceleration (o^. PQ parallel to 
QP (see § 49) ; but in an initial motion the latter is zero. 

Example. A light string fixed at one end has two particles 
attached to it, m^ at its miadUe point, m2 at its free end, tsl^ is 
held in the same horizontal line as the fCced end, the two segments 
of the string making an angle a with the horizon. Prove that if 
rog is let go the initial tension of the string at the fixed end is 

mi(m| -I- m2)g sin a/(m| -I- mg sin^ 2a), 
provided a < -. Whai happens if a>-1 




Let be the fixed point, OA, AB the two portions of the 
string, and let the initial tension of OA be 7\, that of AB, T^ 

Since the angular velocities of OA, AB are both initially zero 
the acceleration of A relative to is initially perpendicular to 
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OA, while that of B relative to A is initially perpendicular to 
BA. Let these be fi, /g respectively. 

Then, relative to the kinetic axes, the accelerations of mi 
resolved horizontally and vertically are — /^ sin a (left to right), 
/icosa downwards; while those of wig are — /isin a 4-/2 sin a (left 
to right), /iCosa+/2<2<^sa downwards. 

Hence resolving horizontally and vertically for each particle, 

-mi/isina=(72- ^i)cosa, Wi/iCOsa=mi^~(2\+72)sina, 
m^i -/i 4-/2) sin a = — Tg.c^'^ ^ ^(/i +/2)cos a=rn2g + T28in a. 

These four equations determine the four unknowns, /j, /g, 
7\, Tg. Eliminating /j, /2, Tg, we obtain at once the required 
result. 

If a=T, it will be found that ^2=0> *^^^ /i=/2=ifl'seca ; 

from which it follows that the string AB at once becomes slack, 
and that m^ descends freely with acceleration g. The same will 

be the case if a>T- 

96. In another class of problems in which the particles are 
acted on by impulses, and so move off with finite velocities, it is 
often possible to determine the initial radius of curvature (R) of 
the path of a particle which moves off with velocity v from the 

fact that the normal acceleration is — . 

a 

Example. Two particles of masses p and q are connected by 
a string which is straight and passes through a smooth fixed 
ring. The whole is on a smooth horizontal table, and the partides 
are projected at right angles to the string. Prove that the initial 
curvatures of their paths are 

q(p + q)~Ht>u^+av2)/abu2 and p(p+q)~K^^^+8'V^)/a'^v* 

respectively, where u, v are the initial velocities, a and b the por- 
tions into which the string is initially divided. 



B 



Let A, B he the particles, / the acceleration with which the 
point of the string initially in contact with the ring begins to 
slip, supposed positive from left to right. 



w2 



The acceleration of A relative to this point is . 
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u^ 



Therefore the acceleration of A (left to right) is / 



a 



Similarly the acceleration of B (left to right) is/+-T- 
Hence by the Third Law, 

... /.,,^„-.(^'-ef). 

j#* cltj' -4- lyUi 
And acceleration of A —f = —q{p-{-q)~^ r — • 



a 2vr !// ^^ 
Now let R be the initial radius of curvature of ^'s path. The 

value of this acceleration (left to right) must be also - -jz- 

1 
Whence d = 9' (i^ + q)~^ (^^^ + hv?)lahu\ 

Examples. 

1. A particle of mass m is attached to a string which is attached 
to a fixed point, and drawn aside from the vertical through an angle 
a, and suddenly released from rest. Prove that the initial value of 
the tension is vra^cosa, and the initial acceleration is numerically 
equal to g sin a. 

2. A string ABC has the point A fixed, and to B and C two 
particles of equal mass are attached. The system is drawn aside 
from the vertical and held at rest. Prove that if it be suddenly 
released the tensions of the portions AB, BG of the string are 
respectively 

2sinai sin a^ cos (a^ - a^) 

1 + sm* (aj - Oj) 1 + sm^ {a^ - ag) 

where a^, o^ are respectively the inclinations of AB, BC to the 
horizon. 

3. A particle of mass m is suspended from a fixed point by a 
string of length a, and from m is suspended another particle of 
mass m' by a string of length h. If a horizontal velocity be 
suddenly communicated to m, show that the tensions of the strings 
are immediately increased by amounts which are in the ratio 

^ rnb . 

^'^m'ia + b)''^' 

4. Three holes A, B, G ia & smooth table form an equilateral 
triangle. Through these holes three smooth strings are passed 
supporting equal weights, the mass of each of which is equal to m. 
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and the other ends of the strings are all fastened to a mass M at 
the centre of gravity of ABG, If one of the strings is cut, show 

that the initial acceleration of ilf is -— ^L. 

2if+m 

5. Three equal rings rest on a smooth vertical circular wire at the 
comers of an equilateral triangle of which one side is vertical, the 
uppermost being connected witn the other two by means of strinss. 
Mnd their tensions, and show that if the vertical string be cut the 
tension in the remaining string is instantaneously diminished in 
the ratio 3 : 4. 

6. Two particles of masses m, m! lie on a smooth horizontal 
table connected by an inelastic string of length a. m is projected 
in the plane at right angles to the string. Frove that the initial 

radius of curvature of its path is — -7 — a. 

97. Motion relative to axes which retain constant directions 
while their origin moves with a given accderation rdative to the 
kinetic ojcee. 

As a simple case let us consider motion relative to a railway- 
carriage which is moving along a horizontal line with constant 
acceleration / relative to Galileo's axes. 

A free particle falling in the carriage will, neglecting the 
resistance of the air, have relative to the carriage an acceleration 

equal to the vector difference of g and /. In oth er words, its 

relative acceleration will be of magnitude ^/^*+/^ and inclined 

at an angle XAxr^i- to the vertical. If the particle be dropped 

from the hand of a person in the carriage its velocity relative 
to the carriage is initially zero, and its path relative to the 
carriage will be a straight line. 

Next consider the case of a particle sus- 
pended by a string AB from the roof, resting 
m relative equilibrium at an angle B to the 
vertical. Call the tension of the string T^ 
the mass of the particle m. Since the ac- 
celeration of the particle relative to the 
kinetic axes is /, we have, resolving hori- 
zontally and vertically, 

T'sin B=mf, Tcoa 0-mg=O, 
whence T=-'m>^p'\-g\ tan ^=i 

Now these and similar cases may be described by saying that 
the particle behaves relative to the carriage as if axes fixed in 
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the carriage were kinetic axes, and the acceleration due to 
gravity were replaced by an acceleration equal to the vector 

difference of g and / Let us call the force represented by the 
product of the mass of the particle and the vector difference of 

g and /the apparent weight of the particle ; then it is important 
to notice that the values as calculated from the relative motion 
of all forces acting on the particle except the apparent weight 
are the true values of these forces as calculated from the motion 
relative to the true kinetic axes, by which alone force can be. 
defined ; in fact the term mf only changes sides of the equation. 
This method of description is sometimes convenient ; but the 
student is advised whenever he makes use of it to interpret his 
equations relative to the kinetic axes. 

Examples. 

1. How must the particle, when suspended from the roof and 
drawn aside from the vertical plane containing the string in the 
position of relative equilibrium, be started, that it may appear to 
an observer in the carriage to move in a plane ? 

2.^ If the string be of lensth 2, how, and with what speed, must 
the particle be started in order that it may appear to the observer 
to describe a circle of radius a with constant speed ? 

98. Effect of the EartKi Rotation on the Acceleration dv/e to 
Gravity, 

For questions in which the 
rotation of the Earth is taken 
into account, Galileo's axes are, 
of course, inadequate. We shall, 
in the discussion which follows, 
assume that the origin of the 
kinetic axes is to be the centre 
of the Earth, the directions be- 
ing determined by lines drawn 
thence to the fixed stars. The 
situation of an observer on the 
Earth's surface relative to these 
axes is nearly analogous to that 
of the observer in the railway 
carriage just discussed, relative 
to Galileo's axes. 

We shall also assume that the Earth is a sphere. Let NS 
represent the polar axis, the centre of the sphere, OP a radius 
to a given point P on the surface^ A the inclination of OP to the 
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plane of the equator, ^FS the meridian through P, PL the 
perpendicular from P on the polar axis, (a the !^rth's angular 
velocity relative to the stars, R the Earth's radius. 

Then relative to the kinetic axes (origin 0) P is describing a 
circle with constant speed (u . PL. Its acceleration is therefore 
(iP,PL or (o^RcoaX. in the direction of PL, Moreover, any 
point Q near P and rigidly attached to the earth will have an 
acceleration oi^QU (where QL' is the perpendicular from Q on 
NS) which is very approximately the same as cj^PL. 

In fact, the vector difference of the accelerations of P and Q 

= <^Qr-<o^,PL 
= ia\QL'-PL) 



= uP(QP+PL + LL'-PL) 

= <J^(QP + Ll/); 
and this latter i s a v ector whose magnitude is very small compared 
with that of w^ . PL. 

Neglecting the very small difference between the accelerations 
of P and §, we may regard every point near P and fixed with 
regard to Galileo's axes (origin P) as moving with an accelera- 
tion, relative to the kinetic axes through 0, which is the same 
for all the points and is sensibly constant during the intervals 
occupied by most motions of bodies near the Earth's surface. 

If then G be the value of the acceleration due to gravity at P, 
relative to the kinetic axes through 0, g its apparent value at 
the Earth's surface at P, we at once see from the principle of 

relative accelerations that g is the vector difference of O and 

0)2/2 cos X. _ 

The direction of G is, by the theory of universal gravitation, 

PO. The direction of the apparent 
acceleration due to gravity is of course 
the vertical, defined as the direction 
taken by the plumb-line, or as the 
normal to the surface of a liquid at 
rest. The latter method is used for 
determining the vertical in Astronomy, 
and the latitude of the place (J) is 
defined as the inclination of the verti- 
cal so determined to the plane of the 
equator. 
If then, po, pq, qo represent the 

accelerations G, g, m^R cos A, respectively, and we produce oq to 

t, angle /x>^=:X, and diX\g\Q pqt^ the latitude. 
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Now, takiug R equal approximately to 4000 miles, and neglect- 
ing the difference oetween the lengths of a sidereal and a mean 

271- 
solar day, so that ^=24x60x60' ^® obtain 

0)272 = -1117 f.s.s. 
= J f.s.8. nearly. 

[If i2= Earth's equatorial radius =20,923,600 feet, and we take 
2-j. 
0) equal to ^^_ _-. radians per second, its true value, we obtain 
o61o4 

(02i2= -11126^8.8.] 

Now g is equal to 32*2 approximately in the latitude of 
London, and varies from 32*088 at the equator to (probably) 

32*253 at the poles ; consequently the ratio is very nearly 

equal to ^^ in all latitudes. 

It follows that the angle opq is very small, and drawing qr 
perpendicular to op we have 

(7 — ^ :^ ro = og' cos X = (o^iJ cos^X, 

or 5r=(?- 0)2/2 cos^X, 

or =6^- 0)2/2 cos*;, 

writing I for X in the small term 0)2/2 cos^X. 

Further, the circular measure of the angle 2 — X is approximately 

equal to 

rq 0)2/2 sin X cos X 
-J. or — , 

m 9 

for which we may write 

0)2/2 sin I cos I 



Thus it appears that the effect of the Earth's rotation is to 
diminish the acceleration of a falling body near the Earth's 
surface in latitude I by o)2/2co82Z, and to turn its direction 
through an angle whose circular measure is 

0)2/2 cos I sin I 

In the latitude of London the values of these quantities are 
respectively about "043 f.s.s. and 5' 47". 
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99. We see further that the quantity mg which we are accus- 
tomed to call the weight of a mass m is a quantity analogous 
to the " apparent weight " of the particle as discussed in § 97 ; 
and further that any forces acting on the particle, except 
its weight, will so far as our approximation goes be correctly 
determined relative to kinetic axes through the centre of the 
Earth from the motion relative to Galileo's axes. For instance, 
if the particle is suspended in relative equilibrium by a string 
the tension of the string is mg even when we refer to the axes 
through the Earth's centre. 

Examples. 

1. Prove that a column of sufficient height erected at the equator 
will cease to have any weight. 

2. Assuming that at the equator the effect of the Earth's rotation 

is to diminish the apparent weight of a body by -^-^ part, find what 
would be the length of the day if bodies at the equator had no 
weight. 

Aiso in this case find the direction of the plumb-line in any other 
latitude. 

3. "A railway train travelling west is heavier than when 
travelling east." What kinetic axes does such a statement imply? 
Find the difference in weight for a train weighing 180 tons, and 
travelling 60 miles an hour, in latitude 60°. 

4. A heavy particle is attached to one end of an inextensible 
strinff, the other end of which is moving with constant acceleration 
/ inclined at an angle a to the horizontal ; prove that the particle, 
if properly started, will move in a straight line with acceleration^ 

with the string inclined to the vertical at an angle aot-'^^—L -, . 

* * /cosa 

5. Prove that if a stone is let fall from relative rest at a height 
of 100 feet at the equator, it will, neglecting the resistance of the 
air, strike the ground at a distance of *018 foot to the east of the 
vertical through its initial position. 

6. Assuming the Earth to be a sphere, radius 4000 miles, prove 
that the number of seconds in the angle between the vertical and 



5 

the plumb line in latitude 15°, taking g as 32, is n . — 

where n is the number of feet in a mile. 



. TT nearly, 



Examples on Chapter III. 

1. What kinetic axes, if any, can be chosen so as to give a 
meaning to the following expressions or statements : "the mass of 
the Earth"; ''action and reaction are equal and opposite, and 
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therefore the weight of a body resting on the ground is equal and 
opposite to the pressure of the ground on the oody"; *'the force 
exerted by the Moon on the Earth " ; '* the force exerted by a star 
on the Earth " ; ** the weight of the Sun ** (a phrase often occurring 
in Elementary books on Astronomy) ? 

2. A smooth straight rod is constrained to be a tangent to a 
fixed parabola ; prove that, if it turn with angular velocity pro- 
portional to the cube of the sine of its inclination to the axis, a bead 
on it can be projected so as to describe the parabola, its velocitv 
relative to the rod remaining constant ; and that this velocity will 
not be constant in magnitude if the angular velocity follows any 
other law. 

3. A leaky vessel, originally full of water, is projected upwards 
(vertically) with velocity V, Discuss the question whether the 
opportunity of leakage would affect the motion of the vessel. 

4. Two platforms A and B of equal mass m, each carrying an 

animal of mass km{k>l) start with different speeds from alongside, 

and are constrained to move along parallel straight lines ; the one, A, 

which at first travels fastest, is retarded by a constant force. Prove 

that, after T seconds, when B overtakes A, the relative velocity of the 

platforms is equal to their relative velocity when starting. Also, 

if at the instant of passing, the two animals lump across at right 

angles to the parallel lines and exchange platforms, prove that the 

it ^ 1 
platforms will again pass each other after •; — - . T seconds. 

k+l 

5. A (mass m) and B (mass m') are two particles connected to- 
gether by a stretched string of length 2a lying on a smooth table so 
that AB is perpendicular to its edge, and A is beginning to fall off. 

Prove that in time ^-^J- . ^Ull^ the particles will have fallen 

2 y g m 

the same distance. 

6. Two equal particles, each of mass m, connected by a licht 
inelastic string of length I rest on a smooth horizontal table, and a 
blow / is given to one of the masses in a direction at right angles to 
the string. Determine the tension of the string, and show that 
each particle describes a series of cycloids ; find the time of describ- 
ing a complete cycloid. Draw a figure illustrating the motion. 

7. Two equal particles connected by a weightless rod describe 
horizontal circles on the internal surface of a fixed sphere, so that 
the plane through the rod and the centre is vertical and turns 
uniformly. Find the angular velocity of this plane in terms of the 
angles a, j9 which the radii of the horizontal circles subtend at the 
centre of the sphere, and prove that the thrust in the rod is to the 
weight of either particle as 

sin a sin ^ tan ^ (a«» j3) : cos -3- (a + /9) cos (a - /3). 
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8. Four particles A, 3^0, D lie on a smooth table at the comers 
of a rhombus. The particles are connected by four light in- 
extensible strinss AB, BG, GD^ DA ; the mass of A is m^, the 
masses of B and D are m^ respectively, that of (7 is 9713. The angle 
aBktA is acute. A blow is ffiven to A along the dieu^onal, away from 
G. Prove that the ratio of the initial velocity of G to that of ^ is 

mjcosa : 9713 + 7713(1 -cos a). 

9. Two particles, each of mass m, are moving with equal 
velocities at right angles to the line joining them ; they are con- 
nected by a loose string, to the middle point of which a second 
string is attached, at the other end of whicn is a particle of mass Jf, 
which is at rest in the plane of motion and equidistant from the 
particles m ; prove that when the strings tighten the direction of 
motion of each of the particles m will be suddenly deflected through 
an angle 



tan 



_i Jfsina 



(2m - if ) cos a + 2m + Jf 



when a is the angle between the two portions of the first string at 
the moment of tightening, and the masses of the strings are 
neglected. 

10. A long smooth straight wire is inclined at an angle a to the 
horizontal, and a smooth ring is instantaneously at rest on it. If 
the wire be suddenly moved liorizontally (without rotation) in the 
vertical plane passing through it with velocity^ u, prove that the 
path of the ring in space is a parabola, and find its latus rectum. 

11. A particle of mass m is tied by a strine of length I to the 
vertex of a right circular cone of mass M and vertical angle 2a, 
placed on its lose on a perfectly rough horizontal table. Prove that 
the greatest angular velocity with which the particle can be projected 
so as to describe a horizontal circle without upsetting the cone is 



(!)'[■-(-?)■•»••]*■ 



12. A wheel and axle is suspended by the string which surroxmds 
the axle. From its axis hangs a mass M^ and the string which sur- 
rounds the wheel supports another mass m. Assuming the wheel 
and axle and the strmgs to be massless, and supposing the wheel 
and axle to be falling downwards, show that its acceleration is 

where a is the radius of the wheel, h that of the axle. 

13. A horizontal tube, closed at both ends, has in i£ a ball of 
cork, and the remainder is filled with water. If the tube be rotated 
about one end, in which direction will the ball travel ? 
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14. A rough horizontal table rotates about a vertical axis ; two 
masses connected by a string lie on the table so that the line of the 
string produced passes through the axis of rotation. Show that, 
when the more distant mass rests as far as possible from the axis of 
rotation, the distances are such that a third free mass placed at the 
distance of the centre of gravity of the first two masses from the 
axis would just not slide. 

15. A window is supported by two cords passing over pulleys in 
the framework of the window (wnich it loosely fits), and is connected 
with counterpoises each equal to half the weight of the window. 
One cord breaks, and the window descends with acceleration /. 
Deduce that the coefficient of friction between the window and the 
framework U (g-y)„ 

when a is the height and h the breadth of the window. 

16. A wedee of mass M and angle a is held at rest with one face 
in contact with a smooth table. A string ABC passes over a smooth 
pulley at B, the highest point of the weoge, and supports a particle 
C of mass m in contact with the wedge. The other end of the string 
is fastened to a fixed point A in the same horizontal line as B. 
A and G being on opposite sides of the vertical through B. Prove 
that when the wedge is allowed to slide the tension of the string is 
suddenly diminished in the ratio 

if +2msina^ : M+4mBm^% 

Yl, A wedge of mass M and angle a rests on a smooth horizontal 
table with its edge parallel to an edge of the table, and is free to 
slide in the direction perpendicular to its edge. A string tied to 
the middle point of the edge passes over the edge of the ^ble and 
supports a mass m. A particle is placed symmetrically on the slope 
of the wedge, and when the system is allowed to move from rest it 
is found that the particle, relatively to the wedge, does not move. 
Show that its mass is 

m cot a-m-M, 

18. A smooth wedge whose base angles are a and /3, and whose 
mass is My is placed on a smooth horizontal table, and two masses 
m and m' are attached to the ends of a string which passes over a 
smooth pulley at the summit. Show that Sie acceleration with 
which the wedge moves is 

(m sin g »* m^sin p) {m cos a + w^cos p) 
( w + m') ( Jf + m + m') - (m cos a + m' cos /3)' ' 

19. A body of mass m^ has a plane face resting upon a wedge of 
mass m^ and angle /3, with which its angle of friction is e^. The 
wedge is placed upon a plane making an angle a (</3) with the 
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horizon, with the thick end down the plane and the thin edge hori- 
zontal ; the angle of friction between the wedge and the plane is 6.. 
If e| < /3 - a, show that on the release of the system the body will 
slide with constant acceleration down the wedge, but the wedge will 
not slip on the plane provided that 

(TOj + m^) cos Ci sin (cj - a) > Wj sin (j8 - a - ei) cos (e, - /3). 

If e, exceeds a, but is not large enough to satisfy the above condi- 
tion, determine what will happen. 

20. A light string of length I equal to that of a smooth fixed 
inclined p]£Uie of angle a passes round a pulley at the top of it, 
masses if, m which rest on the plane being attached to its ends ; 
initially the masses are at rest, m at the top and m at the bottom 
of the plane ; prove that, if motion takes place under the action of 
gravity, and an inelastic direct impact occurs half-way down the 
plane, the string will break if it cannot sustain an impuLae equal to 

iiM+mf^iAf- m)\lg sin a)*; 

and find the common speed of the masses after impact in terms of 
the impulse which will just break the string. 

21. Two bricks of length 2a and of equal mass are placed sym- 
metrically one above the other on a rough horizontal plane. A light 
strins attached to the lower brick passes in the direction of the 
lengw of the bricks over a Hght pulley, and is tied to another equal 
brick hanging vertically. The coefficient of friction between the 
two bricks is ju, and is tne same as that between the lower brick and 
the plane. Show that the two bricks will not move as one body 

unless >i>7, and that, if /u has a value l ess than this, the upper 

brick will fall oflf after a time 2 a/— _ ^— _. 

\(l-5Ai)flr 

22. Two smooth fixed planes make angles a, )3 with the horizon, 
and their intersections with any horizontal plane are mutually 
inclined at an angle 7. Two particles of masses m and m' lie 
respectively on the planes, and are connected by a light string 
passing over their common edge. Prove that a motion starting 
from rest with the acceleration of each particle constant is possible 
and that the tension of the string in this case is 

mm'g sin a cot j8 + sin /3 cot a + cos 7(cos a + cos /3) 
m-^m' ' fj{ sin*7 + cot*a + cot*j3 + 2 cos 7 cot a cot j8 }' 

23. Two particles of masses m and m' are connected by a string 
which lies symmetrically on the faces of a smooth isosceles wedge 
(mass M), the string passing perpendicularly over the edge; the 
wedge is placed with its edge horizontal on a smooth inclined plane 
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of inclination $, and the system is then let go ; show that the wedge 
will move down the plane with acceleration 

r • n . (w - m') sin a cos a -T 

g tan g+V ^ . / . — t^— ^2- • cos ^ » 

where a is each of the angles at the base of the wedge and ^<q " ^* 

24. A wedge of an&^le a and mass Mi moves on a smooth hori- 
zontal plane, and anotner wedge of the same angle and mass Jf, is 
placed on its inclined face so that the upper surface of the second 
wedge is horizontal. Show that, if a particle of mass m be placed 
on the upper surface which is smooth, its acceleration relative to the 
surface is to the acceleration of the lower wedge as Mi : M^, and is 
equal to 

Mi{M^+m)g 

{Ml + M2) (if a + «») tan a + MiM^ cot (a - \)' 

where X is the angle of friction between the inclined faces of the two 
wedges, the whole motion taking place in a vertical plane. 

25. A particle lies on ^ horizontal table at the foot of a smooth 
wedge of angle a and height h, and the wedge is made to move along 
the table with constant acceleration/. Prove that if />^ tan a the 
particle will ascend the plane. Show also that, if the wedge moves 
thus for a time t and then moves with constant velocity equal to 
that gained, the particle will just reach the top if 



,_ f 2gh sec a 1 ^, 
" t /(/cos o - fif sin o) J 



26. A smooth wire in the form of the perimeter of an equilateral 
trian&^le is fixed in a vertical plane, and on each side a bead slides, 
the three beads being connected by a string which passes round 
smooth pulleys at the angular points of the triangle; find the 
common acceleration of the beads in terms of their masses 9»i, m,, 
m^, and of the angle which one side of the triangle makes with the 
vertical ; and show that, when this angle is chosen so as to make 
the acceleration as great as possible, the acceleration is 

- 27. A particle is shot along the rough upper surface of a board 
which is placed on a smooth inclined plane, the motion of both board 
and particle being parallel to the line of greatest slope. Find the 
accelerations of the particle and the board during their relative 
motion. 

28. An isosceles wedge is placed with its base on a smooth 
horizontal plane, and a smooth particle is placed on each face and 
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allowed to slide down ; if m, nt' are the masses of the particles, Af 
that of the wedge, find the inclination of either face of the wedge to 
the horizontal when the acceleration of the wedge is a maximum. 

29. A bicycle track is made in the form of a circle sixty yards in 
diameter, banked up uniformly on the outside so that the radial 
inclination to the horizontal is cot~^3. If the coefficient of friction 
be it show that the wheels will not skid sideways unless the constant 
speed of the rider exceed 36*6 miles per hour. If the coefficient of 
friction be reduced to J, there will be an inferior limit to the constant 
speed ; prove this, and find the limit. 

30. Two sets of pulleys, both arranged according to the system 
in which there is only one string, are placed so that the same string 
passes round both sets, havine both ends attached to the upper 
blocks, and passing from the nighest pulley of the one set to the 
highest of the other set. Prove that, if there are n pulleys on each 
block with a weight W for one set and n' pulleys on each block with 
a weight W for the other set, the acceleration of the highest part 
of the string will be 

2nn'g{ W'n » Wn') 

31. A weight M^ is resting on a rough table, coefficient of 
friction /x ; a string attached to it passes over a smooth pulley A at 
the edge of the table, under a second smooth pulley B vertically 
below, and then passes over a third G vertically above, after which 
it is fastened to a weight M^ hanging freely. 

If the pulleys A and G be fixed, but B be movable and of weight 
3f, show that its acceleration is 

provided that /* < 



ZMM^ 



32. In the first system of pulleys (in which each string is attached 
to a fixed beam) there are three movable weightless pulleys and one 
fixed pulley. The power and the weight are particles of equal mass. 

Prove that the acceleration of the power is 77^, and that the 

tension of the string round the highest pulley is -^pOf where w is the 
weight of either of the particles. 

33. In the system of pulleys in which all the strings are attached 
to the weight, show that if there be n pulleys of mass m, and if M 
and M' be the masses attached in the positions of weight and power, 
the acceleration of M downwards is 

A/-m(2"-n-l)-itf^(2»-l) 



9 



Jf+wf?"^-2«+i+w + 3) + iir'(2"-l)« 
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34. 2n small smooth rings are fixed at equal intervals in a hori- 
zontal circle, and an endless string is passed through them in order. 
If the loops of the string between each akemate pair of rings support 
n pulleys of weight P, Q, i?, ...etc., respectively, the portions 
of each loop not in contact with the pulleys being vertical, show 
that the pulley P will descend with acceleration 



1-^4+1+ J 



9 



Q ' Ji 



P^Q^B^'" 



>-• 



35. Two particles of masses m and m' respectively, are attached 
to the ends of a string passing over a pulley A^ and are held re- 
spectively on two inclined planes each of angle a, placed back to 
back with their highest edges vertically under the pulley. If each 
string make an angle /3 with the plane, show that the heavier 
particle m will at once pull the other off the plane if 

— < 2 tan a tan fi-l. 

36. Two men A and Bj each of mass 9»,'sit in loops at the ends 
of a rope passing over a smooth pulley, A being h feet higher up 

than B. In £'a hands is placed a baU /mass ^ which he instantly 

throws up to .^ so that it just reaches him. Show that by the time 

A has caught the ball he has moved up through a distance tV^j ^^^^ 
show also that he will cease ascending when he has ascended alto- 
gether a height -^^h, 

37. Two small balls of equal masses, connected by an elastic 
string of natural length l, the tension of which is very great for 
even a small extension, are allowed to fall from rest from the same 
place, the motion of the second ball not being allowed to begin till 
the first ball starts it by means of the string. Describe the sub- 
sequent motion, supposing that the two balls can pass each other 

freely; and show that, after (n+i)A/ — seconds, both balls will 
have fellen a distance (n^+i)^. 

38. A parabola is placed in a vertical plane with its axis inclined 
at an angle a to the vertical and its vertex upwards. Prove that 
the time of quickest descent from the directrix to the curve is 

aZ-scc^, and that the time of quickest descent from the curve 

to the directrix is a /- cosec -, where 2^ is the latus rectum of the 

y Q 2 

curve. ' ^ 

R.D. I 
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39. Construct the roagh chord of quickest descent (angle of 
friction X) to a given straight line inclined at an angle (which is 
greater than X) to the horizon, from a point P above it in the same 
vertical plane ; and if the distance of P from the straight line be h, 
prove that the time down the chord is 



4 



2AC08X „^^ + X 
^— — — • sec — — — • 



40. A particle of mass m is attached by two inelastic strings to 
particles of masses m', m" respectively. The particles are placed at 
rest on a smooth horizontal table so that the two strings lie in two 
perpendicular straight lines. A blow is given to the particle m in the 
direction of the bisector of the angle between the strings, and in the 
sense such that the strings are jerked. Prove that the initial velocity 
of m! : initial velocity of m" in the ratio m-\-m" : m+m'. 

41. Find the condition that a body resting on a smooth hori- 
zontal plane will tilt when acted on by an impulse. 

A rectangular block of inelastic material is divided into two 
triangular prisms by a plane through two parallel and opposite 
edges. One of these is placed, hypotenuse upwards, on a smooth 
horizontal table, and the other held above it, hypotenuse down- 
wards, with their corresponding triangular faces in the same planes 
and other corresponding faces parallel ; the latter is then aUowed 

to drop. Show that the former will not tilt unless x<,% — \ cos 2a, 
where x is the proportion of the length of one inclined face in 
contact with the other at the moment of impact, and a is their 
inclination to the horizon. 

42. Two equal particles are connected by a string, one point of 
which is fixed, and the particles are describing circles of radii a and 
h about this point with the same angular velocity, so that the string 
is straight. The string is suddenly released ; prove that the tensions 
in the two parts are altered in the ratios 

(a-l-6) : 2a and (a + 6) : 26. 

43. Two particles of masses mr^ and m^ are attached by a fine 
inextensible string and move in a smooth horizontal plane with the 
same velocity v perpendicularly to the string. The string suddenly 
strikes against a smooth fixed post of small radius at distances \ 
and ^2 from m^ and m^. Prove that the initial acceleration of the 
point of the string initially touching the post is 



^^rr^H"^'- 



44. One end of a string PQ is fixed to a point P in a smooth 
horizontal plane, and the other end Q is attached to a small smooth 
ring of mass m which rests on the plane ; through the ring one end 
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of another string is passed and fastened to a point B of the plane, 
whilst a particle of mass M is attached to its other end S ana rests 
on the plane. The angle PQB is obtuse and equal to /3, the angle 
BQS is right. Show t£it, if the particle M be projected parallel to 
QR with velocity V, the initial tension in PQ will be 

MmV^ sin/3-cosj3 



where a is the length of Q8. 

45. A piece of string without weight, held in the form of a 
rhombus A BCD, has three equal heavy particles fastened to it at 
B, C, and D. The system is held so that ^C is vertical by the 
application of horizontal forces at B and D, If the particles at B 
and D be let go simultaneously, prove that the tension of each of 
the portions A By AD ot the string is instantaneously changed in 
the ratio 

l + 2cos2a:3 + 6sin3a, 

where a is the inclination of each portion of the string to the 
verticaL Also find the initial acceleration of the particle at O, 

46. Two masses M^ and M^ are connected by a spring. When 
Ml is held fixed, M^ vibrates once in T seconds ; show that if M^ is 

held, Ml will vibrate once in T{MJM^}^ seconds; and find the 
time of vibration when both are free to viorate. 

47. A heavy particle is attached to one end of a fine elastic 
string, the other end of which is fixed. The unstretched length of 
the string is a, and its modulus of elasticity is n times the weight 
of the particle. The particle is pulled vertically downwards till 
the length of the string is a', and then let go from rest. Show that 
the time till it returns to this position is 

2(—Y[Tr-e-\-e' + tajie-tAn0'], 
where 0, 0' are positive acute angles given by 

sec^= 71-1, sec*^'=sec^^-4w: 

a 

and a' is so large that real values of the angles 0, 0' can be found. 

48. Two particles of masses m and m' respectively are joined by 
an elastic string without mass, of modulus of elasticity X and 
natural length a. Initially the particles are at rest on a smooth 
horizontal plane with the string at its natural length. One of the 
particles is projected directly away from the other. Prove that the 
string is next at its natural length after a time 



V 



mm a 
{m-{-m')\ 
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49. An endless oord consists of two uniform portions of lengths 
21 and 21' and masses per unit length m, mf knotted together. If 
it be placed in stable equilibrium over a small smooth peg and 
slightly dispiaoed, prove that its oscillations will be harmonic and 
of period i , , 

2t {ml + «iT) V(m - w') V- 

50. A smooth pulley without weight is huno; from a fixed point 
by an elastic string modulus X, and unstretched length a ; round this 
passes an inelastic string to the ends of which are attached heavy 
particles M,m ; prove that the time of an oscillation of the pulley 
. . f amM )4 

51. ABGD is a square, B and G being vertically above A and D 
respectively. A weishtless elastic string of unstretched length 
equal to twice the side of the square, and for which the ratio of 
tension to extension per unit length is constant and equal to X, 
passes round small smooth pulleys at B and C, has its ends fixed at 
A and i>, and carries at its middle point a particle, the weight of 
which is 2X ; prove that in equilibrium the particle is at the middle 
point of AD^ and that if it is placed initially at rest at the middle 
point of BG it will reach the position of equilibrium after a time 






CHAPTEE IV. 
On Work and Energy. 



100. When a force acts on a particle, the point which 
indicates the position of the particle is called tne Point of 
Application of the force. 

A straight line through the point of application in the direction 
of the force is called the Line of Action of the force. 

101. When the point of application of a force is displaced, 
work is said to be done by or against the force. 

Definition of the Work done by a Constant Force. 

Let A be the original position of the point of application of a 
constant force F,AP the direction of the force, and let the point 
of application be displaced by any path to A\ 




Fro. 1. 



Fio. 2. 



Draw A'N perpendicular to AP or PA produced, meeting it in 
y. Then the work done by (or against) the force as its point of 
application is moved from A to ^' is measured by Py^AN^ i.e. 
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by the product of the number of units in the force and the number 
of units in the resolved part of the displacement of the point of 
application parallel to the force, the product being reckonea 
positive or negative according as the resolved displacement is 
(Fig. 1) in the same sense as, or (Fig. 2) in the opposite sense to, 
the sense of the force. 

In the former case the work is said to be done 5y the force on 
the particle ; in the latter case the work is said to be done 
against the force &y the particle. 

The definition shows that, when the point of application moves 
at right angles to the force, the force does no work. 

The student should notice that the quantity of work done by 
a constant force as its point of application moves from A U> A' 
is the same whatever path the point of application takes between 
A and A'. 

102. Let be the angle (acute or obtuse) between the 
direction of a constant force F and the displacement A A' of its 
point of application. 

Then in all cases the work done by P in the displacement 
AA' =P , AN'=^F . AA'coB e=(Pcos 6) . AA' =work done by re- 
solved part of P parallel to A A'. 

Hence (see § 15) it follows that 

When any number of constant forces act on a particle, the 
alaebraic sum of the quantities of work done by the several forces 
while the particle undergoes any displacem^ent is equal to the work 
done by their resultant. 

Definition. This algebraic sum is called the work done by the 
system of forces. 

The measure of work is thus by definition a scalar quantity, 
and quantities of work (whether done by one or seversd forces) 
are compounded by algebraic addition.* 

103. Unit of Work. The "absolute" unit of work is the 
work done by the absolute unit force (§ 63) when the resolved 
displacement of the point of application in the direction of 
the force is of unit length. 

In the British system it is the work done by a poundal when 
the resolved displacement is of length 1 foot, and is called a 
foot-poundal. 

In the C.G.S. system it is the work done by a dyne when the 

* The product of two vectors is sometimes defined as a vector quantity, 
as in the case of a moTnent in three dimensions ; we should have found 
that work, had we so defined it, would have had no physical significance. 
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resolved displacement is of length 1 centimetre, and is called 
an erg. 

In England engineers employ a unit called the foot-poundy 
defined as the work done by a force equal to the weight of one 
pound when the resolved displacement of its point of application 
IS equal to one foot. 

The foot-pound thus varies with the value of g, and to 
obtain a strictly constant standard, the latitude at which the 
measurement is made should be defined. 

The magnitude of the foot-poundal of course, like that of the 
poundal, is quite independent of locality, g foot-poundals 
make a foot-pound. 

N,B, — Unless the contrary is expressly stated, the work in 
theoretical equations is measured in absolute unita^ usually either 
foot-poundals or ergs. 

104. Work done by a Variable Force. It follows from 
the definition of work that, if a particle acted on by a constant 
force undergoes the successive displacements AB^ EC, CD, ... IlKy 
the whole work done in the displacement AK is equal to the 
algebraic sum of the quantities of work done in the separate 
displacements AB^ Bu, ... HK. This suggests the following 
dennition of the work done by a variable force : 

Let A By BCy CD ... be succes- 
sive displacements of the particle 
in successive short intervals of 
time, so that A, B, Cy ... are 
points on the actual path. 

While the particle undergoes 
any one of these displacements, 
let the force he considered con- 
stant and equal to its value at the 
beginning of that displacement. 

Then, in general, as the suc- 
cessive displacements are inde- 
finitely diminished, the algebraic 
sum of the quantities of work 

done by the constant forces, as the particle undergoes a finite 
displacement AK, tends to a definite limit ; this limit is the work 
done by the variable force during the displacement AK. 

That this algebraical sum does in general tend to a definite 
limit will be shown in § 106. 

The work done by a variable force during a given displace- 
ment AK is not in general the same by all paths from A to K. 

We shall prove, however, that it is so in a large and important 
class of cases. (See § 115, below.) 
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106i The Equivalent of Work in tenns of Mass and Speed. 

Let a particle, mass m, move under the action of a constant 
force P from il to ^ and let d{=AN) be the magnitude of the 




resolved displacement in the direction of the force. The ac- 
celeration of the particle is constant, and if / be its magnitude, 

P=mf. 

Denoting by Vj^ Vb the speeds at A and B respectively, we 
have from § 40, Chap, ii., and with the same convention of signs 
as is there employed, 

or, multiplying by ^w, 

\m'VB^ - i»*v^* = mfd 

= Pd 

=work done by P during the displacement AB. 

Thus the quantity ^i^ stands in an important relation to the 
work done on the particle ; in fact the change in the value of 
this quantity in any displacement measures the work done 
during that displacement It is convenient to have a dis- 
tinguishing name for this quantity. Hence the following 
demiition : 

The product ^mv*, where m w the mass of the partide, v its 
speedy IS called the kmetic energy of the particle. 

Kinetic energy is thus an essentially positive scalar quantity. 

The kinetic energy of a particle of unit mass moving with 
unit velocity is ^ . 1 . 1 units, i,e. half a unit. The unit of kinetic 
energy is that of a mass 2 moving with unit speed There is 
no special name for this unit, as it is equal to the absolute unit 
of work. 

106. We shall now prove the general proposition of which 
a particular case has just been given. 
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Proposition. If a force (constant or variable) acta on a 
particle, the increment of the kinetic energy during any di^ace- 
ment is equal to the worh done by the force during that dis- 
placement. 

We shall assume as usual that there is a velocity and a finite 
acceleration at every point of the particle's path. 

Let AyByCj,,,PyQy..,Zhen points on the path, the displace- 
ments ABy BCy ... PQ, ... being each made m a small interval 

-, where t is the time from -4 to ^; and let /«,/*, -"^ ... be 

the accelerations at A, B, .„ P, ,., respectively. 

Let oa represent the velocity at A, and draw 

ab=fa.-j bc=fi.-y ... pq=fp'-f ... etc. 

Then (§ 26, Chap. ii.X when n is increased indefinitely, the 
displacement of g from the point on the hodograph corresponding 
to Q diminishes indefinitely. 

Let op' represent the average velocity from P to §.* 



'Q 



B 




Then as n increases the sides of the triangle pqp' all diminish 
indefinitely. (Def., § 24.) 

Draw ol, p'm perpendiculars on pq, produced if necessary. 
Then we have the scalar relation 

oq^'-op^=lq^-lp^= ±(lp-\-lq)'Pq 

= ± 2lm . pq + 2ep . pq, where Cp is 

* To avoid oomplioating the figure, o and p' are not joined. 
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a quantity, positive or negative, numerically less than the longest 
side of the triangle 'pq'p\ 

since V<l=fp'- 

Further, Im . = (resolved part of average velocity in direction 

^^ t 

of acceleration at P)x- 

' n 

= resolved displacement in this direction 

=c?^ say. 

Thus, adopting the usual convention (§ 40, iv.) for the signs 
of dp and^, we have 

n 
Writing down a corresponding equation for each pair of 
points a, 6 ; 6, c ; c, o? ; ... etc, and adding the equations, we have 

0^2- oa2 = 22/^ . G?p+22e^ ./„.!, 

n 

m 

where Zy not shewn in the figure, is the last of the series of 

points a, 6, c 

Now if E be the numerical value of the numerically greatest 
of the quantities «„, e^, ..., and if F be the numerical value of 
the numerically greatest of the quantities fa^ fin fey ..•> the last 
term on the right-hand side 

<'in,E,F,-, <^E.F,t, 

TV 

and therefore diminishes indefinitely when n increases, even 
when all the quantities «, /, ... are positive. 

Increasing n indefinitely, oz becomes the velocity at Z. 

Hence, denoting the speeds at -4, Z^ by v^, Vz respectively, 

i(v2^-v2^)=the limit of 2/c?, 

or \ifti(v'^si - '^a) — the limit of 2w/c?. 

The term on the left is the change of the kinetic energy during 
the displacement AZ. That on the right is the work done on 
the particle during this displacement, as defined in § 104. 

A similar theorem would evidently be true if we took the 
forces to have their values at the ends or any intermediate points 
of the intervals. 



ON WORK AND ENERGY. 139 

We have proved incidentally that the sum whose limit, if 
any, we have defined as the work, has in general a definite limit. 

The restriction with which we started shows that no xmpu,lM 
must act on the particle during the displacement. 

In the above investigation, tne motion of the particle and the 
line of action of the force need not be confined to one plane. 

107. It is clear from the preceding paragraph that the 
kinetic energy of a particle at a given instant measures the 
work that could be done by the particle against any system of 
forces before being brought to rest This is the origin of the 
name " kinetic energy," which means the energy or capacity for 
doing work that the particle possesses in virtue of its motion. 

108. Work done by Tangential and Nonnal Components. 

When the particle is at a point P of its path, let the force acting 
on it be resolved into two components T and N parallel respec- 
tively to the tangent and normal at P, and let similar resolutions 
be made at the beginning of each small displacement. 

Then since the forces are to remain consixmt during each of 
the small displacements, 

The work done on the particle during the displacement AZ 
=work done by tangential components + work done by normal 
components (§ 102). 

Let now the tangential component at each point of the path 
be zero ; the speea-accderation is therefore zero (§ 49), and 
therefore the M>eed is constant, so that the kinetic energy is 
constant, and tne forces do no work. Hence the normal com- 
ponents are in this case to be regarded as doing no work ; and 
as the work done by them is clearly 
independent of tliat done by the 
tangential components, the norm/d 
forces are in every case to he regarded 
as doing no work. 

The reader acquainted with the 
elements of the Differential Calculus 
will see that the work done by the 
normal component N during the dis- 
placement PQ is a small (juantity of 
the second order, FQ bemg of the 
first. 

If Pn be the tangent at P to the 
path, and Qt^ be a perpendicular 
from § on this tangent, the work 
done in any displacement mav thus 
be regarded as the limit of the quantity '^T ,Pn. This has 
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the same limit as ^T(arc PQ\ as may be shown thus : Divide 
the path AZ into finite portions such that the speed acceleration 
has the same sign throughout each : let J «S be the first of these 
in which the speed acceleration is (say) positive. Then by a 
well-known theorem in algebra, the ratio 

lies between the greatest and the least of the series of fractions 

T{arc FQ) 
T.Pn ' 
that is, of the series of fractions 

arcPQ 

~pr'' 

and each of these fractions has unity for its limit, since there is 
supposed to be a velocity at each point of the path. Similar 
reasoning applies for each successive portion of the path for 
which the speed acceleration keeps one sign. 

Corollary. If vp^ vq be the speeds at P and Q, two neigbour- 
ing points of the path, we have 

limit of *^'^?^|^'=r, 

arc PQ 

the resolved force parallel to the tangent at P, or 

The space rate of change of kinetic energy at any point of a 
particle's path is eqrial to the resolved force along tne tangent at 
that point. 

The student acquainted with the elements of the Differential and 
Integral Calculus will see that the work done on a particle between 

A and Z may be written as the integral / Tds, and that the last 
result may be written 

109. The Gnrye of Work. The relation between the kinetic 
energy of a particle and the work done on it may be repre- 
sent^ graphically as follows : Taking axes o^r, oy, let the abscissa 
op represent the length of the path measured from a fixed 
point up to a point P on the path, and let the ordinate or, 
represent the resolved force along the tangent at P. Then tne 
rectangle whose adjacent sides are rp, pq represents the term 
Tisurc PQ). As the particle moves irom A to Zy p will move 
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P 9. 



from a to z, and r will trace out a curve hk. By the principle 
of § 7, the area included between this curve, the axis of ar, 
and the extreme ordinates re- 
presents the limit of the sum 
2^T(arcFQ)y and therefore also 
the change of kinetic energy 
as the particle moves from A 
to Z. The curve kk is called 
the curve of work. 

If the particle turns and 
retraces its path, the point p 
may l>e supposed to move in 
the negative sense along the 
axis of X, but this is not 
necessary ; it is sometimes convenient to suppose th&tp moves 
continuously in the positive sense ; op then represents the 
actual length of path traversed.' 

When the speed and speed-acceleration are in the same sense, 
the work bein^ done on the particle at the instant is positive ; 
when they are m opposite senses, it is negative. The axes being 
drawn as above, it follows that in whichever sense the representa- 
tive point p is moving, areas are to be reckoned positive if to the 
left hand, negative if to the right hand, of a person looking along 
the axis of xin this sense. 

The curve of work may also be drawn by taking the successive 
increments pq of abscissa equal to the resolved parts of the 
small displacements PQ in the directions of the resndtant forces, 
and the ordinates to represent the magnitudes of the resultant 
forces, at the beginning of each small displacement. This 
method is especiafiy convenient when the force acting on the 
particle is directed to a fixed point. 



Examples. 

1. Find, by means of the curve of work, the velocity in simple 
harmonic motion. 

If o represents the position of 
equilibrium, aa' the amplitude, 
the curve of work is the straight 
line hdb'y where tan hoa is numeri- 
cally equal to m^t, the force at 
unit distance, m being the mass 
of the particle, and /a the value of 
the acceleration at unit distance. 

The work done by the force is 
positive while p moves inwards to 
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o, negative while p moves outwards from o. When p is at a' the 
kinetic energy is zero. In the position denoted by p it is 

\ mv^ = area oa'b' - area opr 
= ^oa' . a'6' -\op ,pr 
= ^mfM{oa'^ - op^), 
or putting oa=oa'=Cy op=x, 

Vp^=fi{c^ - sc^), the result of § 60. 

2. Prove that the work done in stretching in a straight line an 
elastic string which obeys Hooke's Law is equal to the product of 
the extension and the arithmetic mean of the initial and final ten- 
sions, and that this formula holds even if the string becomes slack 
during some part of the motion. 

3. A particle of mass m is acted on by a force whose direction is 
constant, and which, as the particle describes a straight line, varies 
uniformly with the space described from zero to a given value P, 
which it reaches after the particle has described a space a ; during 
the next space 2a, the force varies uniformly from P to -P, then 
during the next space 2a from -P to +P, and so on. Draw the 
curve of work and determine the kinetic energy of the particle in 
any position, supposing it to start from rest. 

4. A rod, the tension in which obeys Hooke's Law, is in a 
vertical position with its upper end fixed. A weight is suddenly 
attached to the lower end. Neglecting the mass of the rod, find 
the greatest tension and extension produced by the weight. 

A weight suddenly attached in this way is called by engineers a 
"live load." Prove that for such a rod the engineers' rule which 
estimates 'Uive loads" as equivalent to "dead loads" of twice the 
amount is strictly accurate. 

5. A particle lies on a rough horizontal table, and is attached to 
an elastic string which passes through a small hole in the table ; 
the other end of the string is fixed vertically below the hole at a 
distance equal to its natural length. The particle is placed at a 
distance away from the hole, released, and oscillates. Draw the 
curve of work for the whole motion. 

6. A child's ball of mass m is attached to the hand by an elastic 
string of natural length I and modulus X. It is dropped vertically 
downwards from the hand, which is held in the same position till it 
feels the string slackened on the upward rise of the ball. How 
much must the hand be lowered to catch the ball at the summit 
of its upward rise, and how long after the release of the ball will 
this occur ? 
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110. The work done by a man in raising a mass m to a 
height h is numerically equal to mgh^ provided that the mass is 
initially and finally at rest. By means of the curve of work we 
can discuss the way in which this work is in practice distributed. 




Let oz represent the height A, and when the mass is at a 
height represented by op, draw pr^ to represent the force exerted 
by the man at this instant. As p moves from o to Zy r^ will 
trace out the curve aVib' whose area represents the work done 
by the man. 

Take oa to represent the weight mg^ and complete the rect- 
angle oahzy which will thus represent the work done by the mass 
against gravity. 

Now, at first, in order to set the mass in motion, the man will 
exert a force somewhat greater than mg, and the curve will lie 
above ah. Also, at the end of the process, in order that the 
mass may come to rest at height h, the force exerted by the 
man will be less than the weight, and the curve will lie below ah. 

The area oo^th' is equal to the area oahzy each being equal to 
Tfigh, 

The area aa'r^r represents the kinetic energy of the mass when 
at a height op. 

If ^ be the point where a'h' cuts a&, the mass is losing kinetic 
energy after / passes t If tn be the ordinate of t, on represents 
the height at which the speed is a maximum. 

If the man raises the weight very slowly, the curve a'h' may be 
made to approach as nearly as we please to the straight line ah* 

In the application of work to statical problems, the displacement 
being finite and supposed made "infinitely slowly," some such con- 
sideration as the above is implied. 

* The idea of this paragraph is borrowed from Tracts on Mechanics by 
M. W. Crofton, F.R.S. 
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111. Work done by an Impulse. A theorem similar to 
that given in § 105 for forces applies to impulses. An *4n- 
stantaneons " impulse does not alter the position of the particle 
to which it is applied ; it would at first sight, then, appear 
to be absurd to .speak of the work done by an impulse ; an 
impulse, however, changes the kinetic energy of the particle, 
ana we mav regard this change of kinetic ener^ as an equivalent 
of work aone (on or hy the particle according as the kinetic 
energy is increased or decreas^). Then, further to justify our 
calling this work done by or against the impulse, we note that an 
impulse is equivalent in its effect (as measured by the momentum 
produced) to a very great force acting for a very short interval 
of time. In this very short interval the particle will have some 
very small displacemeifU^ and the product of the large force and 
the resolved part of this small displacement in the direction of 
the force will in general be finite, nowever small the interval of 
time be taken to be, that is, however nearly the circumstances 
approximate to those of an instantaneov^ impulse. 

Proposition. When an instantaneous impulse a>cts on a partide 
in any direction, the tpork done is equal to the jyroduct of the 
tmptJse and half the sum of the speeds of the initial and fmal 
velocities resolved in the direction of the impulse. 

Or, in symbols, if / be the measure of the impulse, u and v 
the speeds of the resolved parts of the initial and final velocities 

in the direction of the impulse, the work done=/. — o—* 




The work done by the impulse is measured by the kinetic 
energy gained. Let m be the mass of the particle, and let oa 
represent the initial, oh the final velocity. 

The change of velocity is represented by ah, and the impulse / 
is measured by m . ah, ah being its direction. 

Draw ol perpendicular to ah or ah produced. 

Then the vectors la, Ih represent the resolved velocities in the 
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directiou of the impulse ; the lengths of loy lb represent the 
speeds. 
Then the gain of kinetic energy = ^ (06* -oa^) 

=^m{lb+la), ah 

=im. ah(lb + la)=I, —5— 

=/x(half the algebraic sum of the speeds of the initial and 
final velocities resolved in the direction of /). 

There are other varieties of the figure, which should be drawn 
by the student 



Examples. 

1. What is the graphical condition that kinetic energy should be 
gained by the impulse ? 

2. Show that when a particle is moving with a given kinetic 
energy it is always possible so to apply a given impulse that its 
kinetic energy may remain unaltered, provided this impulse is less 
than that which would generate in the particle at rest a kinetic 
energy equal to four times that which it actually possesses. 

3. A mutual attractive impulse acts between two particles of 
masses m and m' which are separating with relative velocity V; 
prove that kinetic energy is gained or lost according as the impulse 

is greater or less than ^ . V. 

4. Show that the energy lost when a particle which is moving 
freely is suddenly constrained to alter its motion by the tightening 
of a string fastened to it and to a fixed point is equal to the enerey 
due to its motion before the impulse in the direction assumed by the 
string when tight. 

5. Two weights P and Q {P>Q) are attached to the ends of 
a string which hangs over a smooth pulley. A third weight B 
{Ii+Q>P) rests on an inelastic plane vertically below Q, attached 
to Q by a Ertring. If P is allowed to descend and the system left to 
itself, prove that it will come to rest after a time 

4r P{P+Q) 



g {P-Q){R + Q-P) 

from the instant at which the string connecting Q and B first 
becomes taut, where V is the common speed of P and Q just before 
the first impulsive action. 

R.D. K 
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112. A particle starts with given speed to slide dovm a smooth 
fixed curve wnder gravity ; to find its speed as it passes any other 
point of the curve, and the reaction of the curve. 




Let m be the mass of the particle, u its speed as it starts from 
a point ^, i; its speed at another point B^ whose vertical distance 
below A^ah 

Since the curve is smooth, the reaction is always along the 
normal through the particle, and therefore (§ 108) does no work. 

=work done by the weight in the displacement AB 

—mghy 

or t;2='w'^+2^A, 

giving the same value for t; as if the particle had fallen freely 
from a height h with initial vertical velocity u. 

Next let N be the value of the reaction at 5, R the radius of 
curvature of the curve at jB, ^ the inclination of the tangent at 
B to the horizon. The acceleration inwards along the normal is 

S (§ 49). 

Hence, resolving in this direction, 

v^ 
m . -^ — N— 7ng cos ^, 

or iV=m( — r^^+gcmyfry 

Given the intrinsic equation to a smooth curve, the curve of work 
for a particle sliding down it under gravity can at once be written 
down. In fact if «= F(^) be the intrinsic equation, taking m=\ and 

writing x=8, y=gsm\l/, we have a?=/^ sin~*5L for the curve 

of work ; conversely, from the curve of work in this case we can 
write down the intrinsic equation to the path. 
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Thra.mp lftff, 

1. A bead of niAas m slides on a vertical smooth circular wire, 
radius a, starting from rest at the highest point. Find the speed at 
any point and the pressure on the wire. 

[When the radius through the bead makes an angle $ with the 

upward vertical, the speed is 2sm-Kjga. The pressure is then 
mg (3 cos $-2) absolute units. ] 

2. If the particle slides down from rest at the highest point on 
the outside of a smooth sphere, where will it quit the surface ? 

[This happens when the pressure changes sign, or at a vertical 
distance equal to J of the radius below the highest point.] 

3. A particle is attached to a light string of length I which hangs 
vertically. What horizontal blow must be given to the particle m 
order that it may just perform complete revolutions in a vertical 
plane? 

4. Prove that when the particle is performing complete revolu- 
tions, the sum of the tensions, when it is at the opposite ends of any 
diameter, is the same for all diameters. 

5. A rough wire, whose curvature is continuous and in the 
same direction but very small, is placed in a vertical plane with 
its concavity upwards. A bead is placed at rest on the wire, and 
after sliding down it for a short distance again comes to rest. Give 
an approximate geometrical construction for the point at which this 
happens. 

6. A heavy ring slides along a smooth vertical circular wire, 
being projected from any point. Show how to represent graphically 
the periodic nature of the changes in the kinetic energy of the ring, 
discussing the cases (1) when the ring performs complete revolutions, 
(2) when the motion is oscillatory. 

[If the length of path traversed be taken for abscissa, the curve of 
work is the sine curve.] 

7. A particle moves down a smooth curve under gravity. If the 
curve of work { abscissa =lenffth of path} is a straight line, the 
smooth curve must be a cycloid. 

[The intrinsic equation to the cycloid is «=csin^.] 

8. A smooth elliptic wire is fixed with its major axis vertical. 
A smooth bead of weight W is placed on it at its highest point, and 
allowed to slide down. Show that the pressure on the wire at the 
extremities of the minor axis and the lowest point are 2n W and 

( 1 +-3 J FT, where n is the ratio of the minor to the major axis. 

9. When a bead performs complete revolutions on a smooth vertical 
circular wire, the velocity being that due to a fall from a horizontal 
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line HKi prove that, /being the internal limiting point of the coaxial 
system of circles of which SK is the radical axis and the given circle 
is one, then any chord through / divides the wire into two parts the 
times of describing which are equal. 

113. We will now discuss the theory of work as applied to 
a system of particles. We thus first extend our definition of 
work : 

Definition. The work done by the forces cuoting on a gystem of 
particles during any change of configuration of the system is the 
algebraic sum of the quantities of work done by the several forces. 

As an example, we may take the following proposition : 
The work done in raising a number of masses m^^ m2, m3 ... 
against gravity through vertical heights y^ y2,ysf- ^ equcd to the 
work done in raising a mass equm to mi+'m^+'m^,,, through a 
height eqiuxl to the vertical disptacement of their centre of mass. 

For the work done (in absolute units) 
=^i7yi+ ^253^2 +^353^3+ ... by definition 

=5'(%3'l + ^2.^2 + ^3^3+ ••• ) 

=gy^m, where y is the vertical displacement of the centre 
of mass 

=work done in raising a mass 2m through a vertical 
height y. 

Definition. The kinetic energy of a system is the sum of the 
kinetic energies of its particles. 

That is, if m^y m^ m^, ... be the particles, Vj, v^ % ... their 
speeds, the kinetic energy of the system 

It is, of course, an essentially positive quantity. 

From the definition of work iust given and from § 106 it 
follows that the excess (or defect) of the value of the quantity 
^^mv^ in a configuration B of the system over (or from) ite 
value in a configuration A measures the work done by (or 
against) the forces acting on the system as the system moves 
from the configuration A to the configuration B, 

If the kinetic energy of the system (and therefore the speed 
of each particle) in the configuration B is zero, the kinetic 
energy in the configuration A is evidently equal to the work 
done against the forces while the system moves from the con- 
figuration A to the configuration B. 
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The kinetic energy of a system thus measures the work the 
system can do in virtue of its motion. 

Example. The mass of a flywheel is 10,000 lbs., and it is of such 
a size that its mass may all be supposed concentrated on the circum- 
ference of a circle 12 ft. in radius. What is its kinetic energy when 
making 15 revolutions a minute ? 

114. The kinetic energy of a system calculated relative to 
any set of kinetic axes may be conveniently broken up into two 
parts, one of which depends on the motion of the psBirticles of 
the system relative to the centre of mass, the other on the 
motion of the centre of mass relative to the kinetic origin. 

Let ttfVyWhe the resolved parts of the velocity of any particle 
m relative to the kinetic ori^n and parallel to the kinetic axes, 
Uy F, TTthe resolved parts of the velocity of O the centre of mass 
of the system in the same directions, u\ i/, v/ the resolved parts 
of the velocity of m relative to O. Then 

u=^ U+u\ v= F+i/, w= W+v/; 

and the kinetic energy of the system 

=i2m[( U+uy+( F+ v7+( W+v/fi 
=i(U^+ F2+ fr2)2m+i2m(w'2+y'2+^^2)^ 

since the terms 'ZmUu', 2wFi/, ^ZmWv/ are respectively equal 
to ITEmu^ Y^mxfy TTSmw/, and Smtt'=2mt/=Sw«/=0 by a 
property of the centre of mass. 

The term i2wi(t«'^-|-i/2+t</*^ is conveniently called the kinetic 
energy due to the motion of tne system relative te the centre of 
mass, or as an abbreviation the kinetic energy relative to the centre 
of mass. 

The term ^((P+V^+W^^m is the kinetic energy of a 
particle whose mass is equal to the sum of the masses of the 
particles of the system, moving with the velocity of the centre 
of mass. It is conveniently called the kinetic en/ergy of the centre 
of mass. Hence as a mnemonic we have the formula, 

Kinetic energy of a system = kinetic energy relative to the 
centre of mass +kinetic energy of the centre of mass. 

The latter term cannot be altered by the internal forces of 
the system, since such forces leave the velocity of the centre of 
mass unaltered. 
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Corollazy L The kinetic energy of a system relative to 
its centre of mass is less than its kinetic energy referred to any 
kinetic origin other than the centre of mass. This follows since 
i(t7«+ F»+ W^lm is a positive quantity. 

Ckxrollaiy 2. If one or more of the masses of the system 
ejpplodes (t.e. is forced by internal stress into several parts), the 
kinetic energy of the system is increased ; and if several particles 
solidify into one, the kinetic enei^ of the system is cUmimsked 
(Camot's Theorem). 



'<^(*^) 




r(^a) 



For let the mass m, moving with velocity og, explode into the 
fragments m^, «i2, wig, ... moving with velocities op, og^^or, ,,,. 

de velocity of the centre of mass of wij, Wg, Wg ... is, since the 
stresses are internal, unaltered b^ the explosion (§ 86). It is, 
therefore, stiU og after the explosion. 

Hence the kinetic energy of the mass m which was ^m . og* 
becomes 

or Jtm . 0^9^^+ positive terms. 

The kinetic energy is therefore increased by the explosion. 

Similarly, if several particles m^, m2, mg, ... coalesce into a 
particle or mass mi+m2+m3+..., the kinetic energy of the 
system will be diminished by the suppression of the positive 
terms iniigp^+im2gq^+.... 

So also, if two particles of the system are connected by an 
inextensible string which suddenly becomes tight, the kinetic 
energy of the system is diminished by the suppression of the 
terms due to the resolved parts in the direction of the string of 
the velocities of the two particles relative to their centre of 
mass. 
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Examples. 

1. If three particles m^, fftj, m^ moving with velocities v^, v^, v^ 
making angles O^t, dg^t ^is with each other impinge and coalesce, 
the loss of energy is 

Swiit?i^(m3 4- m^) - 2^!^m2ffi^ViVs cos ^33 
2(m,+m,+»H,) 

2. Two particles imited by a fine inextensible string of .length I 
are set in motion on a smooth horizontal plane with a total kinetic 
energy K Prove that the tension of the string is greatest when the 
motion is such that the centre of gravity is at rest, and that it is 

then equal to -j- 

115. Oonservative Systems. 

Definition. When the toork clone hy the several forces on the 
particles of a system as the system passes from one configuration to 
another is the same for all paths which the particles can take^ the 
system is said to be Conservative^ and the forces are called Conser- 
vative Forces, 

It is characteristic of conservative forces that their magnitudes 
and directions do not depend on the velocities of the particles to 
which they are applied. Also in any given position of a particle, 
the force applied to it can have one value only. 

The most important classes of conservative forces are : 

(i.) Constant Forces. That these are conservative is manifest 
from the definition of work (§ 101). 

(ii.) Forces directed to fixed centres and whose magnitvde depends 
oifdy on the distances from those centres of the particles on which 
they act. 

Let such a force, directed to a ^P 

fixed point 0, act on a particle 

which is displaced by any path *\ 

from il to ^. Then during a xQ * 

small displacement FQ the force *\ 

is to be regarded as constant 
(Definition, § 104). The work 
done from P to § is therefore the 
same as if the particle proceeded 
in the straight line OP to a 
pdnt P' such that OP'=OQ, and 
then along a circle centre from P' to Q. The work done in 
the latter displacement is zero (§ 108). 

Hence the work done in the displacement PQ is equal to 
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force at P X PP', The force at P depends only on the length OP^ 
not on its direction. Hence, taking the abscissa op of the curve of 

work equ^ to the leugtn OP (=r, say) 
and the ordinate equal to the force at a 
distance r from 0, we see that the curve 
of work is the same for all paths from A 
toB. 

For example, the work done by an 

elastic string attached to and to a 

particle which moves from AtoB= work 

done as the particle moves in the straight 

line OAB till OB=^OB, and then m a circle centre from R 

to B. The work done as the particle moves in the circle is zero 

(§ 108). Therefore the total work done 



b X 



tension at ^+ tension at B 

2 
tension at ^+ tension at B 



{OB-OA) (§109, Ex. 2) 



{OB-OA). 

Example. A light elastic string has its ends fastened to two 

Eoints in a smootn horizontal plane ; on the strine slides a small 
eavy ring. Show that, if the ring be projectea with a given 
speed in any direction and from any position where the string 
is unstretched, it will always reach but never get beyond a certain 
ellipse. 

(iii.) Newtonian stress-pairs of reactions between particlesy 
provided that the magnitude of the reaction between any pair 
of particles Ay B depends only on the distance AB, 

Let AB, A'B' be two neighbouring positions of the line joining 
the particles, R the reaction between them when their positions 



yf< 




A B 

are A, B, The reaction is to be regarded as constant while A 
goes to A' and B to B' (§ 104). Hence we may make the dis- 
placement by moving AB parallel to itself to A'By^ and then 
moving the particle at Bi to B'. In the former displacement 
equal and opposite amounts of work are done on the particles ; 
in the latter the work done=i2 (extension of AB\ and the 
result follows exactly as in case (iL). 
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In particular, the reactions between two particles rigidly 
connected, and therefore all the reactions between the pairs of 
particles of a rigid body, do no work in any displacement. 

As an example, it follows from the proposition given in § 113 
that the work done against gravity on a rigid body of mass M 
when its centre of mass is raised through a vertical height y is 
Mgy^ however the body be turned round its centre of mass 
during the operation. 

It is also clear that the increase of the kinetic energy of a 
rigid body is equal to the work done by the er^emaT forces 
acting on the boay. 

Example. Prove from the theory of work that, if two particles 
connected by a light string be projected in any manner under 
gravity so that the string remains tight, the angular velocity of the 
string is constant. 



116. Potential Energy of a Conservative System. 

Conservation of Energy. 

Definition. The Potential Energy of a conservative system in 
awy configuration A is the loork that can he done by the forces on 
the particles, as the system passes from the configuration A to a 
standard configuration A^ 

The standard configuration Jq is usually so chosen that the 
potential energy in all other configurations considered is 
positive. 

The potential energy in the configuration A depends solely on 
the positions of the particles in that configuration and not at all 
on tneir velocities or the mths by which they arrive. 

If the system is startea in the configuration A with any given 
kinetic energy, it will not of necessity pass through the con- 
fi^ration Aq, If, however, B denote any configuration through 
which it does pass, and if V^ and Vb denote the values of the 
potential energy, Ta and Tb those of the kinetic energv, in the 

Sositions A and B respectively, it is evident, since the work 
one is independent of the path, that V^— F5=work done by 
the forces as the system passes from the configuration A to the 
configuration B. 

But (§ 113) this q^uantity of work also equals the increment 
Tb - Ta of the kinetic energy ; 

.-. Va-Vb^Tb-Ta, 

or Tb+Vb=^Ta+Va, 
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that is, 

The sum of the kinetic and potential energies of a con- 
servative system is the same in all c<mfignrations. 

This is the principle of the conservation of ene^y as used in 
Mechanics. For a more complete statement, see §§121-123. 

As a simple example, consider a mass m projected vertically 
upwards from the surface of the Earth with spe^ u, and let v he its 
speed at any height h. Taking the standard position of potential 
energy at the point from which the mass starts, 

kinetic energy + potential energy =^t^ + 97i^ A 

which gives i^=su^- 2gh, the equation obtained in § 43. 

117. It will be convenient to summarize here the class of 
forces which do no work, and which therefore do not enter into 
the equation of energy. These are 

(i.) The reactions between the particles of a rigid body 
(§ 116 (iii.)X 

(iL) The tension of a light inextensible string. Equal and 
opposite amounts of work are done by the tension on particles 
attached to either end. In particular, if one end is meed, the 
tension at the other will do no work. 

(iiL) The reaction of a smooth fixed surface. [If the surface 
is moving, the reaction may do work, though the stress-pair, of 
which it forms a part, will not. The student will find a case in 
point in Ex. 17 at the end of the chapter.] 

(iv.) The reaction and friction of one surface rolling without 
slipping on another fixed surface. That the latter, called Rolling 
FrictUmy does no work may be gathered from § 52 ; the rolling 
surface is to be regarded for a small interval as turning round 
its point of contact. [If both surfaces are moving, still the 
stress-pair of reactions and the stress-pair of frictions will do no 
work.] 

These forces are sometimes called "geometrical forces" or con- 
straints, their effect bein^ merely to impose certain kinematical 
conditions on the moving Dody. 

Examples. 

1. A ring P slides on a circular wire placed with its plane verticaL 
It is connected with the highest point A of the wire by means of an 
elastic string whose natural length is equal to the radius of the 
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circle, and starts from rest in the position in which the string is 
inclined to the vertical at an angle ^ Show that, if it be again 

reduced to rest at the lowest point, the modulus of elasticity is 
three times the weight of the ring. Prove also that the pressure of 
the ring on the wire will be least when the string is incUned to the 



vertical at an angle cos~^ ( o )- 



Let m be the mass of the ring, a the radius of the wire, $ the 
inclination of the radius through the ring to 
the upward vertical when the speed of the 
ring is v. The length of the string is then 

2a sin ^ ; hence the tension is 



X. 



2a sin ^ - a 



or \ 



(2 sin I -l), 




and the work the string could do before be- 
coming slack is 

Xa/- . -V 
^(2sm2-lj. 

The only forces doing work on the ring are 

the tension of the strinc and the weight. Hence the potential 

energy in the position demied by may be written 

the constant G being added when it is not necessary to define the 
standard configuration. 

The energy equation is therefore 

^mt^+-g-(2Bin^-lj +9ngra cos ^= constant (1) 

In this equation write (i.) v=0, ^=5 ; 

(ii.) t;=0, = ir, 

and from the resulting identity we at once have \=Smg. 

Give X this value ; then resolving along the inward normal to the 
wire, we have, if i2 be the reaction, 



— =3mgr(2sin5-l jsin^+wigfcos^-JR, 

whence from (1) and (2), 
3mflfr^2sin|-lj +(2Bin|-ljsin|'] + 3mflrcoB^=constant+/?. 



(2) 
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li is therefore a maximum or minimum when 



^28in|-lV38in|-l) + cos^ 



is a maximum or minimum, i.e. when 

is a maximum or minimum. 
The methods of Algebra or the Differential Calculus give at onoe 

coss=0, or sm5=g. 

The former gives 0=t; in the latter the string is inclined to the 
vertical at an angle 

IT e ,5 

2 "2' ^'^ ''''^ 8' 
The reaction on the ring, being outwards, is also a maximum when 

the ring starts f ^=-= j, since the acquired speed of the particle and 

the tension of the string will both at first tend to diminish it. 

Hence, since maxima and minima occur alternately, the reaction 
is a maximum at the lowest point, and a minimum when the string 

is inclined at an angle cos~^-. 

2. Two particles, masses M and m (if >m>if cosa), are con- 
nected by a string passing over a smooth pulley ; m hangs vertically, 
and M rests on a plane inclined at an angle a to the vertical. Jf 
starts without initial velocity from the point of the inclined plane 
vertically under the pulley. Show that M will oscillate through a 

distance 

2m {M-m)h cos a/(m* - M^ cos^a), 

where h is the height of the pulley above the 
initial position of M, 

Let A be the initial position of M. M will 
evidently proceed down the plane. When it 
has proceeded a distance a;, let m have been 
raised a vertical distance y. The tension of 
the string and the reaction of the plane do no 
work. 

We may thus write the potential ener^ 

- Mgx COB a +mgy, if we choose the initial 

position as the standard position. Now, if 

at any point the potential ener^ has its 

initial value (zero), the kinetic energy will have its initial value, 

which is also zero. The condition for this is 

Mgxooaa=mgy. (1) 




x^^ 
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Further, the length of the string between M and the pulley is 
h+y, and therefore 

or y^+2hy=si^+2hxcoBa (2) 

From (1) and (2), 

whence x=0, 

2m(M-m)hcoBa 
or x= \ — 57^^ — 5 — . 

Denote this value of a; by ^£, in the figure. 

For greater values of x than this latter the potential energy does 
not again vanish ; it therefore keeps one sign, clearly the positivtf 
since as x increases, x and y tend to equality, and m> Jf cosa. 

Hence the mass M cannot go beyond By since the total energy is 
always zero, and the kinetic energy must be positive. It then 
returns up the plane, and the equation of energy shows that at A it 
is again instantaneously at rest, and the cycle of motions is repeated. 

3. If a particle describes a closed path under conservative forces, 
prove that the curve of work cannot possibly be a closed oval curve, 
and that the algebraic sum of the areas included between it, the 
axis of X, and two terminal ordinates corresponding to any number 
of complete revolutions must be 7iero. 

4. A heavy particle A is attached by a string of length a to a 
fixed point, and by a second string of leneth a to an equal particle 
B which slides on a smooth fixed vertical rod passing through the 
fixed point, and the system starts from rest with B below the fixed 
point, and the angle between the strings obtuse and equal to /3. 
Frove that the speed of ^ in its lowest position will be 



(6agr)*^cos|-sin|\ 



5. To A and B^ two fixed points on a vertical circle in the same 
horizontal line, the ends of an elastic string which passes through a 
bead on the circle are attached ; the natural leneth of the string 
being AB and the bead being initially at A^ find the pressure on 
the circle at any point. 

6. Two equal particles A^ B {of mass m) slide on a circular wire 
of radius a, which is fixed in a vertical plane, and are connected 
with a third particle C (of massm') by two strings, each e^ual to 
the radius ; the system starts from rest in the position in which the 
strings and the radii through A and B form a square, and C is 
vertically below the centre ; find the speeds of tne particles in 
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any subsequent position, and prove that when A and B meet, the 
speed of each is 

7. A small ring which can slide freely on a fixed vertical circle 
of radius a is connected with a particle oi twice its mass by a string 
which passes over a pulley at one end of the horizontal diameter c3 
the circle. If the ring be let fall from the other end of this diameter, 
show that its speed at the lowest point of the circle is 

^{{5-%J2)ag}. 



118. To find cm expression for the work done liy a couple 
of constant moment on a rigid hody^ rotated about an axis per- 
pendicular to the plane of the covple. 

Two equal and parallel forces of opposite sense applied to different 
particles, but not in the direction of the line joining them, form a 
covple. If a is the length of the perpendicular distance between the 
lines of action of the forces, P the numerical value of either force, 
the product Pa is called the moment of the couple. 

Let A, B represent two particles rigidly connected, to which 
the forces (P) of a couple are applied, and let Ay B receive small 
displacements in the plane of the couple to A'^ B. The forces 




A B 

are to be regarded as constant during this displacement (§ 104), 
and we may therefore first move AB parallel to itself to the 
position Ao'^y and then rotate it round A! through a small angle 
whose circular measure is 8 to the position A!B, The work 
done in the former displacement is zero ; that in the latter may 
(§ 108) be taken to be T' (wrc B^B)^ where T is the resolved 
part of P along the tangent at B^ to this arc. 

Now, T(arcBiB)=T.A'B^.h=^L^^ where L is the moment 
of the couple. 

A similar expression holds for the work done in any number 
of small displacements. Hence if 6 be the circular measure of 
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the angle between the initial and final positions of AB, the 
work done by the couple =Z^. 

The same expression evidently gives the work done by a 
couple applied to two particles Ay B of & rigid body which is 
rotated about an axis perpendicular to the plane of a couple. 

119. Equilibrium of a Particle under Conservative Forces. 

A particle placed without kinetic energy at a point where the 
potential energy (F) is a maximum or minimum will be in 
equilibrium, stable or unstable according to circumstances. 

Definition of Stable Equilibrium. The equilibrium is said 
to be stable when the particle, if slightly displsiced, never moves 
far from the position of equilibrium, and never acquires any 
great speed. 

The typical cases which occur are as follows : 

(1) If Fis a minimum for all possible displacements, i,e. if the 
particle is not free to travel except to places of higher potential 
energy, the equilibrium is stable. 

(2) If Fis comtant for all displacements, the particle will rest 
in all positions. The equilibrium is then called neutral. 

(3) If F is a majcimvm for all possible displacements, the 
equilibrium is unstable. 

(4) If F is a maximum for some displacements, and a minimum 
for others, the equilibrium is unstable for some displacements, 
stable for others. 

In this case the equilibrium is practically unstable. 
As an illustration of 

(1) We may take a particle placed at the bottom of a smooth 
bowl and free to move along the surface. 

(2) A particle placed at rest on a smooth horizontal table, and 
free to move along the surface. 

(3) A particle placed at rest at the highest point of the out- 
side surrace of a smooth sphere and free to move along the 
surface. 

(4) A particle placed at rest on a smooth saddle-backed 
surface. 

Here the equilibrium is stable for displacements along the 
length of the saddle, unstable for displacements across it. 

The equilibrium is practically unstable. 

A coin on edge is m neutral equilibrium for rolling motion, 
unstable for displacements perpendicular to its plane. The 
equilibrium is again practically unstable. 
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120. We will now prove these asseitions for the important 
cases (1) and (3). 
Let d be a point at which the potential energy has an absolute 




maximam or minimum value Fq. Then the value of the 
potential energy in the former case decreases, and in the latter 
increases, along every path from 0, at all events for a certain 
distance ; we can therefore draw round a small closed sur^u^ 
at every point of which the potential energy has a given value 
F|, less than V^ in the former, greater than V^ in the latter case. 

Draw any straight line through 0, cutting this surface in A 
and B, By starting the particle from A wim sufficient kinetic 
energy we can by means of smooth constraint ^uch as a smooth 
tubej compel it to travel along AB to B, The force on the 
particle as it passes will clearly be the resolved part in the 
direction AB of the force which would act on a free particle 
placed at 0, 

But the kinetic energy of the particle will be the same at B 
as at Ay since the potential energy is the same at these two 
points. Hence (§ 108) the average force from il to ^ is zero. 
Therefore, diminishing the surface indefinitely, the force at 
resolved in the direction AB \a zero ; the same is true of the 
force in any other direction, and therefore is a point of 
equilibriuuL 

Next place the particle at rest anywhere on the small closed 
surface. The energy of the particle is thus F^. Then if V^< F©, 
the particle can never move to the inside of the surface, but 
will move further away to places of lower potential energy, 
while if Fj> Fq it can never get outside the surface, and its 
kinetic energy can never exceed the small quantity F — Y^ 

Thus in the former case^the equilibrium is unstable, in the 
latter stable. 

Examples. 

1. A bead is constrained to move along a smooth wire under the 
action of conservative forces. Prove the above proposition by 
considering the curve of work. 

2. If the curve of w^rk touches the axis of x at some point, but 
does not cut it there, what is the nature of the equilibrium of a 
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bead placed at the corresponding point of. the wire? Illustrate 
from the case in which the only force acting is gravity. 

3. Three p8u:ticles of weights A, A, B^ and three light strings of 

length -Q- connecting them, lie in a smooth circular tube of radius 

a ; show that there are two possible positions of equilibrium — one 
stable, the other unstable ; if the particles be placed in the unstable 
position and slightly displaced, find the greatest speed of their 
motion. 

4. An elliptic wire is placed with its major axis 2a vertical and a 
bead on it is attached to the upper focus by an elastic string of 
natural length a ; find the condition that the lowest position should 
be one of stoble equilibrium, 

121. Non-Oonservative, or Dissipative, Forces. The 

characteristic of these forces as a class is that their magnitude 
and direction depend on the velocities of the particles to which 
they are applied. Such forces are the friction of solids sliding 
on solids, resistances due to viscosity of gases and liquids, to 
the induction of electric currents, and so forth. 

The friction of a particle moving over a rough surface^ for 
instance, has its direction determined by its velocity relative to 
the surface ; the resistance of the air to a rifle bullet (regarded 
as a particle) is in direction opposite to the velocity and nearly 
proportional to a power of the speed between the second and 
third. Work done against such forces is not independent of 
the path, and the kinetic energy expended in work done against 
these forces disappears from the system as mechanical energy. 
The only forces oi the non-conservative type that we shall have 
to discuss in this work are frictional forces, and thus, for our 
purposes, the equation of energy may be written 

kinetic energy + potential energy + work done against friction 

= constant. 

122. The general statement of the principle of the con- 
servation of energy belongs to the domain of physics ; the 
briefest outline must here suffice. We first generalise the 
definition of energy thus : 

Definition. The energy of a system is its capacity for doing 
work. 

Now a system may be capable of doing mechanical work by 
virtue of the heat it contains, or by virtue of its gravitational, 
electrical, magnetic, chemical, or other condition ; the system 
may therefore possess energy by virtue of any or all of these. 
R.D. L 
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When work is done against resistance, mechanical energy 
disappears as such from the system ; energy is also diminished 
when shocks and jars take place, as in machinery, and generally 
during any rapid alteration of stress ; but heat is in every case 
evolv^, and it has been shown by Joule and others that the 
heat evolved is a definite quantitative equivalent to the 
mechanical energy, kinetic or potential, which disappears ; and 
further, that no ener^ is ever developed in (or lost from) a 
system without the disappearance (or appearance) of an equi- 
valent amount, often different in form, elsewhere. Hence we 
may say : 

The toted ervergy of a materud system is a qtiantity which can 
neither be increased nor diminished by cmy action between the 
parts of the system, though it may be transform/ed into any of the 
forms which energy is capable of assigning. 

This is Clerk Maxwell's statement of the principle of the 
Conservation of Energy. 

123. Forms of energy other than mechanical are attributed 
by physicists to the motion of the molecules of bodies, or to the 
motion of the ether. Heat, for instance, is supposed to be the 
kinetic energy of the motion of the molecules, each molecule in 
a solid body vibrating rapidly about a mean position. The 
attempt of physicists to apply the Third Law of Motion to 
molecules, atoms, etc., may or may not in the future be justified 
by the comparison of the results of theory and observation. 
Should this attempt be ultimately justified, we can understand 
how forces acting between all material parts of bodies may form 
a conservative system of the type discussed in § 115 (3). But 
when we consider the euer^ attributed to the motion of the 
ether, a further difficulty arises. The theorem of § 114 enables 
us to see how the mechanical, as distinguished from the physical, 
theory of the conservation of energy will apply to a system 
isolated in space, the only external forces acting on which are 
parallel forces applied to every particle of the system, the force 
applied to each particle being proportional to its mass. In fact, 
we have only to take the centre of mass of the system as kinetic 
origin. The inevitable loss of mechanical energy which, as 
experience tells us, such a system will undergo is supposed to 
be compensated by a transference of energy to the etner. Of 
the relation of the ether to the kinetic axes, however, nothing is 
as yet formulated, though we have evidence of the motion of 
the Earth relative to the ether in the phenomena of aberration. 
Now the measurement of the forms of energy attributed to 
the ether at present depends entirely on their equivalence to 



ON WORK AND ENERGY. 163 

mechanical energy estimated relative to the kinetic axes ; it 
follows that the theory of the conservation of energy on this 
side cannot as yet be regarded as satisfactorily stated. 

124. Power. 

Definition. The power of an agent is the rate at which it can 
do tffork. 

Units of Power. 

The British "absolute" unit is the power of an agent which 
does a foot-poundal in a second. 

The C.G.S. unit is the power of an agent which does an erg ii> 
a second. 

Both of these units are too small to be practically convenient. 

Practical Units. 

1. The British practical unit is the horse-power. 

Definition. The horse-power is the power of an agent which 
does 23jOO0 foot-pounds (foot-pound weights) of work in a minute, 
or 550 in a second. 

2. The most important C.G.S. unit is the toatt 

1 watt = 10^ ergs per second, 

1 watt ='00134 horse-power, 

or 1 horse-power = 746 watts. 

The horse-power of a steam engine is in practice found by 
means of the Indicator Diagram, which is a curve of the work 
done by the steam during one stroke of the cylinder, mechanically 
traced by an "indicator" temporarily attached to the engine. 
The indicated horse-power = equivalent of the area of the curve 
of work in foot-pounds x number of revolutions per minute 
-T- 33000. 

The "nominal horse-power" is only a number depending on 
certain measurements of the cylinders, etc. 

Example. (1) Find the horse-power of an engine which can 
drag a train an a level line with constant speed y.f.s., the resist- 
ance being equivalent to B pounded weight. 

Since the train is running with constant speed, no work is 
expended in producing kinetic energy. The onlt/ work done is 
against the resistance. Now, in one second the train is pulled 
through V feet against the resistance. 

.'. Bv foot-pounds of work are done in one second. 

Bv 
:, the horse-power of the engine must be -— ^ 
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Example. (2) An enffine exerts a constant force on a train of 
mass m, the resistance being equal to R poundals. Find the 
horse-power exerted by the engine at amy instant of the motion. 

Let P be the force exerted by the engine in ponndals, then if 
/ be the constant acceleration of the train, we have, bj the 
Second Law, p_ R=mf, 

or P=^R+mf. 

Now the work done per second ha P.v foot-poundals, which 

={R-\-mf)v ,.. foot-poundals per second. , (i.) 

Hence the horae-power at which the engine is working when 

the speed of the train is v= ^ c^pj^i ' 

Note. 1. An engine cannot exert its fM horse-power on a 
train when just starting. For the horse-power put forth increases 
with the speed. Further, when the resistance and acceleration 
are constant, the power exerted is a maximum when the speed 
is a maximum. 

2. The student acquainted with the elements of the Differ- 
ential Calculus will see that the term Rv in formula (i.) 

=-^(^)=rate of work done against the resistance, 

while m«/= j^(^mv2)=rate of increase of kinetic energy. 

Example. (3) Assuming that work is worth 6d. per horse-power 
per hour, find the value of the energy stored up in the motion of a 
5000 ton steamer moving at 20 miles an hour. 

(4) What must be the resistance to a steamer of 1000 tons* ' 
displacement if the maximum speed attainable by means of an 
engine of 800 horse-power be 20 niiles an hour ? 

(5) An overshot waterwheel is turned by a waterfall 10 feet high 
and discharging 50 lbs. of water per second ; it is found that, when 
the wheel is doing no useful work, 11 revolutions are made per 
second. Assuming that 10 per cent, of the energy of the falling 
water is used, that the only useless work done by the wheel is 
against the friction between the axle and its bearings, and that this 
friction is constant, find the useful work done per second when the 
wheel makes 5 revolutions per second. 

Example. (6) A cage of mass m is drawn up a mine b^j an 
engine^ at first with uniform acceleration^ then with uniform, 
velocity v, and then for a distance equal to the first portion with 
uniform retardation; the whole time of ascent is t, and the greatest 
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hont-fOUKT ttt iffkiek the engine u worked t# H; prove that the 
depth of the mine is 

SOOffffvt - mv^(fft-\-v) 

550gH-mgv 

Let / be the acceleration, /^ the time taken to travel each of 
the end portimis^ t^ the time taken to travel the middle 
portion. 

Then t=2t^-^t^ 

The depth of the mine 

^^-j, (i-) 

since v=fti. 

The horae-power is greatest just before the velocity is uniform. 
Let T be the tension of the chain in poundaU at this momenta 
Then, \jj the Second Law, 

T-mg=mf, 

and the rate of work in absolute units = Tv=tn{g+f)v, 

:. the horse-power ^= *'* Xu/ > 

whence . 550grif 

•^ mv ^ 

Substituting this value of / in (i), we obtain the required 
result. 

125. Horse-pawer transmitted hy Belts and Shafts. 

When a belt is turning a drum without slipping, it is easy to 
find an expression for the horse-power transmitted. 

The receding part of the belt will be tighter than the 
approaching part. Let the tension of the former in Ihs^-weight 
be 7\, and of the latter T^ Also let v be the speed of the belt. 
Then in one second the receding part does T^v foot-pounds of 
work ; the approaching part has T^ foot-pounds of work done 
on it. 

/. on the whole, {T^ — T^v foot-pounds of work are done per 
second by the belt, or the horse-power transmitted 

_(7V-3> 

_w It 

550 



o 
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If a shaft is taminff machinery, then if Z be the moment of 
the couple (the units of force and length being 1 Ib.-weight and 
a foot) turning the shaft, cd the angular velocity of the shaft in 
radians per second, Za> is the work done on the shaft per second 
in foot-pmmdsy and the horse-power transmitted is therefore 
Xa> 

550' 

A discussion of the practical conditions of the transmission of 
energy by a belt will be found in Garnett, Mementaty Dynamics^ 
§§ 137 P^ 137 y (ed. 1889), from which the preceding results are 
taken. 

We add a few miscellaneous examples. 

0) A system ofpuUeys without mass is such that the equilibrium 

^^ Power ^ arid " WeigM^ are connected hy the relation W=ftP. 

If W and P are replaced hy mouses m and m' (m>fim'), determine 

the motion of the system^ 

When the equilibrium power and weight are attached, imagine 

P to move through any vertical dis- 
tance "infinitely slowly" (see § 110 
supra), so that the kinetic energy of 
^■^ ^^ the system is negligible. Then the 

I 11 algebraic sum of the quantities of work 

done by the external iforces is zero. 

.*. F X Ps displacement 

= Wx }Pa displacement. 

(The student will recognise here the 
statical principle of Virtual Work.) 
Now this relation between the dis- 
m placements is simply due to the geo- 
metrical connections of the system ; 
hence the same relation wiD hold 
^g between the displacements when W 
and P are replaced by m and m'. 
Hence if the displacement of m is ^ and that of m' is y, we have 

y=f^. (1) 

If the system starts from rest, and if v, v' be the speeds of 
m, m' respectively after the displacements ar, ,y, we have, equating 
the kinetic energy to the work done by the external forces, 

^ mv^ + ^ m V^ = mgx — m'gy. 

And since y=fjuv throughout the motion, it follows that '^=yiVy 
whence / / ,v 



kJ ^ 



m' 



mg 
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showing that the motion is uniformly accelerated, the accelera- 
tion of m being HHlJ!^^ . g^ and that of m' being ^ . ^^^, . g. 

It should be noted that the method pursued in this problem 
does not necessitate the determination of the tensions. 

The principles of the Conseryation of Energy and of 
Momentum used simultaneously are often of great use in 
determining motions. In the next two examples the student 
will find illustrations of the use of the energy equation com- 
bined, in Example (2) with that of Linear, in Example (3) with 
that of Angular Momentum. 

(2) To each extremity and to the middle point of a string of 
length 2a is attached a particle of mass m, ana the whole is laid in 
a straight line on a smooth horizontal taJble. Each of the end 
particles is then struck a blow B at right angles to the string. 
Show that at the instant when the two particles coincide the tension 

of the string is ^ 

Let V be the velocity of the middle particle Q just before the 
collision, (o the angular velocity of the two portions of the 
string at this instant. 

Then the velocity of each of the end particles 
P, R relative to Q is at this instant numerically 
equal to cuo and at right angles to the common 
direction of the two portions of the string. 

Since there are no external forces acting on 
the system, the kinetic energy remains un- 
changed and equal to its value just after the 
blows were struck. 

Hence 

imt;2+2.1m(t;«-f-aV)=2.~. 

The linear momentum also remains unchanged. 
Hence, taking its resolved part parallel to the 
direction of the blows, Zmv=2B. 

From these two equations a)= ^^^ 

^ am»J3 

At the instant of meeting let / be the accelera- ^ 

tion of Qy which is in the line of the strings in 
the sense QP or QR. The accelerations of both F and R rela- 
tive to Q in the directions of the strings are each aw* in the 
opposite sense (see § 49). That of the centre of mass is zero. 
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Bat it Tix the tension, 2T=mf. 
, T.^ 

(3) Theo parliclet of matut m and M are connected hf tm 
inela»tic tiring pcuting tArottgh a anooth fiavd ring and are Jrse to 
move an a tmootk fixed kormmtal plaits tnroiigh the ring. Inititdlv 
the ttring it tight, "Kis at reit, and m, i6hii:k is dietant \from the 
ring, is pny'ected with a velocity/ v in a direction perpendicular to 
th4 ttring oetaeen it and the ring. Prove that, when m u distant 
I from ike ring, the ttring is patting through the ritig with a speed 

( mv' ( P\l4 

When m is distant r from the ring, let ita velocity be 1/ in- 
clined at an angle a to the string, and let that of M be V. 
We thuB have, since m is receding 
from the ring at the same rate as S 
ia approaching it, 

!'-'«»«. (1) 

Since there is no external force 
acting on tlie system, the equation 
of energy is 

imi/»+iJ/-F«=Jmt^. (2) 

,,, The only force acting on m always 

passes through the point at which 
the ring is fixed ] hence from the principle of the conservation 
of angular momentum (§ 94), 

r^Bma = lv (3) 




for if in (2), we have 

2r+mV r') 
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(4) A jet of water issues from a circular pipe of\ inch internal 
diameter at the rate of 4 gallons a mimUe; at what distance below 
the end of the pipe wotdd the jet he capable of performing work 
with 1 horse-poiver if the whole of its energy coula be usedf 

A gallon of water weighs 10 lbs. and contains 277^ cubic 
inches. 

1 TT 

The section of the pipe=7r • ^=«^ square inches. 

.*. speed of water on issuing 
^4x277^^1109x36x7 .^^j^^^ ^^^^^ ^^i ^^^ 

1109x36x7- . , 1109x7. , , 

== -^^ — TiK — iTT feet a second = — tttt— feet a second. 
22 X 60 X 12 440 

Now the mass of the water delivered per second =J8=§ lb. 

.*. kinetic energy supplied by this water per second 

^1 2/ 1109 x7Y 
'2' 3\ 440 /' 

Now let the depth at which the water can do 1 horse-power 
be h feet. 

^ , ,, 1 2/1109 x7\2 2 . 

We have thus ^ . ^[-^^^) +ph 

= energy of water per second in absolute units at depth h 

=550^, since 1 horse-power =550 foot-pounds per second. 

. i_550x3 1/I109x7\2 
•• 2 2i^V 440 ) 

=(825 - 4*86) ft approximately . 

= 820*14 ft. approximately. 

(5) A rod is supported by a stiff joint at one end which unUjust 
hold it at an angle 6 to the vertical. If the rod be lifted through 
a small angle (a) and then let go, prove that it will come to rest 
after moving through an angle 2a — ^a^ tan 6, approximately^ sup- 
posing the friction couple at the joint to be constant. 

Let 2a be the length of the rod, m its mass, L the friction 
couple. 

.*. Z =9n^a sin ^. 
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Now the rod when let go has no kinetic energy. Therefore 
when it is at rest again the work done by its weight must be 
equal to the work done against friction. Let <^ be the angle 
the rod moves through before coming to rest. 




The work done against friction is therefore Z</> (§ 118). 
Also the centre o? mass of the rod moves through a distance 

a[cos ^+ a - <^ - cos d+ a]. 



or 
or 



.*. Z<^=»i^a(cos0+a — </> — cos^+a), 

mgaainO , <l>=mga(cos6+a-<l>-coa0+a), 

<l>emO=coB($+a-<f>)-Qoa{0+a) (i) 

/. approximately 

</>8in^=cos(^+a)fl-^)+sin(e+a)(</»-^)-cos(^+a). 

.-. 8in^= -|cos(^+a)+8in((9+a)(l-^). 

As a first approximation, neglect <l>\ </>a and a*. 

.*. sin^= -^cos^+sin^+cos^ . a. 

:. </>=2a. 
Now write </>=2a+^ in equation (i.) and neglect squares of x. 
.*. (2a+^) sin ^=cos (B—a-x)- cos (^+a) 

= cos (^ - a) + ^ sin (^ - a) - cos (^+ a). 
.'. ^(sin - sin d-a) — 2 sin ^ sin a - 2 a sin 
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/. ^cos^ . a=2sm^f - -^ j, 



a? 



or 4?=— -^taii^, 



a2 



whence <^=2a- — tan^. 



Examplefl on Chapter IV. 

1. A particle of mass M hangs from a smooth vertical screw, and 
another particle of mass m is attached to the end of a horizontal 
arm rigidly connected with the screw ; prove that, if the system is 
free to move, the acceleration of Jf is 

p^{M + m)g 

where p is the distance between two consecutive threads, and a is 
the length of the arm, the inertia of the screw being negligible. 

2. Two particles on a smooth horizontal table are attached by an 
elastic string of natural length a, and are initially at a distance a 
apart. One particle is projected at right angles to the string. 
I^ove that, if the greatest length of the string during the subsequent 
motion be 2a, the speed of projection is ij{%a\l&m]x where m is 
the harmonic mean between the masses of the particles, and X is the 
modulus of elasticity of the string. 

3. An inclined plane of angle a and mass M is free to move on a 
horizontal plane. Another plane of the same angle and of mass M' 
is laid on it so that its upper surface, on which is a particle of mass 
971, is horizontal. The surfaces are all smooth, and the motion takes 
plape in a vertical plane. Show that the pressure of the particle m 
on the plane with which it is in contact is 

MM'mgl{MM' + (ilf + M') (m + M') tan^a}. 

4. Two heav^ particles of equal mass are connected by a weight- 
less inelastic thm rod, and can move in a smooth circular tube fixed 
in a vertical plane, the tube having a narrow slit on its inner side so 
as to allow the rod to move freely in the plane of the circle without 
touching the tube. Prove that, if the rod mitially occupies its upper 
horizontal position of equilibrium and is slightly displaced, then the 
resultant of the pressures on the tube at any subsequent time will be 
inclined to the rod at an angle 

tan-i { cot e (3 cot^a + 1 ) + 2 cot^o cosec ^}, 

where 2a is the angle subtended by the rod at the centre of the 
circle, and d the inclination to the downward vertical of the radius 
vector from the centre of the circle to the middle point of the rod. 
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5. Two particles each of mass m are tied together by a light 
inextensible string of length 2aa, and are placed in a position of 
equilibrium in a vertical plane on the surface of a fixed smooth 
cylinder which has its axis horizontal and is of radius a. The 
particles are then slightly displaced. Prove that, when the lower 
of the particles in the subsequent motion leaves the surface, the 

Sressure on the other is 2m(/ sin a sin 9, where d, the angular 
istance of the middle point of the string from the vertical, is 
determined by 2 cos {6 + a) + cos (^ - a) = 2 cos a. 

6. An empty box of mass M rests on a horizontal table, and from 
the centre of the lid swings a particle of mass m by a string of 
length I; the particle oscillates through a right angle on either 
side of the vertical. Prove that the box will not slide along the 
table if the coefficient of friction is greater than 

2{Af(if+3m)}* 
but that if the table is smooth the box will oscillate through a range 

2m 



M+m 



,L 



7. A railway truck is supported upon anv even number of equal 
wheels whose weight may be neglected, e is the angle of friction 
between each wheel and axle, and n is the ratio of the radii of each 
axle and wheeL 

If the truck be start-ed on the level with speed K, and if higher 
powers of n than the first be neglected, prove that if there be no 
sliding along the rails the distance it will go before it stops will be 

2^71 sine' 

8. Two masses m^, m^ are connected by a weightless rod AB, 
and lie on a smooth horizontal table. The rod is struck at right 
angles to its length by a given blow /; find the velocities of the 
masses, and show that the kinetic energy is least if the point of 
application of the blow divides AB in the ratio m^ : m^. 

9. Two particles whose masses are m^ and m^ are connected by a 
rigid rod whose mass may be neglected, and a third particle of mass 
Jz is tied by a light string to a point on the rod at aistances a^ and 
a, from m^ and Wj respectively, the whole resting on a smooth 
horizontal plane. M is projectea along the plane ana perpendicular 
Ui the roa with a velocity V. Show that lust after the string 
becomes tight the kinetic energy of the particles is less than it was 
just before by the amount 

MV^ m^maCai + Og)' 

2 M{ m^a^ + m^) + rtiini^ (Oi + Oj)^' 
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10. Two equally rough particles A and B of equal mass lie on 
a rough horizontal table. The particle A is attached by an in- 
extensible string to a fixed point in the table, and by another 
inextensible string to B. Initially OAB are in a straight line, A 
between O and B, and both strings tight. Then B is projected 
horizontally and perpendicularly to AB. Prove that, if A does not 
move before the string AB has turned through an angle 



it will not move at all. 



™-. i^m^ 



}• 



11. A two-wheeled vehicle is being drawn along a level road 
with velocity v; the wheels (radius c) are connected by an axle 
(radius r) fixed to them, and the weight of the vehicle exclusive of 
the wheels and axle is W, and its centre of mass is vertically above 
the middle point of the axle. Show that, if the shafts are in a hori- 
zontal plane with the tops of the wheels, the horse is working at 

\/(c2-r»sin2X)' 
where X is the angle of friction between the axle and its bearings. 

12. Two weights W and W* balance on a system of pulleys, w 
is taken away from W and added to W ; find the acceleration of W, 
neglecting the mass of the system of pulleys. 

13. A chain of length 21, in which the density increases uniformly 
from 0*1 at one end to (r^ at the other, is hung over a small smooth 
pulley with equal lengths on each side, and set free. Show that the 
speed with which it leaves the pulley is 






14. Two rough-edged wheels of radii a, a' and of masses A, A' 
collected entirely on their rims, moving with angular velocities ta, 
to\ are placed with their edges in contact so that they are rotating 
round parallel fixed axes perpendicular to their planes. Show that 
the total work that can be lost in rubbing friction is 

1 AA'{a(a±a'o)'f 

2 A+A' 

the ambiguity of sign depending upon the direction of w with respect 
to that of (i)\ 

15. A smooth hemisphere of mass M whose plane surface slides 
on a horizontal table has a tube bored along its vertical radius in 
which slides a particle of mass Q, connected oy a fine string 'with a 
particle of mass P which slides on the surface of the hemisphere. 
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Initially the system is at rest, with P in contact with the table and 
Q at the highest point of the tube. Show that, when P has described 
an arc a$ uong the surface, the velocity of the hemisphere is 



4 



2ag{Qe - P sme)P^siji^e 

{M'¥P+Q)\.{M+P-\-Q){P+Q)-{P^BmH)i 



the length of string being ^ of the circumference of the base of the 
hemisphere. 

16. A bucket of mass M lbs. is raised from the bottom of a shaft 
of depth h feet by means of a light cord, which is wound on a wheel 
of mass m lbs. The wheel is driven by a constant force, which is 
applied tangentially at its rim for a certain time and then ceases. 
Prove that, if the Ducket just comes to rest at the top of the shaft 
t seconds after the beginning of motion, the greatest rate of working 
in foot-poundals per second is 



2ht 



M^f 



Mgt^-2h{m + Af) 
The mass of the wheel may be considered as condensed in its rim. 

17. A smooth tube ABO of mass m is bent in one plane so as to 
be vertical at G and horizontal at B, which is vertically below A^ 
the portion BG beine a semicycloid of which G is the cusp, and the 
portion AB being of any shape without sharp angles. If the ends 
A and G slide on smootti horizontal wires in the plane ABG, AC 

preserving a constant direction, and a particle of mass ^- starts 

h 

from the upper end A when the tube is at rest and descends through 

the tube, snow that while it moves through BC its speed along and 

relative to the tube is coDstant, h, a being the heights of A above 

B and B above C respectively. 

18. A light rod with a mass P at one end and a mass Q at the 
other can move in a vertical plane, cutting at right angles the smooth 

E lanes AO, OB, which make respectively angles a, /3 with the 
orizon and support P and Q in such a manner that the rod does not 
pass through either plane. The rod is placed with P at and PQ 
lying along OB ; show that motion will take place if 

Qsin/3cos(a+j8) 

is greater than P sin a, and find the speed with which Q will 
arrive at 0. 

19. A BCD is a quadrilateral inscribed in a circle whose vertical 
diameter ia AG, A heavy inelastic particle moves from rest at A 
along A BOD; show that in no case will its motion be continued 
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along DA ; tod if, after passing C7, it first comes to rest indefinitely 
near D, prove that 

^ , sin2^ 

tan = s rti»> 

3 - cos 2^ 

where By 4> are the angles subtended at A by BC and Ci) respec- 
tively. 

20. Two particles M and m are connected by a string passing 
over a smooth pulley ; the lesser mass m hangs vertically, and M is 
constrained to move in a smooth circular groove on a plane inclined 
at an angle a to the vertical, the highest point of the groove being 
vertically under the pulley. M starts without initial velocity from 
the highest point of the groove ; show that, if it makes complete 
revolutions, the radius of the groove must be less than 

»» (3f - w) A cos a/(m' - Jlf' cos^a), 
where h is the height of the pulley above the initial position of if. 

21. A weightless rod has two particles of equal mass attached to 
its ends, and rests in a horizontal position on two perfectly rough 
pegs placed at its points of trisection. If the rod be set rocking, 
after now many impacts will the remaining energy be less than one- 
thousandth part of the energy originally imparted to it ? Given 

log2= -3010300. 

22. Two small rings of equal masses attached together by a 
straight string slide on a smooth vertical circular wire ; show that, 
however they be projected, the string will not remain tight unless 
its middle point lies in the upper half of the circle. 

23. A smooth cylinder is held with its axis horizontal. Two 
masses Jf , m connected by an inextensible string are hung over the 
cylinder in a plane perpendicular to the axis, m touching the 
cylinder in a level with its axis, and M hanging freely. If M 
descends under the action of gravity, prove that m will leave the 

cylinder before it reaches the highest point if — > 1*401. 

m 

2/L A string has attached to its extremities masses each equal to 
Mj and is then passed over two smooth pulleys whose centres are 
in a horizontal hue, and at a distance apart =2a. A mass 2M is 
attached midway between the pulleys ana is then let go ; show that 
the subsequent speed of the mass 2M 



Ul-Unf) 
V 3 + COS0 



COS0 

where <f> is the angle between the two parts of the string. 
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25. A wedge of mass M can slide on a smooth horizontal plane. 
The wedge has a smooth face inclined at an angle a to the horizon. 
Initially the wedge is at rest ; and a particle of mass m is projected 
directly up the inclined face. Prove that, if the particle rises to a 
height h aoove its point of projection, its speed of projection is 

26. Two masses m^, m^ at A and B are connected bv a risid 
light rod. The rod is struck by a given impulse P at ri^ht an^es 
to ^^ at the centre of gravity of m^, m^. Show that the kinetic 
energy generated is 

1 pg 

27. A mass m is attached to another mass mf by an inextensible 
string which is straight, and a blow P making an angle a with the 
line of the string is applied to m ; prove that the work done is 

1 i^cos^g 1 PhiiAi 
2' m + m''^2' m * 

and that the impulsive tension of the string is 

7 . P cos a. 

m + tn 

28. A shot of mass m lbs. just penetrates through a plate of 
M lbs. and thickness t, which is free to m6ve ; show that it would 
penetrate a thickness {l+mlM)t of the same material held fixed if 
projected with the same velocity. 

29. A, B are two smooth holes in a smooth horizontal table, 
their distance apart being 2a. A particle of mass M rests on the 
table midway between A and B, and a particle of mass m hangs 
beneath the table, suspended from M by two equal weightless and 
inextensible strings passing through the two holes. The length of 
each string is a(l + sec a). A blow J is applied to 3f in a direction 
perpendicular to AB. Show that if J^>2MmagtAn(i, M will 
osculate to and fro through a distance 2a tan a, but that if J^ is less 
than this quantity and =2ifma{7(tana - tan/3), the distance through 
which M oscillates will be 

2a . \/(sec a - sec j3) (sec a - sec /S + 2). 

30. A particle slides down the outside of a smooth parabola with 
axis horizontal, starting from rest at a point whose ordinate is h ; 
prove that the ordinate of the point where it leaves the curve is the 
positive root of the equation 

y» + 12aV-8a"*=0, 

where 4a is the latus rectum. 
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31. A string of length I is attached to a particle of mass m, which 
slides on a rough horizontal plane, the other end of the string being 
attached to a fixed point in the plane. Initially the string is just 
tight, and the particle is projected with velocity u at right aneles to 
the string. Find the whole space described by the particle before 
coming to rest, and prove that the tension of the string when the 
particle has described a space s is equal to 

where /i is the coefficient of friction. 

32. Apply the methods of energy and conservation of angular 
momentum to the following problem. A particle which can move 
on a smooth horizontal table is attached to a fixed point of the table 
by an elastic unstretched string of length a, which is such that the 
weight of the particle would stretch it to twice its natural length. 
Prove that, if the particle be projected with velocity u perpendicular 
to the string, its speed v when next moving at right angles to the 
string will be given by 

f^+i^+vga-'Uga=0. 

33. A hoop of radius r, without mass, has attached to it at the 
ends of a diameter two particles of mass m. The hoop starts to roll 
from rest down an inclined plane sufficiently rough to prevent 
slipping. Find the speed of its centre after it has descended a 
length I of the plane. 

34. Two wheels of radii B^ and JR^ respectively can slip on their 
axles, which are rough. The wheels are connected by a perfectly 
roueh band passing round both of them, their axles being parallel. 
If the two axles rotate with uniform angular velocities ci>i and Wj, 
and the wheels slip slightly on their axles, but so that the band 
travels with uniform speed, show that the horse-power with which 
the second axle is working will be to the horse-power exerted on 
the first axle in the ratio B^2 • A<*^* 

35. A train running at a full speed of 30 miles per hour slips 
two carriages, each of mass 10 tons, and the full speed rises to 33^ 
miles per hour ; find the horse-power of the engine and the mass of 
the train, the resistance due to friction, etc., being 12*5 lbs. per ton. 

36. One engine A starting from rest generate^ in two minutes in 
a train a velocity of 45 m.h. while it passes over a distance of 1 mile 
on the level. Another engine B of equal weight can pull the same 

train up an incline of sin~^-— at a ** full speed " of 20 m.h. Assnm- 

^ 80 

ing that the resistance due to friction, etc., is constant and equal to 
the weight of 12 lbs. per ton, prove that the time-average of th© 
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horse-power at which A works for the two minutes is 1*53 ... times 
the horse-power of M. 

37. A Nasmyth hammer is worked by steam pressure on a piston 
whose area is four square feet, and whose mass together with that 
of the hammer is ten tons. The excess of jpressure on the upper 
side of the piston is sixty pounds per square mch, and the hammer 
after descending through two feet strikes a mass of iron, and is 
brought to rest after compressing it through half an inch. If the 
resistance of the iron to compression be uniform, find its amount, 
and the work done by the steam. 

38. An engine works at a constant rate, and changes the speed 
of a train from utovinT seconds. Neglecting the resistance due 
to friction, find the speed after t seconds, the acceleration at that 
time, and (when u=0) the distance covered in t seconds. 

39. A train whose mass is 150 tons has an engine of 230 horse- 
power. Find the greatest uniform speed that can be maintained 
while ascending an incline of 1 in 80, the resistance being equal to 
the weight of 1 ton. 

40. If the level of the water in docks covering 100 acres be 
altered 20 ft. bv the tide twice every 25 hours ; find the horse-power 
of an engine which could be driven by the energy, if it could all be 
made use of. (Weight of 1 cubic foot of water =1000 ozs.) 

41. A fire engine pumps water from a well, and discharges it with 
a velocity of 50 f.s. through the orifice of a pipe whose section is 
1 sq. in., and which is at a height of 25 feet above the surface of the 
water in the well. Find at what horse-power the engine is working. 
(Weight of 1 cubic foot of water = 1000 ozs.) 

42. The horse-power of three engines forming a train are Hi^ 
H^ H^ in order from the front of the train, and H^^ H2> H^- 
Given the masses of the engines and the retarding force due to 
friction, etc., for each lb. ; find the tensions of the couplings when 
the train is at full speed. 

43. A train of mass m runs from rest at one station to stop at 
the next at a distance L The full speed is V and the average speed 
is V, The resistance of the itdls when the brake is not applied is 
u V/lg of the weight of the train, and when the brake is applied it is 
u'V/lg of the weight of the train. The pull of the engine has one 
constant value when the train is starting, and another when it runs 
at full speed. Prove that the average rate at which the engine 
works in starting the train is 



1 r* 

2^T 



P+2-xj:1 

L V V u'J 
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44. An engine of mass M tons, when working at horse-power H, 
draws n carriages, each of mass M' tons, at the uniform rate of v 
miles an hour. Supposing the resistance on the engine and on each 
carriage to be proportional to the weight, prove that the tension of 
the coupling between the engine and the nearest carriage is equal to 
the weight of 

^ HnM' 

448* (M+nM')v'^^' 

45. - Prove that the extra work required to take a train from one 
station to stop at the next at a distance I ft. in time t seconds is 



\gt^ • hlxXm'^n) \m'^n'^k)] 



times the work required to run through with uniform speed without 
stopping, where the incline of the road is 1 in m and the resistance 
of tne road and the brake power per unit mass are equal to the 
component of gravity down uniform inclines of 1 in n and 1 in h 
respectively. 

48. Power is transmitted from one shaft to another by means of 
a single open belt, 6 in. wide and J in. thick, running at a speed of 
60 ft. per second. If the tension in the loose side of the belt is one- 
half that in the tight side, and a maximum stress of 300 lbs. per 
square inch be allowed, find, neglecting the weight of the belt, what 
H.P. may be transmitted. 



CHAPTER V. 
Units and Dimensions. 

126. We have already explained that to measure any 
quantity we require (1) a unit, (2) a number expressing the 
ratio of the quantity to the unit. 

We have found it convenient to distinguish the units of 
length, time, and mass as fundamental units. We have derived 
the unit of each complex quantity from these in as simple a 
manner as possible ; the system of units so formed is called the 
absolute system, a name taken from a paper by Gauss in which 
the unit of force, as derived in § 63, is aefined.* The simplicity 
of this system greatly assists the memory. 

We have throughout this work confined ourselves to two 
particular systems of fundamental units, viz., the British and 
the C.G.S. units. But the use of these is not compulsory nor 
even always convenient. 

One object of this chapter is to show how to change rapidly 
from any one system to another. We shall find it convenient 
to call one arbitrarily chosen system of units the Standard 
System ; a system into which the change is supposed to be made 
will be called the New System, In any particular case any 
convenient system may be regarded as the standard. 

127. Dimensions. Let the unit of 

mass in the new system be M standard units, 
length „ „ L „ 

time „ „ T „ 

So that M, Z, T are pure numbers, viz., the ratios of the respec- 
tive pairs of units in the new and standard system. 
Then any derived unit of the new system 

^M'UT* corresponding units of the standard system. 

* Intensitou Vis Magneticae Terrestris ad Mensuram Ahsolutam Jttvo- 
caia, "Werke, VoL V., p. 85, 
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For example, suppose that the standard system is the foot-pound- 
second system, and that the fundamental units of the new system 
are M lbs., L ft., and T seconds : then the new unit of velocity is a 

velocity of L feet per T seconds, that is -= feet per second ; MTiting 

-=^ as LT'^, we see that in this c€we x=0, y=l, z= - 1. Similarly 

the new unit of acceleration is an acceleration which gives an in- 
crease of ^ units of velocity in T seconds ; its magnitude therefore is 

( yp-T T \ f.8.s., or LT-^ f.s.s. ; in this case a;=0, y=l, 2= -2. The 

new unit of force is MLT~^ poundals, and in this case x=\,y=\, 
z- -2. 

My L and T are numbers which will depend on the particular 
systems employed, but the values of x^ y, z are the same for the 
same unit whatever systems are employed. The numbers Xy y, z 
are called the dimensions of that unit, or the dimensions of the 
quantity which is measured in terms of the unit. The latter 
nomenclature conduces to brevity of statement. 

The symbol M'JJ'T' may be called the dimension-symbol of 
the unit. 

Thus the dimension-symbol is the measure of the new unit in 
terms of the corresponding unit of the standard system. 

A quantity which lias the dimension-symbol M*DT* is said to 
be of X dimensions in mass, y in length, z in time. 

For instance, the dimension-symbol of a velocity is M^L^T~\ 
or LT^^'y or the dimensions of a velocity are in mass, 1 in 
length, —1 in time. That of an acceleration is LT-^\ or the 
dimensions of an acceleration are in mass, 1 in length, -- 2 in 
time, and so on. The dimension-symbol being merely an alge- 
braic product, these dimension-symbols may, if we choose, De 

written ^ ^. 

128. When a quantity A is so defined that its measure is the 
product of the measures of several other quantities -5, C, />, ... 
the dimension-symbol of the quantity A is the product of the 
dimension-symbols of the quantities By (7, D. 

For instance, the dimension-symbol of a mass is My that of a 
velocity is LT~^y that of a momentum (measure mv) is MLT~K 

In a physical equation the complete terms represent numbers 
all of which refer to one and the same unit ; consequently the 
dimensions of every term must be the same. 
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For instance, in the energy equation of a bodj projected 
vertically upwards (g 116), 

imv''+mgh=imu\ (i.) 

the dimension-Bymbola of the teruiB are, in order, 



all of which are the same. 

This property affords a, valuable method for verifying physical 
equations ; any want of homogeneity must be the result of error. 

For instance, the quantities having the same meaning as in (i.), 
mvh + mhi'^Smff would not be a possible equation. 

In estimating the dimensions of a quantity it should be noted 
that the measure of a mass may be any homogeneous function 
of degree unity in numbers representing masses, and of degree 
zero in numbers representing lengths or times, a similar remark 
being true of the measures ot a length and time. 

Thus *""* , or " — ^t_ — m, m! beins the measures of masses 

and a, & of lengths, may be measures of a mass, and the quantities 
they then represent have consequently the dimension- symbol 

append here the dimension-symbols 
derived quantities ; the student will have no 
lifflculty in verifying them. 

Velocity, ^ Acceleiation, » 

Circular meuure of angle, L". Augolar velocity, T-\ 

ML . , , MI? 

-=: Angular momentum, -=-. 



te the measure of a mass, ^ of a length, 
ty, / of an acceleration, P of a force, 
uations are possible ones ? — 
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(L) mft — wv = Ft, 
(ii.) ^m^-\-mf»—Pv, 

(ill.) mt?/+y = — . 

(iv.) (m + m')i;< =ml+l A/m^ - m(m + m') ^ a and 6 denoting 
lengths. 

130. Let g, ^ be the measures of a given quantity in two 
different systems of units, and let the unit of the quantity 
contain in the first system U, and in the second system U' unit« 
of the standard system. Then the measure of the quantity in 
the standard system is either qU ov q'U' \ consequently 

or the meoBV/re of a quantity varies inversely as the measure of its 
unit expressed in the standard system, 

131. The equation just obtained is of great importance in 
the transformation of quantities from one system to another. 

Let x^y^zhe the dimensions of the quantity whose measures 
in the two systems are respectively q and q', 

li' L' T' f ^® *^® respective measures of the funda- 
mental units of the two systems in any convenient system which 
we select as standard, then since 

we have q . M'lJfT^ = q' . M''L'*T'\ 

and q is at once determined when q^ is known. 

"We may of course choose one of the two systems themselves 
as the standard system, which amounts to putting M'=l, L'^1, 
T'=\ in the above equation. 

Example 1. Oiven thai 1 ^ram =*0022 Ihs, and 1 centimetre 
s=*4 inches approximxitely^ express the foot-pound in ergs. 

The equation for transforming measures of work is 

2' /p2 '~9.' rpi% ' 

Taking the foot-pound- second system as standard, we may 
write g'=5r, M'=L^r=\y if=-0022, ^=j|=^> ^=1; and 
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q, the number of ergs in a foot-pound, is given by 

2 



^.•0022.^ 



^9* 



32x30x30 lo infl • i. 1 

or q=: — — = 1 3 X 1 0*» ergs approximately. 

Example 2. If the unit of acceleration he that due to gravity, 
the unit of mass 1 pound, and the unit of power 1 horse-power, fmd 
what number will express a velocity of 1 fx>ot per second. 

If M, L, T be the new units of mass, length, and time, we 
have from the above data, taking the foot-pound-second system 
as standard, 

^=^, i/'=l, 

-=-= measure of 1 horse-power in absolute units in the British 

system =550^, whence ^=550, or the new unit of velocity =650 
ft. per second. 

Taking x for the measure of the velocity in the new system, 
we have 

^x550=lxl, 

or ^=zhi' 

132. By a consideration of dimensions very many formulae 
may be to some extent predicted. Thus, supposing that we 
have observed that the vibrations of a simple pendulum (which 
consists of a particle tied by a light string to a fixed point) are 
independent of the amplitude, as is the case for small vibrations, 
we can determine the manner in which the time of vibration 
depends on the various quantities involved. 

For let m be the mass of the particle, 
I be the length of the string, 
g be the value of the acceleration due to gravity. 

Then the time of vibration can depend on these alone, and we 
may assume t the time to consist of a series of terms of which 
Am'l^g* is the type, A being a number. 

Now the dimension-symhol of this quantity is 



^'Ly.^ 



and this is to have the same dimensions as a tims ; 



=2.J^ 
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To these there is but one solution, and therefore only one term 
in the expression for the time ; 

and the time oc a/-. 

As a fact the time of a complete vibration 

I 

9 

As another example we may take the following : 

The frequency (n) of vibration of a violin string of given length 
depends on c the cross-section of the stringy m its mass per unit 

lengthy and t its tension. Prove that n*« — . 
^ ' mc 

n, the frequency, is defined as the number of vibrations taking 
place in a second, and has therefore the dimension-symbol -=f 

Further, we may write n=^Am*V<fy where J is a number. 
Am*t*<f has for dimension-symbol, 

Whence ^+y=0, -^+^+2^=0, — 2y= — 1, 
or y=J, x=-\y «=-i 

The solution is again unique, and therefore 

i 






n 

\nfi 

2 t 

or n^cc — . 

mc 

133. Universal Gravitation. Newton*s Law of Universal 
Gravitation asserts that when two particles of masses m and m' 
respectively are at a distance r apart, m produces in m' an 

acceleration numerically equal to (7 . -^ while m' produces in m 

an acceleration numerically equal to C ,^y these accelerations 

being in the line joining the particles, and the sense of each 
acceleration being towards the particle which produces it Cm 
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a constant called the constant of gravitation, whose value depends 
on the particular units employed. 
The magnitude of the reaction between the particles is thus 

pi mm 

It is to be understood that these accelerations are estimated 
relative to the kinetic axes, the kinetic origin being the centre 
of mass of the solar system (to which for many purposes the 
centre of the Sun is a sufficiently close approximation]^ and the 
directions of the axes being determined by reference to the 
fixed stars. The law also is considered to hold approximately 
for two particles near the Earth's surface if the motion of the 
particles is referred to Galileo's axes ; thus applied, it forms the 
oasis of the Cavendish Experiment, for the details of which see 
Maxwell, Matter and Motion, Articles gxlii.-cxliv. 

It can be shown that a homogeneous sphere accelerates 
external masses in the same way as a particle, whose mass is 
equal to that of the sphere, would do if placed at the centre of 
the sphere. This we snail assume. 

134. To determine the Value of the Constant of Gravi- 
tation in the C.G.S. System. The acceleration produced by 
the mass of the Earth in a particle near its surface is 981 cm.s.s. 
Regarding the Earth as a homogeneous sphere and neglecting 
the effect of its rotation, this acceleration is in the direction 
of, and relative to, the Earth's centre ; relative to the common 

E 
centre of mass of the Earth and the particle it will be 981 -^^ — 

Ji/+m 

(§ 85), where E is the mass of the Earth, and m that of the 

particle, in grams. Now, ^=6*14x10^ grams, a very large 

quantity compared with the mass of the particle ; hence the 

acceleration of the particle may be taken as 981 cm.s.s. relative 

to the common centre of mass. 

Since all the external forces on the particles of which the 
Earth is composed, including particles free to move near its 
surface, are sensibly parallel ana proportional to the mass of each 
particle, we may, by § 88, take the common centre of mass as 
kinetic origin. 

The acceleration of the particle is therefore by the law 

numerically equal to 0, -=, where R is the Earth's radius in 
centimetres. 
Hence C7.-^=981. 
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But E=Q'3*7 X 10^ approximately ; 

• ^ ~^^^ ^ 614 X 1027 
=6-48x10-8. 

135. We may also so determine the unit of mass that the 
constant C may be unity ; the unit of mass so determined is 
called the astronomical unit of mass ; if C= 1, the acceleration 
produced by a particle of mass m on any particle at distance r is 

numerically equal to -=; putting m=l, r=l, this acceleration 



r2 

is unity ; hence the following definition : 

The astroTiomical unit of mass is the mass of a particle which 
prodtcces miit acceleration in any other particle placed at unit 
distance from it. 

The force between two particles of masses m and m' placed 

at a distance r apart is now —^ ; hence two particles of unit 

mass placed at unit distance apart attract each other with unit 
force. 

To determine the astronomical unit of tnass, and the corre- 
sponding unit of force, when the units of length and time are one 
centimetre and one second. 

Let the new unit of mass contain a: grams. If the mass of 

, . E 

the Earth be E grams, its mass in terms of the new unit is — 

Hence the acceleration produced by it at distance R equal to 

E 

the Earth's radius =(7. -5s=— rs» since by hypothesis (7=1. 

/?* xR^ 

E 

Therefore, as in § 134, -^=981, 

E 
or ^ = ^.^ = 1 '543 X lO'^ grams approximately. 

The unit force thus produces an acceleration unity in a mass 
of 1-543 X 10^ grams. Its value is therefore 1*543 x 10^ dynes. 

136. Dimensions of Mass when the Astronomical System 

of Units is employed. Since the symbol ^ represents an 

L 

acceleration, it is of dimensions ^ ; it follows that m must be 
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of dimensions -=^: Tliis means that if given units of length 

and time and the correspondinff derived astronomical unit of 
mass be chosen as the standard system, then the astronomical 
unit of mass in a new system, in which the units of length and 

time are respectively L and 7^ standard units, will be -= standard 

units. 

This, of course, is merely the result of our definition of mass- 
ratio as an inverse ratio of accelerations, combined with the 
Newtonian law of inverse squares. To make this clear, we 
repeat the above argument in a slightly different form. If m, m' 
be the measures of two masses, /,/' the nnmericdl values of their 

mutually induced accelerations, then mf=m'f\ or m=^m' .'Ij, 

Now let m! be the unit mass of the standard system. 
Consequently, employing this system, m'=l, /=-^ ; so that the 
measure of any mass m is /'f^, a product whose dimension- 
symbol is A . Z2, or ^2. 

137. We have not hitherto had occasion for the use of the 
conception of density. 

Definition. The derisity of a homogeneoiis substance is its 
mass per unit volume. 

When a substance is not homogeneous, its density at any 
point is the limit to which the ratio ■= tends, where m is the 

mass of a portion of the substance of volume V enclosing the 
point, when V is diminished indefinitely. 

The unit of density in the C.G.S. system is that of a sub- 
stance, one cubic centimetre of which has the mass of one gram. 
In other words, it is very nearly the maximum density of 
distilled water, which occurs when the water has a temperature 
of 4** C. (See Definition of the Gram, § 60.) 

There is no convenient homogeneous substance whose density 
is that of I lb. to the cubic foot. Hence it is usual in the 
British system to compare the density of a substance with that 
of distilled water at its maximum density. The ratio is then 
often called the density of the substance (water unity) ; the 
correct name for this ratio is the Specific Oravity of the 
substance. j^ 

The dimension-symbol of density is -«. 
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Specific gravity, however, being a ratio of two densities, is of zero 
dimensions in mass, length, and time. 

The dimension-symbol of density when the astronomical unit 

of mass is employed is therefore -=-^L\ or -j=, and is inde- 
pendent of the unit of length. 

The curious result just arrived at is susceptible of an easy 
physical interpretation. 

Conceive a spherical planet of radius r, density d^ and imagine 
a satellite to revolve in a circular orbit close to its surface in 
time t Let the mass of the satellite be so small that the centre 
of the planet may be taken as kinetic origin. 

The mass of the planet is ^im^d. 

Hence, by the law of gravitation, if we employ astronomical 
units, the acceleration of the satellite to the planet's centre is 

(0--.\2 9^ 

— 1 . r, since — is the 

sai>eiiii;e s anguiar veioc;ty. 
Hence ^itrd=—^ . r, or rf=-^. 
The dimensions of d are therefore merely - 2 in time. 

Examples on Chapter V. 

1. If the unit of work be the work done in lifting 1 cwt. through 
3 yards, and the unit of momentum that of a mass of 1 lb. which 
has fallen vertically through 4 feet from rest under the action of 
gravity, and the unit of acceleration three times that produced by 
gravity in a falling body, find the units of space, time, and mass. 

2. If the unit of work be a foot-pound, the unit of momentum 
that of a body whose mass is an ounce after it has fallen through 
g feet, and the unit of power 33,000 foot-pounds of work per minute, 
find the units of mass, length, and time. 

3. Compare the unit of energy when the fundamental units are 
a feet, h pounds, and c seconds, with its value referred te 1 foot, 
1 pound, and 1 second. 

Find the kinetic energy in both systems of the Earth, assuming it 
to be a sphere of 4000 miles' radius of mean density 5^ (water unity), 
and the distance of the San to be constant and equal to 93,000,000 
miles ; neglecting the rotation of the Earth on its axis, and assuming 
the weight of a cubic foot of water to be 1000 ounces. 

4. A bicycle, whose mass together with that of its rider is p 
pounds, is being ridden m miles an hour, and the resistance is equal 
to the weight of r pounds : if the power of the rider be denoted by 
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X, his momentam by y, and the resistance by z, find the units of mass, 
length, and time in terms of the pound, foot, and second. 

5. If the unit acceleration be that of a body falling freely, the unit 
of velocity the velocity acquired by the body in a seconds from rest, 
and the unit of momentum that of 1 lb. after falling for h seconds, 
determine the units of length, time, and mass. 

6. A light cord is attached to a point in the circumference of a 
fly-wheel, whose mass is uniformly distributed round its circumfer- 
ence, and is coiled round the wheel. A bucket, whose mass is one 
quarter of that of the wheel, is attached to the end of the cord, and 
just rests at the bottom of a shaft. If unit impulse applied to the 
rim of the wheel will compel it to commence rotating at a certain 
rate per second, and if unit rate of doing work is such as to main- 
tain this rate, show that ten times the number of feet in the unit of 
length is equal to the square of eight times the number of seconds 
in the unit of time. 

7. If the momentum of a train weighing 50 tons and moving with 
a velocity of 1.5 m.h. be denoted by 1 and its kinetic enercy by 5, 
and if the force necessary to give it an acceleration (if unresisted) of 
5 f.s.s. be denoted by 100, show that the measure of the acceleration 
due to gravity is 6400. 

8. Prove from considerations of ** dimensions *' that the time a 
particle will take to fall from rest at a great distance D to the 

Earth's surface will vary as D\ 

9. Assuming the satellites of Mars to describe circular orbits 
round the centre of the planet, find the. time of revolution of the 
second satellite, it being known that the time of revolution of the 
first is 7 h. 40 m., and that their distances from the centre of the 
planet are in the ratio of 2 : 5 approximately. 

10. If the value of the "constant of gravitation" is 6*6576 x lO-^, 
find the attraction in dynes between two spheres of water, each one 
metre in diameter and just touching. 

11. Show that if a particle be revolving with uniform angular 
velocity in a circle of radius 1 cm. under the attraction of a small 
fixed sphere of mass 10 grams concentric with the circle, the period 

of revolution is roughly 2j- hours. 

[Mass of Earth = 6 '14 x lO*' grams. 
Radius of Earth = 6 '37 x 10^ cm. 
Weight of 1 gram =981 dynes.] 

12. Prove that the dimensions of force and power, when the 
astronomical unit of mass is employed, are respectively those of the 
fourth and fifth powers of a velocity. 

Illustrate the dimensions of force by considering the case of two 
equal gravitating masses revolving in circular orbits about their 
common centre of mass. 



CHAPTER VI. 
Special Problems. Impact. 

138. Two particles impinge on one another^ and at the instant 
of impact become rigidly connected; to find their common velocity 
after impact and the m^ignitude and direc- 
tion of the impulsive stress between them. 

Let the masses of the particles be 
m, m\ and let oa and oa' represent 
their respective velocities before impact, 
and let g be the centroid of the velocity 
diagram, so that m .ag=m' . ga'. og 
represents the velocity of the centre of 
mass, which (§ 86) is unaltered by the 
impact, og therefore also represents 
the common velocity of the masses after 
impact. 

The impulse at impact on the particle m is m{^ — oa), or 

m,aq. which = — ; — , . aa\ while similarly that on m' is 
, m+m "^ 

a'a. 




m+m' 

The direction of the impulse is therefore that of the relative 
velocity before impact; its magnitttde is half the harmonic m^ean of 
the masses x the relative speed before impact 

Kinetic energy is always lost in this class of impact, as noted in 
§ 114, Cor. 2. The amount lost is that relative to the centre of 

mass, or \ia . gG^-\-\m! . ga!^^ which at once reduces to - ^^ , V\ 
where Y is the relative speed before impact. 2.m-vm 

Example. Deduce this last result also from the expression given 
in § 111 for the work done by an impulse. 
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139. Direct Impact of Spherical Particles. 

Definition. Two* tpherical particles are said to impinge 
directly when the velocity of each just before impact is parallel 
to the straight line joining their centres at the instant of impact. 

We shall assume as the basis of our theory of impact that in 
the direct impact of two spherical particles A and B the magni- 
tude of the velocity of A relative to B after impact bears a 
constant ratio to its magnitude before impact, and that its 
direction is reversed. 

The value of this ratio is denoted by e^ and is called the 
coefficient of restitution ; e is to be understood to be constant 
for particles of the same two materials however the masses and 
velocities are changed. 

If 6=1, the particles are said to have perfect restitution. No 
materials for which restitution is perfect exist in nature. For 
two glass spheres e is equal to ^, or very nearly unity. 

If 6 < 1, as is always the case in nature, the particles are said 
to have imperfect restitution. 

If 6=0, the particles do not separate after impact and are 
said to be without restitution. 

Until recently e was called the coefficient of elasticity, and 
particles were called perfectly elastic (e = 1 ), imperfectly elastic (e< 1), 
inelastic (e=0); the phrase coefficient of elasticity has, however, a 
definite and different meaning in the Theory of Elasticity, and is 
therefore better avoided. 

• 

The above rule was given by Newton as the result of experi- 
ments carried out by him ; it is a strictly empirical result ; the 
question of its place in the theory of elastic bodies is one of 
great difficulty, and is by no means settled. The rule has been 
repeatedly tested by experiment, and its accuracy for spherical 
particles seems established. 

The time during which two inipinging spheres are in contact 
is, according to Thomson and Tait, probably less than one- 
thousandth part of a second if the spheres do not exceed a yard 
in diameter, and are of such degrees of rigidity as copper, steel, 
or glass. The stress between the bodies at impact is therefore 
conveniently regarded as an iTistantaneous impulse) if the bodies 
are acted on by finite forces, their weights for instance, the 
changes of velocity at the instant of impact will be the same 
(§ 68) as if these forces did not exist. 

140. Two spherical particles whose coefficient of restitution is e 
impinge directly. To find their subsequent motion. 

Let m^m' he the masses of the two particles^ 
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Uy vS their velocities before impact, 
v, i/ their velocities after impact, 

all the velocities being reckoned positive if their sense is from 
left to right ; and let m be to tiie left of m! when the impact 
takes place, so that u > u', 

o p' q 9 q' p 

Denote the velocities u, u' by op, (yp\ 
and V, v' by oq, og'. 

Then (i.) the momentum, and therefore the velocity of the 
centre of mass, is unaltered by the impact 

Denote this velocity by og, g is the centroid of the velocity 
diagram, and hence 

m,gp=m' . p'g and m,qg=m! , g^. 

(ii.) The relative velocities before and after impact are, by 
Newton's experiments, in the ratio 1 : - e. These relative velo- 
cities are pp\ qq', 

:. qq;=-e.pp\ 

or, taking account of sense, q^^^e.j/p. 

Now g divides q^ a.nd pp' in the' same ratio, and therefore 

qg^e.gp, q'g=e.gp'y 

or, relative to the centre of masSy the velocity of each particle after 
impact=: -e (its velocity before impact) (A) 

.'. qp=qsf+9P=0^+^)9P 

=(1+6)-^. p> 

771 + Wl 

Hence if /a be the magnitude of the stress between the balls, 

IJL=m. qp 

m-t-m 
or in words, 

The impulse between the particles eqiials (l+e) x half the 
harmonic mean of the m<tsses x the relative velocity before impacty 
being greater than the value it would have had if the particles 
had been without restitution in the ratio 1 +« : 1, 
R.D. N 
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The change of velocity of m is - ", 

that of m' is + —,» 

m 

Thus v = u-^= u -(l + e) — : — i(u-u\ 

v'=w'+£,= i,'+(l+e)^-,(w-M'). 

141. The problem can, of course, also be solved by means of 
the equations, 

w2;+mV = ww+wV, (i.) 

expressing the constancy of the momentum, and 

t/-v= -c(V — «*), (ii.) 

expressing that the relative velocity changes in the ratio 1 : - e. 
But we have preferred to use the diagram of velocities as it 
gives considerable insight into the structure of the result. 

The theorem proved incidentally at (A), viz. : 

If two aphericdt particles whose masses a/re m, m' impinge directly , 
the vetocity of each relative to the centre of mass is altered in the 
ratio 1 : — e, is so important that we give an independent Car- 
tesian proof of it. 



'--' 



The velocity of the centre of mass is ^^ + ^^ . 

m+m 

Hence the velocity of m relative to this point before impact is 

mu+m'u' m' , ,. 
m+m m+m^ ' 
Similarly the velocity of m relative to this point after impact 

is ;(v - v'\ and the theorem follows since 7/ — v=—e(u' — u). 

m-\-m'^ ^* 

Examples. 

1. If the restitution is perfect and the masses equal, prove by 
inspecting the diagram of velocities that the particles on impinging 
interchange velocities. 

2. Hence discuss the following : In a straight line on a smooth 
horizontal table lie n balls, each of mass m, followed by n balls, each 
of mass m\ A ball of mass m impinges directly on the first of those 
of mass m with velocity V parallel to the line of centres ; examine 
the state of the system at any subsequent instant, all the balls having 
perfect restitution. 
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3. If a ball of mass m impinge directly on a ball of mass m' at 
rest, prove from the velocity diagram that m will be reduce! to rest 
if m=em\ 

4. A ball of mass 4 grams impinges directly on a ball of mass 
3 grams, the former moving with a velocity 13 cms. a second, the 
latter with velocity 6 cms. a second. If the coefficient of restitution 
is i, find the velocities after impact, and the magnitude of the stress 
between the balls. 

142. Let us study the expression for the magnitude of the 

impulse between the particles, viz., (l+c)-^^^!^(t*-?^'), a little 

more closely. ^+^ 

The change of velocity of the particle m, which is equal to 

may be regarded as made up of the two parts 



w 



m+m' 



,{n-u')=pg (fig. §140) 



m' 



and -e, ,(u-v!)=e,pq=gq. 

The first part reduces the velocity to that of the centre of 
mass, the second further reduces it to the final velocity v. 

Now we may divide the very small time of impact into two 
periods ; during the first of these the spheres are compressing 
each other, during the second they are regaining their shapes, 
the alteration of form being of course very slight ; let us call the 
first period that of compression, the second that of restitution ; 
at the instant dividing the periods the spheres are moving with 
a common velocity, viz., that of the centre of mass. Let us 
call the impulses of the reaction between the spheres for these 
periods respectively /j, I.^, Then it is clear that I^ produces in 
the mass m the change of momentum m . p^, while I<^ produces 
the further change m,gq = em.gp. Hence 

or the impulse of the reaction during restitution is equal to e 
times the impulse of the reaction during compression. 

143. Oblique Impact of smooth spherical particles. The 

oblique impact of smooth spherical particles is usually treated by 
the assumption that Newton's experimental result for direct 
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impact applies mutatis mutandis when the impact is oblique, or 
that when two spherical particles impinge with any velocities, the 
resolved relative velocity parallel to the line of centres at the 
instant of impact is altered by the impact in the ratio I : -e, 
e being a constant defined as before. 

Two smooth spherical particles of m^asses m, m! impirige ohliquety. 
To ilnd the imptdsive stress between tliem during the impact^ and 
their velocities after impact. 




Let the velocities of the particles before impact be Uj u! 
inclined to the line joining the centres at the instant of impact 
at angles a, a\ and let the velocities after impact be v^ v' inclined 
to the same line at angles )3, ff^ the positive sense for resolved 
parts parallel to the line of centres being from left to right. 

Then (i.) since the particles are smooth, there is no impulse 
on either particle perpendicular to the line of centres, and 
therefore the resolved velocities perpendicular to this line are 
unaltered, and therefore 

V sinfi =u sin a, (1)1 

i/sin j8'=2*'sina' (2)/ 

(ii.) Since there is no impulse on the system parallel to the 
line of centres, the momentum resolved in this direction is 
unaltered, or 

mv COB 13+ m'l/ cos 13^ =mu COB a +m'u' cos a! (3) 

(iii.) Newton's experimental result gives 

v' COB 13' — V COB P= —e(u'coBa' — usoBa), (4) 

Equations (1), (2), (3), and (4) are sufficient to determine the 
unknown quantities v, v', P, p. 

Instead of solving these equations directly, it will be better 
to note that, writing i^cosa for «, t^'cosa' for u\ etc., the 
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theorem of § 141 still holds ; iu other words, the velocity of each 
partide relative to the centre of mass resolved parallel to the line of 
centres is altered by irnpact in the ratio 1 : — e. 

Hence, since the velocity of the centre of mass remains un- 
altered by the impact, the complete change in the resolved 
velocity of w=the change in that velocity relative to the centre 
of mass 

= - e . — ; — -,(u cos a - 1* cos a ) ; — Au cos a-u coa a) 

= - (1 + e) .in cos a - 1*' cos a'). 

Hence, if ^ be the value of the impulse between the particles, 

+ e) ; ( w cos a - w cos a ). 

The corresponding changes of velocity being -^ for the 
particle m, and + A for the particle m', we have thus 

V coaB =u cosa -—, (5) 

^^cosp'=^u'co8a'+J—,, (6) 

Hence from (1) and (5), squaring and adding, 

i^^u^-2ucosa .— + ^, (7) 

v'2=w'2+2w'co8a'.^ + ^, (8) 

giving V and ff in terms of known quantities. 
Lastly, dividing (5) by (1) and (6) by (2), 

cot fl =cota —. — , \ (9) 

^ miasma ^ ^ 

cot)S'=cota'+-r-A — n (10) 

giving the directions of v and v\ 

Corollary. It follows as in § 142, substituting resolved 
velocities for u^ u\ that if /j, I^ be the impulses during com- 
pression and restitution respectively, I^^el^, 
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144. The student will find it instructive to obtain equations 
(7X (8X (9), and (10) of the last paragraph directly from the 
velocity diagram, which we may construct as follows : 

Let op, op' represent the velocities before, oq, oq' the velocities 
after impact, o is not indicated in the figure. Taking^, in pp\ 
so that m . gp=mf .p'g, og is the velocity of the centre of mass, 
which remams unaJterea. Hence qgq' is a straight line, and 




pqj p*c[ being the changes of velocities are parallel to the line 
of centres. 

If ^, r be the respective projections of p\ ^' on pq or pq pro- 
duced, ply qr are the resolved relative velocities parallel to the 
line of centres before and after impact. Hence, by Newton's 
experiment, qr=e. Ip^ and if / be the projection of g onpq^ the 
student will easily prove by similar triangles that qfre.Jpy 
fr=e,lf. The equations now easily follow. 

145. Certain general results may be here remarked. 

(1) In the oblique impact of two spherical particles if the initial 
velocities are increased in any the same ratio without altering 
their directions, the final velocities are in the same directions as 
before, and are also increased in this ratio ; moreover, the 
magnitude of the stress is iacreased in this ratio. 

The proof merely consists in remarking that the standard 
figure of § 144 will, if magnified until op and op' are increased 
in the required ratio, represent equally well the velocity diagram 
of the new motion. 

(2) If two spherical particles whose restitution is perfect impinge 
obliquely y their relative velocities before and after impact are equally 
indin^d to the line of centres. 

This is evident, for pp', q<f are the relative velocities, and in 
this case qf=fP' 
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(3) The conditions that the particles should interchange velo- 
cities are : 

(i.) They must have the same resolved velocity perpendicular 
to the line of centres. 

(ii.) Their masses must be equal. 

(iii.) Their restitution must be perfect. 

The reader will easily deduce these conditions from an inspec- 
tion of the diagram, making p and q' coincide, as also p' and q, 

146. ImiMust of a Particle on a Smooth Fixed Plane. 

If e be the coefficient of restitution for the materials of which 
the plane and the particle are composed, the resolved velocity of 
the particle perpendicular to the plane is altered in the ratio 
1 : — «, while tne resolved velocity parallel to the plane is 
unaltered. 

Hence if u be the velocity of the particle before impact, v that 
after impact, and if t«, v be inclined to the normal to the plane 




at angles o^ $ respectively, and e be the coefficient of restitution 
between the particle and the plane, 

vsin^=t*sina, «?cos^= — ewcosa, 

whence v=^u Vsin^a + e^cos^a and cot ^ = — 6 cot a, 

the negative sign showing that the directions of u and v lie on 
opposite sides of the normal. If m be the mass of the particle, 
the impulse on it is clearly mu cos a(H-e). 

147. If the plane is rough, the coefficient of friction being /x, 
there is at each instant of the small time during which the 
contact lasts a friction equal to /x times the normal pressure ; 
hence the impidse of the friction = pi times the normal impulse 

= /jt . mu cos a(l + e). 

Hence the resolved velocity of the particle parallel to the 
plane after impact is u^m a — fiu co& a(l +e\ and 6 the angle the 
direction of motion after impact makes with the normal is given 

•^y ^ ^ e cos a 

cot ^= - /, , V 

sm a - /A cos a(\+e) 
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Examples. 

1« There are two smooth spheres of equal mass, one at rest, and 
their directions of motion after impact are both inclined at 30° to 
the direction of motion of the impinging sphere ; prove that the co- 
efficient of restitution = J. 




Drawing the velocity diagram, with the notation of § 144, p' 
coincides with o, g is the middle point of 'p'p\ and qoc(p is a 
rhombus, angle qoq! being 60". 

Hence lq=qr=rp ; but qr=e . Ip ; 

2. One smooth ball impinges on another, which is at rest; if 
the restitution is perfect and the original direction of the motion of 
the striking ball be inclined at an angle of 45" to the line joining the 
centres of the balls, find the angle between the directions of its motion 
before and after impact. 




Here, with the usual notation, m'=0, a =45", /3'=0, since the 

second ball moves off parallel to the line of centres. 

For equation ( 1 ) we have v sin /3 = m sin 45". 

Equation (2) is identically satisfied. 

For equation (3) we have mv cos /3 + mV = mu cos 46°. 

And for equation (4), v' -v cos j3 = + w cos 45". 

From (3) and (4), 

« , / « w \ mu 
WVCOS/3 + W ( t;cos)3 + -^j = -^, 



or 



{m + m') V cos /3 = (m - m') 



u 
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Also, from (1), 



.*. tan/9= 



u 
m+m' 



7f' 



m-m 

.*. angle between directions of motion of the ball whose mass is m 

wi + wi 



1- 



= 225'*-/3=tan-i 



fn — m 



1 + 



wi — w* 



---(-s 



or the acute angle 
Or, by the diagram, thus ; 

9 



— -foTl-l 



=tan 







Here op' is zero, so that p' and o coincide. Also qf=fPi since 
e=l. 
Also, since angle opg=46*, gf=fPi 

.*. 9^ is a right angle, and qg=gp; 

• tan«;Sa=^=^ = -. 
^^ og og m 

3. A smooth sphere ^ at rest is struck by another smooth sphere 
A, so that, whatever the direction of A^a motion before collision may 
be, A and B after collision move at right angles ; find the value 
of the coefficient of restitution. 

4. A smooth ball strikes another which is at rest, the an^le 
between the line joining the centres of the balls and the direction 
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of motion of the first ball being a. This ball moves off in a direction 
perpendicular to its original direction. Show that the masses of the 
balls are in the ratio ecos'a-sin^a : 1, where e is the coefficient of 
restitution. 

6.^ Two equal balls moving in parallel but opposite directions 
impinge obliquely. If after impact their lines of motion are per- 
pendicular, prove that the sum of the squares of their speeds after 
impact is equal to the square of the difference of their speeds 
before impact. Also find the angle which their direction of motion 
before impact makes with the line of impact that this may be the 
case. 

The diagram gives a compact solution. 

6. Six equal spheres are placed with their centres at the angular 
points of a regular hexason, and another equal sphere lies within the 
hexagon in contact with one of them so that the common tangent 
passes through the centre of the next, and is projected towards the 
next parallel to this tangent ; the coefficient of restitution of all the 
spheres being unity, show that the projected sphere will impinge on 
them all, and will after the last impact be moving in its original 
direction. Find its speed sifter the last impact, and the speeds 
and directions of motion of the others. 

7. A ball A is dropped from a height h^ and subsequently an 
equal ball is projected vertically upwards with a speed due to the 
height h, and meets the first ball in airect impact. If the restitution 
is perfect, discuss the subsequent motion. 

8. A smooth ball impinges on another ball at rest ; prove that 
when the deviation of the path of the striking ball after impact from 
its original direction is a maximum 

(i.) the initial velocity of the striking ball makes the same angle 
with the line of centres as the final velocity makes with a perpen- 
dicular to this line ; 



(ii. ) this anffle =tan-^ — =tan-^\/ — ; — 7-> 



u and V beinff the initial and final sjpeeds of the striking ball, m, m* 
the masses of the balls, e the coefficient of restitution ; 



(iii.) the angle of maximum deviation is 

tan* 



. (l+e)m^ 



2\/(m - &m') {m -I- m') 
What is the maximum deviation when m<e7n'? 

[These results are easily obtained by geometry from the velocity 
diagram, noting that jp' coincides with o, that the ratio paxjiLSA 
constant, and that op may be taken, without loss of generality, to 
be of constant length (§ 146).] 
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9. Prove that in order to produce the greatest deviation in the 
direction of a smooth billiard-ball of diameter a, bv impact on 
another equal ball at rest, t he for mer must be projected m a direction 

making an angle sin~^-\/-;r^ with the line (of length c) joining 

their centres, e being the coefficient of restitution. 

10. A smooth sphere impinges against another of equal mass, the 
restitution being perfect. Prove (from the diagram, or otherwise) 
that the impinging sphere always moves off at right angles to the 
line of centres. W hat happens when the impact is direct ? 

11. A smooth ball of given mass moving with given speed comes 
into collision with another ball of given mass moving with given 
velocity/. Give a geometrical construction for the maximum deviation 
of the latter, the line of centres remaining the same in all cases. 



148. Loss of Kinetic Energy by Impact. When two 
smooth spheres whose restitution is imperfect impinge, a 
certain amount of kinetic energy disappears, and is converted 
into heat. 

We proceed to estimate the kinetic energy which thus changes 
shape. Now 

(1) The kinetic energy of the centre of mass is unaltered by 
the impact. The whole loss of energy must be therefore from 
the kinetic energy relative to the centre of mass. 

(2) Resolve the velocities of the spheres parallel and per- 
pendicular to the line of centres at impact. That part of the 
kinetic energy which depends on the perpendicular components 
remains unaltered. Hence we have only to study the kinetic 
energy relative to the centre of mass due to the components 
parallel to the line of centres. 

Let V, V be the relative velocities of the particles, resolved 
parallel to the line of centres, before and after impact, both 
estimated in the same sense (one of them will of course be 
negative). 

The resolved velocities of m relative to the centre of mass are 
thus 

-,V and — ; — -,Vy 



while those of m* are — ; — > V and - - — , V\ 



m+m m+m 

— ; — >F and - — ; 
m+m m+m 
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Hence the loss of kinetic energy is 

2 \m+m' J 2 \m+mf J 

1 TflT/l' 



2 m+ml 

1 wiwt' 

2 m+m' 
1 wiw*' 



_(F2_7/a) 



^(l-c2)F8, since F'=-«F 



— « 7 (1 - ^)(^^ COS a - w' cos a')^ 

where t^, u\ a, a' have their usual meanings. 
The loss is thus always positive, vanishing, however, when 

Examples. 

1. Deduce this result : 

(a) From the formula of § 111 for the work done hy an impulse. 
(6) From the velocity diagram. 

2. Two smooth halls impinge ohliquely on one another, and at the 
instant of impact they fire a small quantity of detonating powder, 
which by its explosion imparts to each of them (entirely in the line 
of centres) a momentum bearing to the momentum transferred by 
ordinary impact the ratio e' : 1+e. Prove that the increase of 
kinetic energy due to impact is 

*<*+*^-^>;^' <"-"'>'' 

where m, m' are the masses of the two balls, u, u' their velocities 
resolved parallel to the line of centres before impact. 

3. Two smooth spheres, whose restitution ia perfect, impinge 
directly. Show that the enerey exchanged is the product of the 
speed of their centre of mass, of the relative speed before impact, and 
of the harmonic mean of their masses. 

4. One smooth sphere impinges on another at rest ; if half the 
kinetic energy is lost, prove that the coefficient of restitution must 

be less than -j^. 

>/2 

5. Prove, that the energy lost in the collision of two smooth 
spheres is i i-g/i i\ 

2TTiVm^mV ' 
where / is the momentum transferred from ball to balL 
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149. When a spherical particle impinges simultaneously on 
two others, or when the impinging particles are in any way 
constrcdnedy it is clear that Newton's rule as to the relative 
velocity after impact is no longer directly applicable. In this 
case it is usual to assume, for each pair of bodies which impinge, 
that the impulse during restitution is equal to e times tne 
impulse during compression (see § 142). A single example will 
suffice to make the method of procedure clear. 

Example. Two equal balls on a smooth plane are connected hy 
a tight inextensible string ; a third eqiud oaU impinges on one of 
them directly with spemN in a line making an aivgle a vdth the 
stringy so that the string is jerked; prove that the initial speed of 
the ball that is struck is 







F(l+c)Vl+3sin2a 
3+sin'a 




Denote the balls connected by the string by A and B^ and let 
the third ball C strike B. Without loss of generality we may 
take the masses of each of the three balls to m unity. 

Then, at the end of the period of compression, the balls B and 
C will be moving with a common velocity parallel to the line of 
their centres ; the velocity of A will be, both at the end of this 
period and at the instant when B and C separate, along the 
string. 

Let then 
L be the impulse between B and C during compression, 
4 ,» >» »> restitution ; 

Uy u' the velocities of B respectively parallel and perpendicular 
to the string at the end of tne period of compression. 

v, 't/ the final velocities of B m these directions. 

Then the corresponding velocities of A are te, v along the 
string. 

Now the velocity of C is reduced by the impulse I^ from V to 

uco^a+u'&moy 

this latter being the velocity of B^ at the end of the period of 
compression, resolved in the direction CB. 

,*. /i= F-(wcosa+w'sina) (i.) 



206 ELEMENTARY DYNAMICS. 

And we further have, resolving parallel and perpendicular to 
the string for the momentum of the system (A, B), 

/iC0sa=2t^, (ii.) 

/isina=t*', (iii.) 

/2COsa=2t;-2w, (iv.) 

/2sina=i/ — m' ; (v.) 

and finally, /2=c. /j (vi.) 

From (ii.), (iv.), and (vi.) we obtain 

v={\-\re)u, 

and from (iii.), (v.), and (vi.), i/=(l +e)M'. 

Also, by substituting for u and t^ in (i.) their values found 
from (ii.) and (iii.)^ "we have 

* 3+sm^a 

, Fcosa , 2Fsina 

whence u= ^ . • g » t^ = o . • 2 » 

3+sm% S+sm'^a 

_ (l+e) Fcosa ,_ (l+e). 2Fsina 
^" 3 + sin«a ' ^ "" B+sin^a ' 

and the final speed of B 

B+sm^a 

Had it been desired to find the final speed of the ball C, we 
should have had, denoting this speed by r, 

/^+/2=F-F', 

or /i(l+c)= F-F', 

whence F' is at once found. 

150. Oontinuoiis Impact. We have remarked (§ 68) that 
the effect of a constant succession of impulses on a particle, 
when the number of impulses is indefinitely increased, and 
their magnitude and the intervals between them indefinitely 
diminished, approximates to that of a force. The method of 
dealing with such cases is illustrated in the following example. 
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A chilcPs toy consists of a metal tube \ in. in diameter^ tent 
towards one end at right angles, and terminating in a cup. In 
the cup rests a hall of \\ in. diameter, consisting of a very light 
envelope filled with air ; the mass of the envelope and the air it 
contains are equal to 24 times that of an equal volume of air. On 
hlovnng thr&iigh the tube, a column of air whose diameter is equal 
to thoU of the tube impinges on the hall, raises it, and supports it 
steadily. Find the speed of the current of air in feet per second^ 
assuming that its speed after striking the hall is negligible. 



O 



Since the column of air delivered is of small section, we mav 
assume that all the impulses of the particles of air on the ball 
are vertical. 

. Now, V being the speed of the current of air in feet per second, 
the volume of air delivered in a small interval r 

= 'T ( — ; I . VT cubic feet. 

Vl6xl2/ 

Its mass therefore is 

d,7r{ r-r tt; I . VT, 

\16xl2/ ' 

where d is the mass of 1 cubic foot of air. 
Hence the momentum destroyed by impact in the interval t is 

and the momentum destroyed per second is 

d,7ri ,^ ,^ ) . v^. 
\16.12/ 

This is equivalent to the upward thrust on the ball. 
Hence, if J/ be the mass of the ball, we have 

or ^^^ (16.12)' 
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Now the volume of the ball 

= o T { z — 7s ) c. feet =-r7: — 777 — z-pi c. feet. 
3 \4xl2/ 16x12x16 

. If . ^^ 24 . 1 



or 






. . 2ir (16x12)2 ^^ .^. ^. 

=64x122 
.'. r=96 feet per secoDd, 
or rather more than the speed of an express train. 

151. Motion of Heavy Chains. A heavy string or chain 
may be considered (§ 70) as the limit of a line of particles 
connected by light strings, when the number of particles is 
indefinitely increased, and the intervals between them inde- 
finitely diminished. The student will find no difficulty in 
writing down equations for the motion of such a chain from 
this point of view. The procedure we shall adopt will differ 

slightly from this. 

Consider a heavy chain whose mass per unit 
length is m, partially coiled up on a horizontal 
table at J, while the straight part AB is mov- 
ing vertically upwards with speed v. As each 
]iws. (or particle) is picked up and started into 
motion with speed v there will be a small 
impulse on the chain at A, and the constant 
succession of these impulses will be equivalent 
to a finite tension at A, In fact, in a small 
time T a length vr is started into motion ; the 
mass of this length is rnvr, and its momentum 
changes from zero to mvr . v or mvh' ; consequently the value of 

the tension at A = =rm\ 

T 

Similarly, if the chain is degcendinffj the pressure on the table 
will be equal to the weight of the part coiled up increased by 
the force requisite to destroy the momentum of the links as 
they arrive at A ; this latter force is, as before, mv^. 

When at some part of the chain the links are thus being one 
by one jerked into motion, or brought suddenly to rest, the 
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equation of energy cannot he directly applied; for we have 
learnt that energy is always lost from the system in inelastic 
impact. A simple example will bring this clearly home to the 
student. Suppose that a chain of length I and mass per unit 
length m is coiled loosely in the hand, and that the coil is let 
fall while one end is held fast. When the chain is hanging 
straight, the work that has been done by the weights of the 

various links is equal to m . ^ . ^ . -, or ^mPg, but the chain 

has no kinetic energy ; consequently an amount of energy equal 
tohnPff has disappeared from the system. 

It is easy to find an expression for the rate at which energy 
is leaving the system at the point A (above). For a mass mv . t 
is started in time t with speed v. Hence (expression for the 
work done by an impulse, § 111) the energy lost in time t is 

wv^.T.— 1_, or ^mv^T. Consequently energy is leaving the 
system at a rate ^mv^ per second. 

Example 1. A chain whose mass per unit length ism is coded 
wp near the edge of a table, mth a length a hanging over the edge. 
The system starts from rest. Find the speed when an additional 
length x has passed over the edge. 

Let V be the speed, / the acceleration 
when the additional length x has passed 
over. The mass of the vertical part of 
the chain is thus m(a+^). 

The external forces are its weight 
mg{a+x) and the tension at the top, 
which is equal to m/t^. 

Hence, by the Second Law, 

m{a + x)f=m/g(a + a?) — mv^, 

or '^■\-(a^rX)f=(a-\-x)g. (i.) 

Now divide x into n intervals, each 
equal to y, so that x=ny, and let v©? ^ii ^2, ... «?n lt)e the speeds 
when lengths 0, v, 2y, 3y, ... of chain have passed over the 
edge, then, provided we diminish n indefinitely, in accordance 
with the kinematical principles laid down in Chap. ii. we may 
write for / in the above equation 

^_V ^-Vn-\ 
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whence, substituting for / in (i.) and writing v^ for v\ 

:. Vn\a+n+2y)-Vn-i\a-\-ny)=(a+ny)2gy, 
or, multiplying through by a+r^+ly, 



Vn^{a + n+2y)(a+n + l7/)-Vn-i\a+n + ly)(a + ny) 

= 2gy{a + ny)(a + w+ly). 

Now v^—0. Hence, by ordinary algebra (see Charles Smith's 
Algebra, Chap, xxv., § 318, Summation of Series), 



Vn^(a +n + 2y)(a +n + ly) 



^2 (a+ny)(a+n+ly)(a+n+2y)-a(a+y)(a-\-2y) 
whence, diminishing y indefinitely, and putting ny=x, 

2ax 
GoroUaxy. If a=0, 1^=-^, and the acceleration is constant 

and =?. 
3 

Example 2. A uniform chain, a length 1 of which has mass 
m, lies coiled completely ?fy on a horizontal table. To one end is 
attached a light inextensihle string which passes over a smooth 
pulley vertically above the coil ; to the other end of the string is 
attached a mass m ; the system being initially at rest, discuss the 
motion. 

Let V be the speed, / the acceleration of the system when a 
length X of the chain is raised, and before the system first comes 
to rest. 

At the end of the uncoiled part of the chain there is a tension 

V 

We may regard the part of the system which is in motion 
at this instant as a mass m-\-m,- under the external forces 

lm — m^\g, and -r-v^, in opposite senses (§ 84). 
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. f , ^\ ^ f ^\ «^ ft 



As before, put a?=wy, /= " g ""S ^=«'n, 

whence i'H{l+n+2i/)-Vn-i\l+ny)=2git/(l-ni/). 
Multiplying by ? + w + ly, 



=2gi/(l-n^)(l+n+li/) 



whence, since Vq=Oj we have, by summation of series, 



=2g^ r^l (^+'^+^M+n+2y)-(l+ M+^2/) 

(I + ni/)(l +^H^y)(g + ^r+2y) - 1(1 +y){l + 2 j^)n . 

^ J' 

whence, increasing n indefinitely, 

i^{l+xf^2g\l{T+^-J^)- ^^'^''l'^ 

. .2g Zl^x-a^ 

The system next comes to rest when «;=0, or x=lij^. 

After this the chain again coils up ; there is now, however, no 
tension at its lower extremity, but only a corresponding pressure 
on the table, which will not appear in the equation of motion of 
the chain. If / be the (downward) acceleration of the chain 
when a length x remains uncoiled, the new equation of motion is 

an equation by means of which v can also be found by elementary 
methods, but not so conveniently. 
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Since, however, energy is continually leaving the system, owing 
to the succession of impulses, at a rate ^v^, which is in general 

finite, it is evident that the chain after oscillating will at length 
come to rest with a length I uncoiled. 



Examples on Chapter VI. 

1. Two smooth halls impinge obliquely, so that their directions 
of motion are interchanged ; prove that the product of their speeds 
is unaltered, and that, if their masses are equal, their directions of 
motion must be equally inclined to the line of impact, and their 
velocities must be interchanged. In this case, what is the coefficient 
of restitution ? 

2. Three equal balls A, B, C, whose coefficient of restitution is 
e, are at rest in a straight line on a smooth horizontal plane. If A 
be projected towards B, show that there will be (1) at least three 
impacts, (2) at least four if e<3-2j^2, and (3) at least hve if 

c+e-i>4+2/^5. 

3. Two spheres, without restitution, of masses m and m' respec- 
tively are in contact, and m receives a blow through its centre in a 
direction making an angle a with the line of centres. Show that 
the kinetic energy generated is less than if m had been free in the 
ratio in-\-m' sin% : m-\-m'. 

4. A number of particles originally in a straight line fall from 
rest and rebound from a horizontal plane whose restitution is im^ 
perfect. Prove that at any time the particles which have rebounded 
once will lie in a parabola, finding an equation for the curve in 
cartesian coordinates. 

5. If a ball, whose restitution is imperfect, return to the same 
point after three reflexions on the inside of a smooth circle, the 
motion taking place on a smooth horizontal plane, one of the 
diagonals of the quadrilateral so described is a diameter of the 
circle. 

6. Two unequal smooth spherical bodies of masses M and m are 
at rest at a distance a from one another, and are continually urged 
towards one another with the same force F of constant magnitude. 
Prove that they will always impinge on one another at the same 
point and will come to rest after a time 



l+e^/2^ 

rreSy 



mM 



7. A ball, whose restitution is perfect, is projected vertically 
with velocity v^ from a point in a rigid horizontal plane, and when 
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its velocity is V2 an equal ball is projected vertically from the same 
point also with velocity v^; show (i.) that the time that elapses 

between successive impacts of the two balls is ^, (ii.) that the 

9 
heights at which they take place are alternately 

{Svi-Vi)(vi + V2) J (3i^ + V2)(t;i-t7a) 
Sg Sg * 

(iil.) that the velocities of the balls at the impacts are equal and 
opposite and alternately i(t^-Va) and ^(^1+^3). 

8. Show that impact on a fixed obstacle is attended with greater 
loss of energy than impact on a body of the same material at rest 
but free to move ; but that the kinetic energy of the striking body 
will be less after impact in the second case if its mass be less than 

of the mass of the second body. 

1-e 

9. Two equal particles, whose coefficient of restitution is ), are 
hung from the same point by equal strings. They are drawn aside 
till the strings are in the same horizontal line, and are let go 
simultaneously. Find how many impacts must take place that the 
rebound of a particle may be reduced to less than 5 mmutes of arc. 

10. A particle is projected inside a straight smooth tube of mass 
equal to that of the particle closed at both ends and at rest on a 
smooth horizontal table. Prove that the distance travelled through 
by the tube when the particle has just made (n+ 1) impacts is 

«(l-e") ^^ a(l-e^) 
e»(l-e) e«(l-e) ' 

according as n is even or odd, where 2a is the length of the tube, 
and e is the coefficient of restitution. 

11. A smooth particle of mass m is at rest in an empty rect- 
angular box of mass M which is free to move down a smooth plane, 
inclined at an angle a to the horizon, the lowest edge of the box 
being horizontal, and the particle being at its middle point. Sud- 
denly the box is started down the plane with velocity V. Prove 
that, if the coefficient of restitution be unity, the particle will strike 
the top and bottom of the box after equal successive intervals of 
time ; and that the spaces travelled by the box in the first and 
second of these intervals are as 

r^+^/sina : :^:i^ra+3(/?sina, 

where 21 is the length of the box. 

12.. There are two smooth balls, masses m^^ m^; both are free to 
move inside a smooth circular tube, fixed in a horizontal plane ; 
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prove that after n impacts the kinetic energy of the system is 



oWh+TWae^ 



u being the initial speed of the ball mj, the ball m^ being initially 
at rest, and e being the coefficient of restitution. 

13. A railwajr carriage of mass M moving with velocity v im- 
pinges on a carriage of mass M' at rest. The force necessary to 
compress a buffer through the full extent I is equal to the weight of 
a mass m. Assuming that the compression is proportional to the 
force, prove that the buffer will not be completely compressed if 



^<2„.,i(^+^). 



Prove also that if v exceeds this limit, and the backing against 
which the buffers are driven is without restitution, the ratio of the 
final speeds of the carriages is 

Mv-hmM'gl(l+^\y : Mv-\- UmMglfl +;^/)}^- 

14. Two equal small spherical beads are strung on a smooth 
horizontal circular wire, and projected in the same direction along 
the wire with speeds 5m and u respectively. Show that, if e= J, the 
impacts will all take place at the ends of the same diameter, and 
that the angle described by the first bead in the interval between 
the first and 71 + 1*"^ impact is 

37r(2»-l)-|{l-(-ir}. 

15. Give a geometrical construction for the path of a ball which 
after impinging on the four sides of a billiard table returns to the 
place of projection. 

16. A particle is projected along a smooth horizontal table so as 
to strike first one and then another of two perpendicular smooth 
boundaries whose coefficients of restitution are respectively e and e'. 
Show that, in order to make the deviation of the direction of the 
final path from the reversed direction of the original path as great 
as possible, the latter must make an angle 

tan-M(^/e'-^/c)/(^/e'+^/e)} 

with the bisector of the angle between the boundaries, and that then 

the deviation is tan-^-J Wl «. ^~ I. 

17. A wedge of mass M and angle a can move freely on a smooth 
horizontal plane ; a smooth sphere of mass m strikes it in a direction 
perpendicular to its inclined face and rebounds. Prove that the 
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ratio of the speeds of the sphere just before and just after impact 

is — p-^, where e is the coefficient of restitution. 

eM-mamfoL 

18. An inclined plane of mass M is capable of moving freely on a 
smooth horizontal plane; a smooth sphere of mass m is dropped 
vertically on its inclined face and rebounds. Show that the loss of 
kinetic energy is i Mmu^l - e^)GOB^a 

2' M+niBin^a 

where e is the coefficient of restitution of the sphere, u its speed 
on reaching the plane, and a the inclination of the plane to the 
horizon. 

19. A weightless rod is pivoted at its middle point, and is free to 
move in a horizontal plane. It has two small spheres, each of mass 
m, attached to its extremities, and another equal sphere moving in 
the horizontal plane strikes one of the former directly in a direction 
making an acute angle a with the rod ; show that it will be reduced 

to rest by the impact if sina=\/2e, where e is the coefficient of 
restitution. 

20. A smooth sphere of radius r and mass m is hung by a strins 
above a horizontal table, and another smooth sphere of radius r' and 
mass m' is moving on the table ; prove that the cotangent of the 
angle through which the direction of motion of the second sphere is 
delected by a collision is 

^{m'{r+r')^-{-mb^}{{r+r')^-a^-b^~^; 

the spheres beins without restitution, and a and h being the vertical 
and norizontal distances of the centre of the first sphere from the 
path of the centre of the second before impact. 

21. Two equal smooth spheres of radius r move with the same 
speed in opposite directions in parallel lines at a distance c apart ; 
prove that the motion of each deviates on impact through a right 
angle if c'(l +e)=4er^, where e is the coefficient of restitution. 

^ 22. A small smooth billiard ball is at the centre of a rectangular 
billiard table whose sides are a and b. Another equal ball is puMsed 
at such a point of one of the sides a that when projected in the 
proper direction it will strike the other ball and drive it into one of 
the pockets at the comers, whilst it goes itself into the pocket in the 
middle of the opposite side a. Prove that the second ball must be 
placed at a distance from the centre of the side which it touches 

equal to io^^j^ ^ , where c is the coefficient of restitution. 

23. A smooth billiard ball of radius a is at rest with its centre at a 
distance b from a cushion. An equal ball is projected in a direction 
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making an angle 6 with the cushion, and strikes the first ball so that 
the line of impact is perpendicular to the cushion. Show that, if 

be greater than cos~^^, the balls will kiss. (Assume that the balls 
and the cushion have perfect restitution. ) 

24. Three equal smooth billiard balls, whose size may be neglected , 
are placed at the points A^ B, G. Show that it is not possible for 
A to cannon off jS on to G, unless the angle A BG is greater than the 

obtuse angle whose sine is ^^—i where e is the coefficient of restitution. 

25. Two equal smooth balls lie in contact on a smooth table. A 
third equal ball impinges on them, its centre moving along a line 
nearly coinciding with the horizontal common tangent at the point 
of contact. Assuming that the periods of the two impacts do not 
overlap, prove that the ratio of the speeds which either ball will 
receive according as it is struck first or second, is 4 : 3 - e, where 
e is the coefficient of restitution. 

26. Two equal smooth spheres, each of mass m, are in contact on a 
smooth horizontal table, and a third equal sphere of mass m' impinges 
symmetrically on them. Show that this sphere is reduced to rest 
by the impact if 2m'=3em, e being the coefficient of restitution, and 
find the loss of kinetic energy by the impact. 

27. Two smooth equal spheres, of radius a, rest in contact on a 
smooth horizontal plane. A smooth sphere, of radius 6, falling with 
its centre vertically above the point of contact, strikes the spheres. 
Prove that the speed of the falling sphere is altered by the impact 
in the ratio 6^: 2a(2a + 6) + 6'*, where the density of the spheres is 
the same, and the spheres are without restitution. 

28. A weight of mass m, and a bucket of mass m', are connected 
by a light inextensible string which passes over a smooth pulley. 
Ijiese bodies are released from rest when a particle whose mass is p 
and coefficient of restitution c falls with vertical velocity V upon the 
bucket. Prove that a second collision will occur between the 
particle and the bucket after time e(m+m')F/m^, and find the 
condition that the bodies may then be in their initial positions. 

29. Two equal scale pans, each of mass m, hang at rest over a 
smooth pulley. A particle of mass M without restitution is dropped 
from a height h into one scale pan, and at the same instant a particle 
of equal mass, but whose coefficient of restitution is e, is dropped 
from an equal height into the other scale pan. Prove that every 
impact occurs when the pans are in their original positions, and that 
the total space described by either pan before the motion ceases is 

e^ M{ 2,m + M) , 
r^* 2{m+Mf 
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90. One end of a uniform chain is held above a fixed horizontal 
plane without restitution ; part of the chain hangs vertically, and 
the rest is coiled up on the plane ; the upper end of the chain is then 
released and the vertical part falls. Show that at any time the 

{>ressure on the plane is less than three times the weisht of chain 
ying on the plane at that time, by twice the weight of chain 
originally lying on the plane. 

31. A heavy chain of length I is held bv its upper end, so that its 
lower end is at a height I above a horizontal plane. If the upper end 
is let go, prove that at the instant when half the chain is coiled up 
on the plane, the pressure on the plane is to the weight of the chain 
in the ratio 7:2. 

32. A heavy chain of length I, and weight w, is suspended from 
one end, and the lower end is at the hei^t I above a horizontal 
table. If the upper end be let go, prove that as the chain falls on 
the table the pressure on the table increases from 2w to 5w, If after 
the chain has fallen one end of the coil be taken hold of and lifted 
with uniform velocity, find how the requisite lifting force changes 
untU the coil is completely lifted off the table. 

33. A chain of length I is coiled up at the edge of a table. One 
end is fastened to a particle whose mass is the same as that of the 
whole chain. The other end is put over the edge. Prove that 
immediately after leaving the table the particle is moving with 



speed "^^9^- 



34. A number n of particles, each of mass p, are attached at 
equal intervals a to one portion of a string, and are heaped up upon 
a norizontal table ; the other portion of the string is passed over a 
small smooth pulley vertically above the heap at a distance greater 
than na from it, and carries a mass m at its free end ; at the com- 
mencement of motion the first particle is just leaving the table; 
show that 

3(w+np)2i;a=(7a{6(n-l)m«-n(n-l)(2»-I)p2}, 

V being the speed of m just after the last particle leaves the table. 

35. Three particles A, B, G are in a straight line attached to 
points on a strmg and are moving in a plane with equal velocities at 
right angles to this line, their masses being m, m' and m respectively. 
If £ comes in contact with a fixed obstacle whose restitution is 
perfect, prove that the initial radius of curvature of the paths which 

A and G begin to describe is % where AB=BG=a. 



CHAPTER VII. 



Special Problems. Projectiles. 

152. A PARTICLE projected in any direction in vacuo is 
acted on by its weight {mg\ and by no other force. We have 
already remarked (§ 64) that in consequence it has an acceleration 
g vertically downwards, independent of the velocity of projec- 
tion, and that the path is tnerefore a parabola with its axis 

vertical. The latus rectum is — (§ 40, iii.), where u is the 

9 
constant horizontal component of the velocity. 

153. Summary of Kinematical Formulae connected with 
the Motion. 

(1) Velocities. Let PAQ represent the path, and let pq be 
the hodograph, o its pole, and let small letters in the nodo- 
graph correspond to large letters in the path. Let op, the 
initial velocity, be of magnitude F, inclined at an angle a to the 
horizontal. 



M 





Let A be the highest point of the path. Draw oa perpen- 
dicular to pq. Then oa, numerically equal to Fcosa, repre- 
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sents the constant horizontal component of the velocity which is 
also the velocity at A, 

Let P' be the position of the particle t seconds after starting. 
Then op' representing the velocity at P', pp'=gt. 

Thus the velocity at P' has for horizontal and vertical com- 
ponents Fcosa and Vain a— gt respectively. 

It is inclined to the horizon at an angle tan"* — = ^ . 

Fcos a 

The hodograph shows that the velocities at equal intervals 

before and after reaching A [that is, at equal vertical heights] 

are ecpiaX in magnitude and equally inclined to the horizon in 

opposite directions. 

(2) Displacements, P' be- 
ing the position of the 
particle at time t, the dis- 
placement PP' is equal to 
the vector sum of 

(i.) a displacement Vt in 
the airection of F, and a dis- 
placement \gt^ vertical ; or 

(ii.) a horizontal displace- 
ment Fcos a . t and a vertical 
upward displacement 
Fsin a,t- \gt^, 

(3) PT being the tangent at P, P'T vertical through P', 
complete the parallelogram PKP'T, 




WsinaJ-jrgt'' 



Then 



PT= Vt, 

TP'=igt^ 
2F8 



PT^= 



or 



PZ2= 



g 



TP\ 



PK, 



Now PK is the diameter through 
P, and P'K is an ordinate to it, being 
parallel to the tangent at P. There- 
fore, by a well-known property of 
the prabola, P'K^=^P. PK, where 
8P IS the focal distance of P. 

Hence — =4/S'P, or V^=2g.SP. 

Hence the speed at P is that due to 
a fall from a pioint on the directrix vertically above P. 
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Since any point may be regarded as the point of projection, 
the speed at any point of the path is that which would 
be acquired by a particle falling fireely from rest at the 
directrix to that point. 

For inst ance (see the first figure) the speed at P' is equal to 
n/27 . P'My where P'M is the perpendicular from P' on the 
directrix. 

Example. Deduce the value of the latus rectum from this 
property. 

(4) We can now construct the focus and directrix of the path 

geometrically. 
J^J M^ From P draw PM vertical and 

equal to — . 

A horizontal line MM' through 
M is the directrix. 

Through P draw P8^ making an 
angle SPT with the direction of 
projection PT equal to angle TPM, 
Make SP = PM Then S is the 
focus. 

154. Range and Time of Flight on a Horizontal Plane 
through the point of projection. To obtain the time of flight 
we have only to equate the vertical displacement [§ 163 (2) J to 
zero. 

Thus Fsin a.t- igfi = 0. 

The solution ^=0 corresponds to the point of projection. 

Hence the time of flight = , and the range 

= horizontal displacement in this time 

TT-^^^ 2 Fsin a F* sin 2a 
= Kcosa. = . 

9 9 

This may also be written -^, where w, v are the horizontal 

and vertical resolved parts of the initial velocity. 

Corollary. For a given speed of projection the range is a 

maximum when sin 2a =1, i,e. a=j, and the range then 

F* 
= — =4(greatest height to which the projectile attains). 

if 
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Further, if the range R is given, we have the equation 
8in2a= T^ to determine the direction of projection. We may 
distinguish three cases. 

(1) If ^ > 1, wo angle of projection will enable the projectile 
to reach the required range. 

(2) If ^ = 1 , one angle of projection will enable the projectile 

to do so. The value of this angle is — . 

4 

(3) If ^< 1, we can find two values of 2a less than ir satis- 

Ba 
fying the equation sin 2a =-^. 

Let these be 2ai, 2a2. These are supplementary ; 

.*. 2ai + 2a2 = 7r, 



or 



ai + a2 _7r 
~2~"4' 



which shows that the possible directions of projection are 
equally inclined to the direction for greatest range. 

The case in which the particle, instead of being projected 
freely, is projected along the surface of a smooth plane presents 
no difficulty. If i be the inclination of the plane to the norizon, 
we have only to write g sin i ioit g in the investigations of the 
two preceding articles. 

155. Cartesian Eauation to the Path. Let be the 

point of projection ; take for origin, and let the axis of ;f be 
norizontal, that of y vertical. Then if (^, y) be the coordinates 
of the particle at time t after 
projection, 

x= Fcosa. ty 

y^V%\VLaA-\gt^\ 

whence, eliminating ^, 

v=^tana-2rT?5 — §-• 
^ 2 F^cos^a 
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to the path is 




156. Bange on an Inclined Plane through the Point of 
Projection at right angles to the vertical plane in which 
the path lies. Taking the same axes as before, the equation 

y=^tana-^r^f — 2-. 
^ 2F2cos2a 

Let i be the inclination of the 
inclined plane. The equation to 
the line in which it cuts the verti- 
cal plane of projection is 

y=a?tani. 

Eliminating y between these 
equations, we have 

-^^=*(tana-tantX 

an equation giving the abscissae of the two points in which the 
path cuts the inchned plane. 

The solution ^7=0 clearly gives the abscissa of 0, the point of 
projection. 

Accordingly, if OP be the range, OM the abscissa of P, 

^ ,, 2 72 cos* a (tan a - tan i) 

9 

TT i.v xii^ • 2F2 cosa8in(a-t) 

Hence the range »Oif sec i= A ^ 

° g cos^t 

Corollary. The value of the range may be written 

,-. { sin (2a - 1) - sin i \. 

g cos^t ^ ^ ' ' 

From this may be deduced, as in § 154 : 

(i.) That if V and i be given, the range is a maximum when 

a=-(— + i), that is, when the direction of projection bisects 

the angle between the vertical and the line of greatest slope. 

(ii) That corresponding to any particular value of the range 
short of the greatest, there are two values a^ and a^^oi the angle 

of projection, such that ^ ^ =-( -+ ij ; and consequently 

the corresponding directions of projection are equally inclined 
to the direction for maximum range. 
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As we shall give an independent proof of these important 
properties in the next article, we leave the above deductions as 
an exercise to the student. 

157. To Jmd from the Jiodograph the range of a projectile on a 
given inclined plane through the point of projection at right angles 
to the vertical plane of the pathy and to diacu&a the circumstances 
of projection. 




(1) Baage. Let QQ be the range on the inclined plane, g^' 
the hodograph for the portion of the path §§', o the pole of tne 
hodograph, * the middle point of qq\ t the time from Q to Q'. 

Then (§ 40, ii., CJor.) ol is the average velocity from § to §'. 

Therefore the range = QQ[ =ol.t 

But ql=lq' =%-. and therefore t=—' 

Hence the range =2 . — ^— ^= — , where u, v are the mag- 

u if 

nitudes of the (oblique) components of the initial velocity parallel 
to the plane and the vertical. 

This form of the expression for the range, which is convenient 

to remember, may be at once reduced to that of the last article. 

We have, in fact, oq= F, ol—u^ Iq^v, angle qol=a-iy angle 

oql=- -Oy angle olq = ^+i. 



by trigonometry, 

Fcosa 



u= 



cost 



V — 



Fsin(a — i) 



cos I 



and 



2uv_2V^ cos a sin (a — z) 
g ~ g cos^i 
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(2) Ma.yiniiiTn range for a given speed. 

IT 

Since ol is parallel to QQ', the angle olq =^+ty and is there- 
fore constant for all angles of projection. Hence the range 
/ __zoi . iq\ .g proportional to the area of the triangle olq. Now 

oq the speed bein^ given, this area is a maximum when ol=lq^ 
and the triangle Mq is isosceles. Hence the range is a maximum 
when the direction oq of projection is equally inclined to the 
plane and the vertical. Further, since in this case ol=lq=q'lf 
angle aogf is a right angle. Hence the tangents to the path 
at Q, V &i*e at right angles, and QQ^ is a focal chord of the path. 
Also, the maximum range 

=^ol.t=iqq'.t=^igt\ 

Corollary. It is evident that if « be the length of any focal 
chord of the path, t the time in the portion of the path cut off 
by it, 8=igA 

(3) Angles of projection for a given range. 




Let oqi be an initial velocity which gives a range corre- 
sponding to the area ol^qi; take on o^j, produced if necessary, 
a length 0I2 equal to ^j^^, and draw from I2 an upward vertical 
1.^2 ^^ ^ oh* "^^ triangles oliqn qj^ are equal in all 
respects. Thus the initial velocities oq^y oq^ which are numeri- 
cally equal, will give the same range. 

Let ok be the vertical through o. Then angle iSro^^s angle 
0^1^!== angle q^^. Therefore the directions of projection oo^^ 
oq^ are equally inclined to the line of greatest slope and tne 
vertical, or what comes to the same thing, to the airectiop of 
greatest range. 
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Examples. 

[The Btudenb will find that the use of the hodograph gives an 
instantaneous solution of most of these examples.] 

1. li Q, Q'he two points on the path of a projectile, and P the 
point of the path at which the tangent is parallel to QQ\ then the 
time from Q to P is half that from Q to Q\ 

2. If the tangents at Q, Q' intersect at T, the speeds at Q, Q' are 
proportional to QT, TQ\ 

3. Given the range B and the time of flight t, find the angle of 
projection and the speed of projection. 



[ 



Angle of projection = tan~^ ^. 

Speed of projection = -j (-j-j + ( %" ) f • 

4. The tangent of the angle of inclination to the horizon of the 
velocity at any point of the path is proportional to the time the 
particle takes to travel from the given point to the highest point. 

5. A particle is projected at an angle a to the horizon with speed 
g. Prove that its direction of motion is inclined to the horizon at 

an angle ^ after tan ^ seconds, and at ^-^ after cot - seconds. 

It £i 2i It 

6. A particle is projected with ^ven speed. Find the elevation 
of projection (a) so that its direction of motion may be horizontal 
when it strikes a given inclined plane (») through the point of 
projection. 

[With the notation of § 167, we are to have angle og7 a right 
angle; hence since q^l=lq^ tana=2tan», or a=tan-^(2tan»).] 

Obtain graphic solutions to the two following : 

7. If ^, <a ^® *^6 *wo times of flight corresponding to any given 
range on a plane of inclination t, then t^-\-t^-\-^2Jt^^^m% is inde- 
pendent of », the initial speed being given. 

8. If two particles are projected from a given point with a given 
spe^d F, their directions of projection being in the same vertical 
plane, and if <, t' be their times of flight on the horizontal plane 
through their common point of projection and T^ T' their times to 
the other common pomt of their paths, show that tT+t'T' is 
independent of the direction of projection. 

R.D. P 
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158. Though graphic methods are often instructive, it will 
more frequently be found advisable to consider the motion 
resolved along some chosen line. To illustrate the method 
we will solve the following example : 

A particle is projected in any manner from a point O of an 
inclined plane, and strikes the plane again above the point of 
projection ; fii\d the range on trie plan>e, and if the particle be 
tpithout restitution^ find the time which elapses before it returns to 
the level of the point of projection. 

Let OA be the line of greatest slope through 0. Take Ox its 
horizontal projection for axis of x, and let the inclination of the 
plane, which is equal to the angle AOxy be i. 




Let the axis of y be vertical, and the axis of z s, horizontal 
line on the plane. 

Let F be the point at which the particle strikes the plane. 
Draw PM perpendicular to the plane zOxy ML perpendicular to 
Oz, Then Pl is also perpendicular to Oz. (Euclid!^ xi. 11.) 

.*. angle PLM=i. 

Let be tl^e angle between the plane of the path and the 
plane yOx, 

:. angle OML = angle If Ox = 6, 



We thus have 
and therefore 



PM ^ . LM ^^ 
-^=tant, ■^=cot^, 



PM 
OL 



= tantcot^. 



PROJECTILES. 227 

/. OI^=PM^+MIJ+OL^=OL^ta,nH 001^6+00^^0+ 1), 

or ^p^gj^^Jl+Uinh+Uin^e ^ 

tany 

Now let V be the velocity of projection, in direction OB, and 
let the angle BOM which UB makes with the horizontal plane 
be a: 

The resolved parts of V are 

Fcos a parallel to OM, Fsin a parallel to Oy ; 
that is, 

Fcos a cos ^ parallel to O^r, Fsin a parallel to Ot/, 
V cos a sin 6 parallel to Oz, 
Consequently the resolved velocity normal to the inclined 
plane is y gj^ ^^ qq^ ^ _ Fcos a cos . sin i. 

The resolved acceleration in this direction is -^cosi. Con- 
sequently, if ^ be the time which elapses before the particle 
strikes the plane, we have, equating the displacement normal 
to the plane to zero, 

F(sin a cos t - cos a cos 6 sin i) t-^g cos i . ^^ = 0, 

, 2 F sin a cos I — cos a cos ^ sin I 

~ ff cos I 

The velocity resolved parallel to Oz remains constant. Hence 

-, ^ . /» . 2F2 cos a sin ^ (sin a cos I — cos a cos ^ sin t) 

0L= Fcosasmc'.<= • ^ : -» 

g cos 2 

And, making use of (1), the range OP 

_2F^ cos g cos ^(sin a cos i — cos a sin i cos 0) iT~ri — sTXt — ^ 
^' cos I * 

which reduces when ^=0 to the expression obtained in the 
preceding article. 

Next, the resolved velocity parallel to OA is unaltered by the 
impact of the particle on the plane. Its initial value is 

F sin a sin i+ Fcos a cos cos i, 

and the resolved acceleration in this direction is -^sint. 
Consequently, if t now represent the time from the beginning 
of the motion till the particle again reaches Oz, we have 

F(8in a sin t + cos a cos i cos 0)t — \g sin t . <* = 0, 

, ^ 2F sin a sin I + cos a cos I cos ^ 

whence ^= — . —, — ; . 

g sin2 
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Example. Find the ratio of the latera recta of the two parabolas 
described in the above example. 

159. A mrniher of particles are projected from the same point 
with the same meea^ out in different directions, all in a vertical 
plans. Tofinathe envelope of the paths. 

Let a be the angle of projection of one of the particle& The 
equation of the path of this particle is 



or 



y = ^ tan a - ^T^ (1+ tan^a). 



Begardin^ this as a quadratic in tan a, and expressing the 
condition that the quadratic has equal roots, we obtain for the 
equation to the envelope 



**=-*. ^(y+^). 



V^ a 

rejecting the irrelevant factor a^. 

Now one of the particles mav be supposed projected vertically 
upwards ; if A be the height to which this particle rises, 
V^=2ghy whence the equation to the envelope becomes 

or a^+4h(tf-h)=0, 

a parabola, with latus rectum 4A, axis vertical, and focus at the 
point of projection. 

If the directions of projection are not confined to one plane, 
the envelope of the paths is a paraboloid of revolution of which 
the parabola just determined is the generating curve. 

This result explains the form taken by a fountain-jet which 
consists of a number of separate jets of water projected from 
neighbouring points with sensibly equal speed. The more 
oblique jets are usually absent. 

160. The student will find the following examples on the 
enveloping parabola suggestive. The possible directions of 
projection are supposed to be confined to one vertical plane, 
and the 'inclinea plane' which the particle strikes is thus 
represented by a line in this vertical plane. 
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(1) Prove that the maximum range for a particle projected 
with given speed from a given point on an inclined plane through 
the point of projection is the intercept made by the enveloping 
parabola on the plane. 

This is evident, since no point outside the enveloping parabola 
can be reached with the given speed. 

(2) Prove that if iS^ be the focus of the enveloping parabola, 
S' that of one of the paths, F its point of contact with the 
envelope, ^S^, S' and P are collinear. 

This at once appears from the fact that, for a maximum range 
on a given inclined plane, the inclined plane is a focal chord 
of the path. (See § 157.) 

The student may also obtain an independent analytical 
solution. 

(3) The particle being projected with given speed from one 
given point, to find the maximum range on an inclined plane of 
given inclination through another given point. 

Let the coordinates of the second given point referred to 
horizontal and vertical axes through the point of projection be 
a, 6. The equation of the plane may be written 

cos^"~sin^~' ' 

$ being its inclination to the horizon. 
Where this plane cuts the enveloping parabola 

we have j7=a+rcos^, y=6+rsin^, 

and therefore (r cos ^ + a)^ + 4A (r sin $+b) — 4h^ = 0. 

The roots of this quadratic in r give the maximum ranges up 
and down the inclined plane. 

161. Belative Motion of Projectiles. If two particles A 
and B have at a given instant the respective velocities u and a', 

and if they have the respective accelerations /and f, then their 
displacements in an interval t reckoned from the given instant 
are respectively 

' s=ut+if.t^, 8'=u\t+if,t^. 
Consequently the displacement of B relative to A is given by 

or the motion of B relative to ii is a parabolic motion, with a 
velocity equal to the initial velocity of B relative to J, and an 
acceleration equal to the acceleration of B relative to A. 
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In the particular case of motion under gravity we have 

f=f'=g\ and the relative path becomes a'={ii'-u)iy a straight 
line in the direction of the relative velocity, which is in Uiis 
case constant. 

162. When the resistance of the air is taken into account, 
the path of a projectile departs widely from a parabola ; the 
maximum range for cannon shot is. in practice obtained at an 
elevation of about 33'' ; the chief characteristic of the path is in 
its latter portion, which is very much steeper than it would be 
in vacuo, thus reducing very largely the 'dangerous space' or 
space in which a man of normal height would be liable to be 
hit. The mathematical treatment of resisted motion is beyond 
the limits of this treatise. 



Examples on Chapter VII. 

1. A cannon-ball has a range R ovlb, horizontal plane. If h and 
V are the greatest heights in the two paths for which this is possible, 
show that R=i*Jhh'. 

2. Determine the directions in which a projectile may be thrown 
from a given point with given speed in order that it may pass 
through another given point. 

Show that if the second point is distant x horizontally and y 
vertically upwa rds from the first, the least possible value of the 

given speed is ^gy + g sJx^-\-y'^, 

3. Two smooth planes are at right angles with their edge of 
intersection horizontal, and are equally inclined to the horizon. 
Show that a particle, whose restitution is perfect, if projected 
horizontally in a direction perpendicular to the common edge from 
a point vertically above it will return to its original position after 
two rebounds. 

4. A body is projected along the surface of a smooth sphere of 

radius r from the highest point with velocity \>Jgr ; find where it 
will leave the surface, and prove that it will strike a horizontal 
plane through the centre of the sphere at a distance from the centre 

9\/39 + 7s/7 



r- 



64 



5. From a point between two parallel walls, and at distances 
6, c from them, a smooth ball, coefficient of restitution e, is thrown, 
and it returns to the point of projection after one rebound at each 
wall, show that its range on the horizontal plane through the point 
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of projection would, if undisturbed, have been equal to one or other 
of the expressions 

6. A particle tied to a light inextensible string of length / is 
projected horizontally with a speed V from the point to which it is 
attached. Show that the least energy will be lost by the impulse 
when V^=lglJS, 

7. A man travelling round a circle of radius a at speed v throws 
a ball from his hand at height h above the ground with a relative 
velocity F, so that it alights at the centre of the circle. Show that 
the least possible value of F is given by 

8. Find the least speed u with which a particle can be projected 
from a point on the ground so that it may pass over a given wall, 
and find the speed u' with which the particle will in this case reach 
the wall. 

Prove that if the particle is projected with speed v (>«) the 
length of the top of the wall which can be reached oy the particle is 

9 

9. Two smooth planes of height h whose inclinations to the 
horizon are a and /3 are placed back to back. A particle is pro- 
jected from the foot of one of them in a direction making an angle 
7 with the line of greatest slope so as to move alone its surface 
and just to pass over the common section of the two planes. Find 
the distance the particle will travel parallel to the common section 
before reaching the foot of the second plane. 

10. A body is projected with speed u from a fixed point at a 
distance a from a meed plane inclined at an angle a to the horizon 
so as to strike the plane at right angles. Prove that if the vertical 
plane in which the projection takes place cuts the inclined plane 
along the line of the greatest slope, 

u^>ag (>/4 - 3 cos% - cos a). 

11. If a parabola be placed in a vertical plane with its axis 
vertical and vertex downwards ; and if a smooth particle, whose 
restitution is perfect, be projected from the focus in the plane of the 
parabola with any speed in any direction so as to strike the parabola 
and to rebound ; prove that, in each of its successive rebounds, it 
will pass through the focus. 

12. A bullet is projected with velocity V at any acute angle a 
greater than the least positive value of sec~^3 ; show that its path 
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will cut two planes through the point of projection perpendicularly i 
that if their inclinations to the horizon are /3 and 7, then )3 + 7=a ; 
and that the time it takes in passing from the one plane to the other 
is equal to t^ 

-Lsin(i3-7). 

13. A particle of restitution e is projected directly up an inclined 

?lane of elevation a in a direction making an angle p with the plane, 
'rove that the particle will return to the point of projection during 
its parabolic motion if 

log{l - ( 1 - e) cot g cot /3} 

loge 
be an integer. . _ 

14. A shot is fired with speed ^2gh from the top of a mountain 
which is in the form of a hemisphere of radius r. Show that the 
furthest points of the mountain which can be reached by the shot 

are at a distance (measured in a straight line) r - slr^-irh from the 
point of projection. 

15. A fort of vertical height h stands on a plane hill-side which 
makes an angle a with the horizon. Show that a gun that can fire 
with muzzle velocity V from the top of the fort commands a district 
whose shape is an ellipse of eccentricity sin a, and whose area is 



irseca 



I -3sec'*o + ). 



16. A particle is projected from the highest point of a sphere of 
radius c, so as to clear the sphere. Prove that speed of projection 
cannot be less than sl{\gc), 

17. Two bullets of masses m, m' which are describing parabolas 
of latera recta l^ V in the same vertical plane, collide and coalesce. 
Prove that the latus rectum of their path after impact will be 



( 



m-\-m' / ' 



18. Two particles of masses m, m' respectively are projected 
with equal speeds and at the same angle in opposite directions from 
two points in the same horizontal plane, so that the particles strike 
one another. If the two coalesce, find the greatest height which 
the particle so formed attains, and show that the latus rectum of its 

> I X latus rectum of the path of either of the given 

m+tn J 

particles before impact. 

19. Three particles are projected simultaneously in the same 
vertical plane n'om a given point with velocities v^t Va, v^ in directions 



1>R0JECT1LES. 233 

making Oi, a,, a, with the vertical. Show that at any instant a 
straight Ime will pass through them if 



^f8inK-a.)|^^, 



20. A number of particles of equal restitution are projected from 
a point on a smooth inclined plane with equal speeds in directions 
making the same angle with the plane. Show that they will all 
cease to rebound at the same instant, and that they then all lie on 
a circle. 

21. Two projectiles move in the same vertical plane: their 
distances apart when on the same horizontal line and when on th« 
same vertical line are respecti vely A^, A^. Prove that their least 

distance apart is h-jij^h^ + h^, 

22. Two particles are describing the same parabola under gravity. 
Show that the intersection of their directions of motion moves as a 
heavy particle in an equal co-axial parabola, the distance between 
the vertices of the two parabolas being ^^, where r is the interval 
between the instants at which the two particles pass the vertex. 

23. Referred to the centre of the wheel as origin and the down- 
ward vertical as axis of y, show that the envelope of the splashes of 
mud from the wheel on the side of an omnibus travelling with 
velocity F is ^ 2V^(y V^\ 

^~ ~~ag\a 2ag)* 

where a is the radius of the wheel. 

24. A charge of pellets projected from a gun has the form of a 
right cone of semi-vertical angle a with its vertex at the muzzle. 
If it strikes a target whose plane is vertical and perpendicular to 
the vertical plane through the axis of the cone, show that the area 
of impact on the target is less than it would have been if gravity 
did not act in the ratio of 

hg Bm2p . 

2tr»cos(i8-l-a)cos(j8-a) ' 

h being the horizontal distance of the target from the muzzle, v the 
speed of projection, and p the angle of inclination to the horizon of 
the axis of cone. 

25. At a point on the ground from which a sun is fired the 
elevation of the top of a tower is x'* ; the gun is fired at an elevation 
y°j and the shot strikes the tower at a point whose elevation is T 
less than a;" : show that in order that the shot may strike the top 
the elevation must be increased by 



sec^x° 



H- 2 tan y '^ tan X** - tan Y 



minutes. 
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26. A part'-^ie is projected with a speed i; in a direction making 
an angle a with the horizon, find the speed and direction of motion 
at th6 end of a time t 

If at the end of the time t the particle receives a small blow in a 
direction at right angles to the plane of its motion, a small velocitv 
u being in consequence imparted to the particle, show that it will 
reach the horizontal plane through the point of projection at a 
distance from that point greater than if it had received no blow by 

2" {vtana + vcota . tanjSp, 

where /3 is the angle the direction of motion makes with the horizon 
at the instant of receiving the blow and higher powers of u than the 
square are neglected. 

27. A ball is projected in any manner under the action of gravity 
so as to impinge on an inclined plane. Prove that the successive 
points of impact will all lie on a parabola ; and that if lines be 
drawn from a point to represent in magnitude and direction the 
velocities of the ball just after its successive impacts the locus of 
their ends will be a straight line. 

28. A sun-carriage is propelled with constant velocity along rails 
which make a given angle with the line of greatest slope of an 
inclined plane, if the gun be fired with constant charge in directions 
making the same angle with the plane, show that at any instant 
the area commanded on the plane is a circle. 

29. Two particles of masses m, m' lying close together are con- 
nected by an inextensible inelastic string of' length L One of them 
is projected with a velocity whose horizontal component is «, and the 
string makes an angle a with the horizontal when it becomes straight. 
Show that u^>igl sin a cos^a, and that the tension of the string after 
the other particle leaves the ground is constant and equal to 

1 mm' cfil . 
4m + m u^ 

30. A heavy particle of mass m is tied by an inextensible light 

string of length —j^ to another particle of mass m\ and both are 

initially at the same point on the ground, the string being slack. 
The first particle is projected with speed v in a direction inclined at 

an angle cos~^-t5 to the horizon. Find the latus rectum of the path 

of the CO. of the particles when the string becomes tight, and show 

that m' starts with a speed > • -^. 

m+m 6 
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31. Prove that if the effect of a horizontal wind on a projectile 
be an acceleration /in the direction of the wind, and the effects of 
the resistance of the air be neglected, the latus rectum of the path 
of a particle projected with speed v at an angle a to the horizon in 
the vertical plane through the direction of the wind is 

2v\g cos a +/sin a)' 

{/»+»*}* 

32. A shot of mass m is discharged from a gun which together 
with the ffun-carriage is of mass M. The gun-carriage can slide on 
a smooth horizontal plane. Prove that for a given charge of powder 

the range is a maximum for an elevation J ^^^~^QTf ^^ ^^® g^^* 

33. A cannon on a horizontal smooth platform when fixed and 
pointed in a direction inclined at an angle a to the horizontal gives 
a muzzle velocity of magnitude v to the shot. 

If when the cannon is fired off it is free to move on the platform, 
find what will be the speed with which the shot leaves the cannon, 
supposing that the charge of powder to be the same as before, and 
that the mass of the powder is neglected. In this case prove that 
the horizontal range of the shot is 

t^ M Bin 2a 
g M + m sin*a* 

m being the mass of the shot, and M the mass of the cannon and 
carriage. 

34. A wedge in the shape of an inclined plane of angle a is drawn 
along the ground with uniform velocity K in a direction towards 
the angle of the wedge ; a smooth ball is let fall so as to strike the 
plane with speed u, prove that after a time 

2e 

— (tt+rtano) 

9 

it will again strike the plane, and that the latus rectum of its path 
after the first impact is 

2 

-( 1 + €)%iin'a(M cos a + T sin a)', 

if 

when e is the coefficient of restitution between the ball and the 
plane. 

35. A spherical particle of mass m is falling vertically and 
impinges with speed u on an inclined plane mass Jf, which is free 
to move along a smooth horizontal table. Show that if the particle 
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strikes the plane a seoond time, the distance of the point of impact 
from the edge of the plane must be greater than 

2ew^8ma (M+m){l+e) 
g Jlf+msin^ ' 

where e is the coefficient of restitution, and a is the inclination of 
the plane. 

36. A ball moving uniformly in a straight line along a horizontal 
plane with speed u meets a small fixed inclined plane whose inter- 
section with the horizontal plane is perpendicular to the direction of 

2u 1 + € 

the ball's motion ; show that after a time — • z — sin a cos a the ball 

g 1-c 

will be again moving uniformly along the horizontal plane with 

speed tf(cos'a-esin^), where e is the coefficient of restitution of 

both planes and a the inclination of the small plane. 

37. A solid column is resting with its base on the horizontal 
ground. A projectile is fired at it with speed V from a point in 
the ground distant a from the base. Prove that the projectile will 
be most effective in upsetting the column if fired at an elevation a 
given by 

2r* 

tan'a + tan a= 1 

ga 

the ratio of the breadth of the column to a being neglected. 

38. A particle of unit mass is moving on the inside of a smooth 
vertical circle under gravity and a force to the centre of the circle 
equal to gr/k at distance r, where ib is a constant.and g is the accelera- 
tion due to gravity. The particle starts from the lowest point, and 
after leaving the circle at some point P strikes it again at some point 
Q, Show that the free path is an ellipse whose centre is at a dis- 
tance k below that of the circle, and that the chord PQ and the 
tangent at P are equally inclined to its axes. 



CHAPTER VIII. 

Special Problems. Cycloidal and Pendulum Motions. 

163. Harmonic Motion in a Gnrve. Suppose that a point 
P is describing a portion AOA' of a curve in such a manner that 
the resolved acceleration along the tangent at P is always equal 



to /I X (arc PO) in the sense Pto 0, being a fixed point on the 
curve. Let arc OP=Sy and let v be the speed at P. The 
acceleration resolved along the tangent at P is eaual in magni- 
tude to what we have called (§ 35) the speed-cicceteration, whose 
kinematical expression (§ 49) is v or «^ and which does not 
involve the curvature of the path. Hence the relations between 
the speed acceleration («), the speed (i), and the length of path 
{s) are the same, whatever the curvature of the curve at P 
may be ; hence these relations are the same as in the particular 
case when the curve is a straight line ; but in the latter case 
the motion is simple harmonic. 

Hence, ii A, A' he the extreme limits of the vibrations, and if 
arc 0^=arc OA'=a, 

(!) The speed of P=V/I(a2^^. 

(2) The time from A to P=4- cos-i 1 

27r 

(3) The time of a complete vibration is=-T-. 
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164. The OjrcloicL The cycloid is a curve generated by a 
point fixed in the circumference of a. circle, while the circle rolls 
without slipping oa a fixed straight line. 

Ci Cj Cb_ 



The general shape of the curve is shown iu the above figure, 
the position of the tracing point for the various positions of the 
rolling circle being indicated by a black dot. (7„ C^ C3, ... are 
called the <Mtpi, A,, An, ... the points of the curve at which the 
tangent is parallel to C,C,, the vertices of the curve. 

The properties of the cycloid will be found given in any 
treatise on the Differential Calculus (Edward^ DifermiticU 
Caleuluf, §§ 300-401). We give in the nest article kinematical 
proofs of the properties we require, because of their compftctnees 
and intrinsic interest. 

165. Let i* be a point which is describing the cycloid CAC 
in the sense Clo A. fVom A, the vertex, draw AB perpendicular 




ter describe a circle. This circle 
wus position of the rolling circle 
A. Let be the centre of this 
I the rolling circle, Q its point of 
ttcing point is at P, w the circle's 
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angular velocity in this position. Draw PQ parallel to CC to 
meet the circle AQB in Q, Join PQ, BQ, QA, QO. 

(1) Then, when the tracing point is at P, O is the instan- 
taneous centre of the rolling circle. 

Therefore PO is the normal to the cycloid at P, and the velo- 
city of P in the cycloid is <«> . PO (§ 52). 

Hence BQ, QA are parallel respectively to the normal and 
tangent to the cycloid at P, and the velocity of P is equal to 
(0 . BQ at right angles to BQ, 

(2) The arc AP of the cycloid is eaual to twice the chord 
AQ of the circle AQB. 

For let P describe the cycloid tvith constant speed v. As 
PQ moves parallel to itself, OQ always remains parallel to that 
radius of tVe roUing circle which p^es through the tracing 
point P, Hence the angular velocity of OQ =tha,t of rolling 
circle =0), which latter is defined by o) . BQ=v. 

Therefore the velocity of Q in the circle BQA=(i), OQ per- 
pendicular to OQ, This resolves into leu . BQ parallel to QA, 
and ho, AQ parallel to BQ, The former velocity is the rate at 
whicn AQ shortens ; its magnitude =^, since w . BQ=v, 

Hence if t be the time which elapses while P moves from P 

*o ^> arc AP=vt, and chord AQ=^t ; 

:. arc^P=2(chord^§). 

(3) The radius of curvature of the cycloid at P is equal 
to twice PG. 

Let the circle roll mth constant angular velocity (o. Its centre 
therefore moves with constant velocity, and is therefore (§ 53) 
the acceleration centre for all points fixed relative to the circle. 

Hence (§ 53) the acceleration of P=(o^, QO parallel to QO, 

This is equivalent to ^o)^ . QB parallel to QB and ^(u^ . QA 
parallel to QA, 

The former is the normal acceleration. 

Hence, if i? be the speed of P, R the radius of curvature of the 

cycloid at P, ^2 , «^„ 

■^^ioi^QB. 

But v=<o , QB, and hence R=2QB=2PG, 

(4) The evolute of a cycloid is an equal cycloid. 

Produce PO to L, making PL^2,P0, L is the centre of 
curvature at P, 

Draw LO parallel to OQ, QO parallel to OB, and let them 
meet in O, 
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Then evidently La^OQ^OB^a. 

As the rolling circle proceeds with constant angular velocity 
(0, the velocity of Q or 0'=a(i>, and since LO is always parallel to 
0§, the angular velocity of LO is w. 

Hence L moves as if rigidly attached to a circle, also of radius 
a, and rolling on a line parallel to CG' and distant 2a from it ; 
or the evolute of a cycloid is an e(ju(d cydoid. 

The cusp of the latter cycloid is on AB produced. 

The vertices are at (7, C\ 

Hence, if a string be attached at A\ the cusp of this latter 
cycloid, and wrapped tightly round the curve, the other end 
l>eing initially at C, when it is unwrapped the free end will 
describe the cycloid CAC\ 

166. A particle starts from rest at any 'point in the arc of a 
smooth cyctoid whose ascis is vertical and vertex downwards; to 
discuss the motion. 




Let CAC be the cycloid, C, C the cusps, A the vertex, AB 
perpendicular to CC and equal to ^o, AQB a circle on ^iS as 
diameter. Pa position of the particle, Q the horizontal projection 
of P on the circumference of the circle BQA» The tangent at P 
is parallel to QA. 

Hence the resolved acceleration of P along the tangent 

-^gcoiQAB=g.^=^.*, §165(2) 

where s is the length of the arc AP, 
The motion of P is therefore simple harmonic. 
Consequently, whatever be the position on AC from which 

the particle starts, the time of a complete vibration is always 

the same, and equal to 27r a/ — ; for this reason the oscillations 

If 
of a particle under gravity in a cycloid are called isochronous. 

Further, if /> be the point from which the particle starts, the 

time from Z) to P= a/^ . co8-» T^Sj^. 

' g arc AD 
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167. Simple Penduliun. A particle attached to one end of 
a light inextensible string, the other end of which is fixed, the 
whole swinging in a vertical plane, is called a simple pendulum. 

There is no such thing as a simple pendulum in nature ; but 
it is possible to construct a pendulum which closely approxi- 
mates in its behaviour to a simple pendulum by suspending a 
small body of great mass by means of a long fine wire. A 
simple pendulum which would oscillate in the same time as a 
given real pendulum is called the equivalent simple pendulum 
corresponding to the real pendulum. 

If a simple pendulum, the suspending string of which is 
perfectly flexible, has its upper end attached to the cusp 
of the upper cycloid, shown in the figure of § 166, the string, if 
of proper length, will when wrapped round the curve and 
releasea describe the lower cycloid ; and whatever be the ampli- 
tude of vibration, the time of a complete vibration will still be 

This device is sometimes made use of for clock pendulums, 
the upper cycloid consisting of two steel cheeks ; as the ampli- 
tude of vibration is not very great, a small portion only of the 
upper cycloid, symmetrical about the cusp, is required, and only 
the upper part of the pendulum need be flexible. 

It is more usual, nowever, to employ a pendulum which 
swings over a small arc of a circle. That such a pendulum 
is approximately isochronous, the following investigation will 
show. 

168. A simple pendulum of length 1 has one end attached to a 
fixed point, so that the bob descrioes a portion of the arc of a 
vertical circle; to prove that the osdUations a/re sensibly iso- 
chronouSy and that the time of a complete 

oscillation is 2'n'\ -. 

Vg 

Let be the fixed point, OA vertical, 
OP a position of the pendulum inclined 
at an angle $ to the vertical, FA a portion 
of the arc described. 

Then the acceleration of P along the 
tangent =^ sin ^ 

=gO, approximately, when is small, 

=2 (arc AP). 
c 

Hence, to this approximation, the motion is simple harmonic; 
JUD, (^ 
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and the time of a complete oscillation is independent of the 
amplitude and equal to 2'ir a/-. 

169. If we take the length of arc for abscissa, the force 
along the tangent for ordinate, the curve of work for the 





a 



circular motion is (| 112, Ex. 6) a portion of the sine curve, 
having a point of inflexion at the origin ; while on the supposi- 
tion that the motion is simple harmonic, it is a straight line, 
which is a tangent to this curve at the point of inflexion. If 
the pendulum be started from rest in a position inclined to the 
vertical, and describe an arc represented by aa\ the latter 
supposition makes the kinetic energy at every point greater 
than its true value. Consequently the time of an oscillation is 

somewhat greater than 27rA/-, and increases with the amplitude. 

In order that the pendulum, oscillating in a circle, may be 
sufficiently accurate for practical purposes, it is necessary that 
the amplitude of oscillation on one side of the vertical should not 
be greater than three or four degrees. 

170. Observations on a pendulum afford the most accurate 
method of determining the value of g. So accurate indeed is 
the method that it is quite possible to obtain a fair result with 
an ordinary watch which has a second hand. A flat circular 
weight, such as those used for weighing letters, may be con- 
vemently used as the bob of the pendulum ; an india-rubber 
band should be slipped over the weight so as to lie along a 
diameter, and to the centre of the upper part of this may be 
attached a very fine thread ; with a little adjustment the weight 
will hang with its flat sides horizontal, thus offering when in 
motion but little resistance to the air ; the thread should be as 
long as possible, and may be attached to a long stout nail on the 
wall. The procedure is as follows : Take a white piece of paper 



i 
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on which an ink line has been ruled, and place it so that from 
the position the observer is to occupy the thread is exactly over 
the ink line when the weight is hanging at rest. Then set the 
weight gently in motion, taking care that it swings as nearly 
as possible in a vertical plane. 

If the length of the pendulum is, say, 7 feet, the length of 
the swing of the weight should not be more than about 8 inches. 
Now, holding the watch in the hand it will be found that by 
waiting a little the thread will cross the ink line as nearly as 
possible when the second hand of the watch is at one of the 
well-marked divisions, 10, 15, 20, etc. When this happens 
begin to count the complete oscillations of the pendulum ; con- 
tinue counting for five or six minutes, and end when the thread 
again crosses the ink mark, as the second hand as nearly as 
possible coincides with one of the divisions 10, 15, 20, etc. (In 
reckoning the number of oscillations, take care not to count in 
both the first and last oscillations.) The period of an oscillation 
is thus known. Measure the length (Q of the pendulum, and 
then calculate g from the formula 

In an actual experiment the pendulum oscillated 170 times in 
495 seconds, and its length was 6*96 feet, giving ^ = 32*4 f.s.s. 

The accurate determination of g, however, involves great 
precautions ; corrections have to be made for the fact that the 
pendulum is not really a simple one, for the resistance of the 
air and for the amplitude of the oscillation. 

171. Seconds' Pendulum. A simple pendulum which in a 
given locality will perform half a complete oscillation in one 
second, is called a seconds' pendulum. To obtain the length of 
the seconds' pendulum in a locality where the apparent value of 
the acceleration due to gravity is g^ we have 



Wr 



1 

9 

The length of the seconds' pendulum in the latitude of London 
is 39*13929... inches, or 99 '41 3 centimetres. 

172. The motion of the bob of a pendulum may be compared 
with that of a bead performing complete revolutions in a vertical 
circle in the following way. 
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Let COC be the arc of the circle described by the bob, and 
let OA be the vertical diameter of this circle. Join CCy cutting 
OA in B, On OB as diameter describe a circle. Let P denote 
the position of the bob at any instant. Draw PN perpendicular 
to OA^ and let it cut the inner circle in §. Let R ana r be the 
radii of the outer and inner circles respectively. 




Thffii 08 P oscillates thromh the arc COC, Q moves like a partide 
performmg a complete revolution in the inner circle starting with 
speed cU B dtLc to a height AB, provided that in the case o/Qwe 
suppose that the value of the a^ceteration due to gravity is reduced 

from g to g.^^. 

The proof of this we leave as an exercise te the student ; he 
should consider the vertical velocities of the two pointe.* 

173. If the bob of a pendulum when drawn aside is started 
with a small impulse which is not entirely in the vertical plane 
which contains the bob and the point of suspension, the pen- 
dulum will of course no longer oscillate in this vertical plane. 
But it is evident that as in § 168 the acceleration of the bob is 
approximately directed towards its equilibrium position, ite 

magnitude being approximately j . a:, where x is its distance 

from that position. Hence (§ 51, Ex. 3) the motion is approxi- 
mately elliptic harmonic miction. The path of the bob is not in 
reality a plane curve at all, except when it is a circle, since no 
ellipse can lie on a sphere. A second approximation shows that 
the ellipse te which the path approximates rotates in its own 
plane with an angular velocity proportional te ite area. 

* The above article is taken subetantially from the Eneydqpaedia 
BritannicOf ftrtiole MfchamcSf 
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174. Let n be the number of oscillations performed by a 
pendulum of length ^ in a given time Ty and let us find the 
change in n produced by small changes in I and g. Suppose 
that? becomes 1+81, and^ becomes ^^-^'j while in consequence 
n becomes n+8n. 

Then since — =2w V -, 

n yg 

and — n^=2^V — r"^> 

9 9+^ ' 



we have 



or 



(,*5y{..f)=..|. 



Now*buppose that -^, ^, ^ are so small that their squares 

nig 

may be neglected ; then, multiplying out, we have 

28n . 8l_8g 

n^fg' 

28n 8g 81 

or =^ jy 

n g I 
a result which may be obtained at once from the equation 



vi-^ 



2m,7r _, 
'9 
by logarithmic differentiation. 

In particular, if I remains constant, 2. — =52 while if a 

. ^ ^ J8n U "^9 

remams constant, 2--- = - ^. 

n I 

Example. A clock keeps correct time in London, where g= 32*191. 
^011^ much will it gam or lose in a day if taken to Paris where 
g=32183? 

We may suppose that the clock beats seconds. 
Then 

2 (number of seconds gained in one day) 32*183 -32'191 

24x60x60 "■ 32191 

0-008 

"■ 32191* 

The clock therefore loses '^^-^?!^^^^ seconds, or about 10-8 
seconds in one day. 
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Examples. 

1. A particle slides down a smooth cycloidal arc whose plane is 
vertical and vertex downwards, starting from rest at the cusp. 
Prove that the time of falling down the first half of the vertical 
height is equal to the time down the second half of the vertical 
height. 

2. A particle starts from rest at the cusp of a smooth cycloidal arc 
whose axis is vertical ; show that when it has fallen through half 
the distance measured along the arc to the vertex ) of the time of 
descent will have elapsed. 

3. If a particle slide down a smooth cycloid starting from a 
point whose arcual distance from the vertex is b, then its speed 

at any time t is — sin — , where r is the time of a complete 

T T 

oscillation of the particle. 

4. A particle slides down a cycloid whose base is horizontal and 
vertex downwards starting from rest at the cusp. Prove from the 
hodograph that the acceleration of the particle is of constant 
magnitude. 

5. A heavy particle, suspended by a string, is made to move in a 
cycloid by means of metal cheeks : if the extent of the oscillations is 
as large as possible the angular velocity of the string will be constant. 

Examples on Chapter VIIL 

1. The length of a pendulum beating once per second is 994*59 
millimetres at Edinburgh, and 995 '88 millimetres at Spitzbergen. 
The value of g at Edinburgh is 981 *6 ; what is it at Spitzbergen ? 

2. A clock gains 5 seconds a day : calculate to 5 places of 
decimals by what proportion of its length the pendulum (assumed 
to be a simple one) ought to be lengthened. 

3. A weightless straight rod ABC, of length 2a, is movable 
about the end A, which is fixed, and carries two particles of the 
same mass, one fastened to the middle point B, and the other to 
the end C of the rod. If the rod is held in a horizontal position 
and is let go, prove that its angular velocity when vertical will be 
\/(6^/5a), and that 5a/3 will be the length of the equivalent simple 
pendulum. 

4. A pendulum which undisturbed has a period r is placed in the 
vicinity of a mountain and has then a period r', and when at rest is 
deflected from the vertical through an angle ; prove that the force 
due to the attraction of the mountain is to the weight of the bob as 
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5. A particle hangs vertically by a string of length a in a railway 
carriage moving on a straight horizontal line with uniform velocity 
V; prove that if the brakes are applied so as to exert a uniform 
retardation sufficient to bring the train to rest after running a 
distance 6, the string wiU swing backwards and forwards through 
an angle 2taji-^V^/2bg), and that the time of oscillation will be 

the same as that of a simple pendulum of length 2cLbg(^h'^g^+ F*)~a 
swinging through the same angle. 

6. Two clocks identical in all respects are placed at opposite 
ends of a diameter of the earth, and at one of these points the moon 
is vertically overhead. Assuming the earth and moon to remain at 
rest, and that the mass of the earth is 80 times that of the moon, 
show that the clocks if started simultaneously will at the end of 
24 hours differ by about ^ of a second. 

(Distance of moon =60 times the earth's radius.) 

7. A particle lies on a smooth horizontal table and is attached to 
a string, the other end of which is drawn along the table with a 
constant acceleration /. The particle is originally moving in the 
direction of the string, but suddenly a blow is applied to it at right 
angles to the direction of the string. Discuss the subsequent 
motion. 

8. ^ Two particles fall under gravity down an inverted cycloid, 
starting from rest at the cusp at a given interval of time ; prove 
that their directions of motion make a constant angle with each 
other and intercept a constant length on the tangent at the vertex of 
the cycloid. 

9. Two cycloids are placed in the same vertical plane, their 
vertices being downward and in the same horizontal line, and their 
bases being horizontal. Two particles start simultaneously one on 
each cycloid from points at tne same height above the vertices. 
Show that they will next be at the same height after a time 

47rv-4a 



and next after that at time 

SmjAa 4irs/]4a 

or 



{J A + ^a)^g {^A - ^a)Jg 

whichever is the less, A and a being the radii of the generating 
circles of the cycloids. 

10. A cycloid is placed with its axis vertical and vertex upwards ; 
a particle starts from rest very near the vertex and slides down the 
curv^e ; show that it will leave the curve when it has fallen through 
a vertical distance equal to the radius of the generating circle. 
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IL Two smooth balls of equal mass and coefficient of restitution 
e move in a cycloidal tube whose axis is vertical and vertex down- 
wards. One ball is initially at rest at the lowest point ; the other 
is raised up an arcual distance 2a from the lowest point ; prove that 
after the w^ impact the balls rise to arcual distances 

{l-(-l)"€*}a and {l + (-l)*c»»}a. 

12. A particle slides down a smooth cycloidal tube with its axis 
vertical and vertex downwards from a position of rest at an arcual 
distance «i from the vertex. After a time t, and before the first 
particle has reached the vertex, another particle commences to slide 
from a position of rest at an arcual distance s^ from the vertex on 
the other side of it. Prove that the arcual distance from the vertex 
at which the particles meet is 

where r is the time of a complete oscillation in the tube. 



ANSWERS TO EXAMPLES. 



Examples on Chapter L Page 13. 

2. If a, /3, 7, 5 be the vectors from O to the anguUr points, the 
vector to the point of intersection is J(a+/5+7+5). 

4. A circle whose centre is the centroid of the triangle ABC. 

5. Zm' : Xm, 

§ 25. Pagb 20. 
2. 3a^^. 3. pacoapt. 

§33. Pages 31, 32. 

1. 54 '64 cm.s., inclined at an angle of Q0° to the direction of the 
first-mentioned velocity. 

2; 5 f.s., 5*4 f.s. nearly. 

4. The speed at any point is proportional to the perpendicular 

from the focus on the tangent. 

6. Draw BE equal and parallel to DC, and CF perpendicular to 

AE. Draw FO parallel to CD meeting AB in O, and draw 
Off parallel to FC meeting CD in H. G axkd ff are the 
positions required. 

9. Inclination d to original direction of steamer's motion 

= tan-iLl^e*^, 
1 + cot a 

where 6, a, /3 are all measured in the same sense. 
11. Relative velocity = 7 V2 f . s. 

§ 34. Page 34. 

1. 26-4 cm.s., inclined to CB at tan-^ -866=40° 54'. 

5. The six vertices of a regular hexagon. 

6. A circle, the pole on the circumference. 

7. A circle, the pole on the circumferencjB. 
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§ 35. Page 35. 

2. 38597 nearly. 

§ 36. Page 37. 

3. -j,{i^+v'^- 2vv' cos y seconds. 

§ 43. Pages 43, 44, 45. 

5. After half a second ; 21 feet from the bottom. 

6. (i) After lyy seconds more. (ii) At a height of 2Sj-^ feet. 

(iii) 34 f.s., the stones reaching the ground together. 

7. 7ir seconds before the beginning of the first second. 

9. After 9 seconds.  The first point has travelled 63 feet. 

12. Measure from O a length F equal to 1^^^, in the sense opposite 

to /the acceleration ; T is the required point. 

13. -2ri where u is the constant resolved part of the relative velo- 

city perpendicular to the direction of the relative accelera- 
tion/. 

§ 47. Page 49. 

1. -000,002,666 radians per second. 

5. J\/l + 4ir^ f.s., making an angle tan~^2ir, or 80° 57', with the 

spoke. 

7. A circle described uniformly. 

8. Let be the angle between AB and A'B'. The velocity of the 

n^ centre is (2n- l)vtan^, along th e line of ce ntres. The 

velocity of the n*"* pair of joints is v\/l •\-4n^ta.n^0 inclined at 
an angle cot~^ (2n ^au 0) to the line of centres. 

§ 49. Page 52. 

4. 4|- radians per second. 

6. Let r be the radius from the pole to the point P, the angular 

velocity of the tangent at P, which is equal in this case to the 
angular velocity of r. Then, if v be the speed of P, vsin a = Qr, 

§53. Page 59. 

5. The point divides the rod externally in the ratio u : v. 
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§ 54. Page 60. 

1. The curve of speeds is a straight line. If % v be the speeds at 

the beginning and end of an interval t, the area of the curve 
of speeds =^{u+v)t=rU + ^ft\ 

2. Curve of speed-accelerations a straight line; of speeds, a parabola. 
4. The sine curve. 



2. 



Examples on Chapter II. Pages 62-67. 

u 



sm0 _ 

x{l-cos^^cos*0 + sindcos^sin0cos0+V3.sin^sin0sin(^ + 0)}*, 

where u is the speed of ^ ; 6, <f> are the interior angles of 
OAB, and O, G are on opposite sides of AB. 

7. The lines meet in a point on the circumcircle of the triangle. 

9. Time=^ — K^ , and the trains are at distances 

(av-hu)(^uco%a) ^^ (hu-av){u-vcoBa.) ^^^ ^^^ ^ro^A^f^, 

where V^=u^ + v^-2uvco^a. 

14. The path is a parabola with B for focus. 

16. The path consists of a series of parabolic arcs, with their axes 
parallel to the sides of the polygon, and each touching the 
next. 

21. If CD be the semidiameter conjugate to CP, CY the perpen- 

dicular from G on the tangent at P, the normal acceleration 
at P may be written w^ . YGy and the speed at P, w . CD, See 
p. 55, Exs. 3, 4. 

22. w . OQ at right angles to OQ, where is the fixed point and PQ 

a diameter. 

26. Velocity of (7=2ir\/37 f.s., inclined to BA at cot-^6. Accelera- 
tion of (7=20ir2Vl3 f.s., inclined to BA at tan-U8. 
31. Simple harmonic motion of the same period. 

83. A continuous curve resembling a series of ellipses inscribed in 
the same square. 

37. Initial velocity of the third point is ^n^iZJ^Hh^ and its accelera- 
V -V Wj-Ma 

tion is -3 — i/, where ttj, Vi and ti^ v^ are the resolved parts 

of the initial velocities parallel and perpendicular to HKy and 
/is the given acceleration. 

39. An equiangular spiral. 46. 961 feet. 
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§62. Page 76. 

1. Initial momentum = 657066§ ft. -lb. -second units. 

Final momentum =1971200 ft. -lb. -second nnits. 
Mass acceleration =82133^ ft. -lb. -second units. 

2. Momentum =981 x 10* G.G.S. units. 
Mass acceleration =981 x lO' G.G.S. units. 

§ 63. Page 77. 
2. 800 dynes. 8. 264 grams' weight, nearly. 

§ 68. Page 83. 
1. 12000 unit blows ; 750 lbs.' weight. 2. lOf ft. per sec. 

§73. Page 90. 



2. 8veed=g[^y 



8. Longitudinal period = ir a/ -y seconds ; 

. , f 2mal li J 

transverse period = ir -j w— ^-tx J- seconds. 

§ 78. Page 98. 

4. No. 

§ 79. Pages 98-102. 

1. 11 seconds. 4. 5120 Is. 

5. The time-average will be less. 11. gr sin ^^C7 along BG, 

14. The string must be divided by the hole in. the inverse ratio of 

the masses; least value of c=- ^ . g, where w is the given 

angular velocity. ^ 

15. Tension at a distance y from the end =my ll-jjg, where m is 

the mass of unit length of the string. ^ ' 

18. After the jerk, both masses move with constant speed —^^ . gt. 

In the second case there will be two jerks, Q moving freely 
in the interval between the two, and the rest of the system 

moving with acceleration J*^ ,g, 

Zjt — (^ 



ANSWERS TO EXAMPLES. 253 



19. Tensions are 



m'[M{fi + l)+m{pL-'l)] ^^^ M[2m+m'{fi+l)] 
M+m+m' M+m + m' 

where M, m are the masses of the greater and less weights. 



§84. Page 106. 

2. (i) The counterpoise will move upwards with an acceleration 
equal to that of the boy. (ii) The counterpoise will move 
upwards with a speed equal to that of the boy. (iii) The 
counterpoise will remain at rest. 



§85. Page 107. 
2. About 282 miles. 

§ 93. Page 114. 
4. The impulse must pass through the centre of mass. 

6. ^^ and mgy where m is the mass of the carriage. Through 
2/i 

the centre of mass. 

§97. Page 119. 

1. Let A be the point of suspension ; draw AB making an angle 
tan~^^ with the vertical in the opposite sense to the accelera- 

tion of the carriage. The particle must be projected in the 
plane which contams AB and the string, or at right angles to 
this plane with an appropriate speed. 



2. With velocity aJ^ZZ-l , at right angles to the pi 



ane con- 



taining the string and the line AB defined in the previous 
answer. 



§99. Page 122. 

2. About 1 hour 25 minutes. Parallel to the polar axis. 

8. Axes with the Earth's centre as origin ; and determined in 
direction by straight lines drawn thence to the fixed stars. 
About \\\ stone. 
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Examples on Chapter IIL Pages 122-132. 

1. (i) Newton's, (ii) Newton's, (iii) Newton's, (iv) None at 
present attainable, (v) The mass of the sun has a meaning 
if we refer to Newton's axes; the toeight of the sun is an 
unsatisfactory phrase. 

8. The motion, after the start, is not afifected. 

6. Tension = ^^j— ; time = — i^. 

a-8 

g 2 

7. The square of the angular velocity =- . j 

where a is the radius of the sphere. ^^ ~2~ ^^^ '* ~ " 

10. — . sin a. 13. Towards the fixed end. 

9 

19. In the second case both body and wedge would slide. 

20. Common speed=( ,^ . _ ) {gl am ay - -jr^- — , where / is the 

impulse which would just break the string. 

m^cos 6 - 9% cos ( q ~ ^ ) ~ WI3C0S ( ^+ 5 ) 

26. Acceleration = \ ; ^ \ where 

is the inclination to the vertical of the side on which ntj lies. 

27. If the particle is projected wp the board, acceleration of board 

=3rf sina-^/iCosa j, where M, m are the masses of the 

board and particle respectively; acceleration of particle 
relative to kinetic axes = g (sin a + /t cos a). 

28. tan"^ J — -. I . 29. About 10*2 miles an hour. 

\M+m + m') 

«. ^^. 46. r./^jj^l* seconds. 

l+28m'^a IMi + M^f 

§109. Page 142. 

8. The kinetic energy after a space 4na + x has been described is 

^ — , and after a space (4n+2)a + a; it is Pla-^' — j, 
where x lies between - a and +a. 

4. Greatest tension =27n^, extension = — — - ', where mg is the 

A 

weight and Xq is the natural length of the rod. 
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6. The hand must not be lowered at all. The ball returns to the 
hand after a time 2-! \ — \-Tr\ -^- \ hr- . tan-^ a/ — !-. 

§111. Page 145. 

1. I must lie nearer to a than to 6. 

§ 112. Page 147. 

3. I=miJEgt, where m is the mass of the particle. 

6. Draw downwards through the starting point a straight line 
making the angle of friction with the horizontal ; this will 
cut the wire again in the required point. 

§113. Page 149. 
180,000ir2, or 1,776,529, foot-poundals. 

§ 117. Pages 157, 158. 

5. Pressure 

= 2\ cot a (sin - sin a) (3 sin d - 2 sin a) - mg (2 cos 2a - 3 cos 29), 

where 4a is the angle subtended hy AB bX the centre, and 2d 
is the angle made by the radius to the bead with the upward 
vertical. 

6. When A B subtends an angle 2$ at the centre, the speed of ^ or ^ 

(m + 2m sm^^ ^ J 

speed of C : speed of ^ or ^ : : 2 sin 9 : 1. 

§120. Pages 160, 161. 

2. Stable for displacements in one sense, unstable for displacements 

in the other. 

S. Greatest speed = 2 -[ ^. ""^ ' \ ' 

4. mg>\e^, where m is the mass of the particle, e the leccentricity 

of the ellipse, X the modulus of elasticity. 

§124. Page 164. 

3. 38 shillings, nearly. 4. 15,000 lbs.' weight. 

5. 27TTft..lbs. 
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Examples on Chapter IV. Pages 171-179. 

8. Velocity of mi= — • 1, of «i5= t, both at right 

angles to the rod where a, b are the distances of the point of 
application of / from the ends. 

18. f2(Q8M-f«myi^, where I is the length of the rod. 
\ Q+Pco8«(a + /3) J * 



1*2 



21. After 16 impacts. 31. Whole space described =^ 

83. V = fjgl sin a, where a is the inclination of the plane to the horizon. 

86. 200 H.P. ; 200 tons before the carriages are slipped. 

87. 1246 tons' weight ; 31^ foot-tons. 

88. Speed=|tta+(t^-M»)~| ; 
acceleration = . ; 

2 /~F 
spaqe described =5 v A/ "Tf* 

39. 13^1^ miles an hour. 40. 2200 h.p. 41. About 2^ H.P. 

44 rf.. ^1 (wtg + mg) - mi (^2 + ^i) 

"^^ ^^ H, + H, + H, ' 

where mj, m^ m^ are the masses of the engines in pounds, and 
F is the retarding force per pound. 

46. 24t^ H.P. 

Examples on Chapter V. Pages 189, 190. 

1- T^ ll>- , 42,336 ft. , 21 sees, (flf = 32. ) 
2. Tlb.,^ft., T317 8ec. (flr=32.) 



c2 



3. (i%\c^. 6-492 X 10*» nearly. 6-492x lO^^x-^^. 
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«. Unit of ma«.=^ Ibe., of length=^^ ft., of tune = ^^ 
sees. (g=32.) 

6. Unit of mass=- lbs., of length =,9a^ ft., of time = a sees. 

9. — — — hours =30 hours 18 minutes, approximately. 
10. 1-825 dynes. 

§141. Pages 194, 195. 

8. lim<m', the end ball of each series is driven off, the remainder 
coming to rest. If m>m\ all the balls of the second series 
are driven off in succession from the end, each with less speed 
than the preceding. 

4. 8*5 cm. s., 12 cm.s. ; impulse= 18 units. 

§ 147. Pages 201, 202. 



mass of ^ 

8. e= j—n' 5. cos 

mass of B 



., r 2 / uu' Nil 



6. If t£ be the initial speed of the impinging sphere, its final speed 
is u/2^ ; the speeds of the others are u^S/2, u^/fPf ViJSp?, etc. , the 
direction of tne motion of each being at right angles to the tangent 
to it from the centre of the next. 

7. A rises to a height h, while the other ball returns to the earth 

with a speed due to the height h. 



Examples on Chapter VL Pages 212-217. 

1. Unity. 

4. The straight line being ^^rvtana, and the axis of x horizontal, 
the particles that have rebounded will after a time t lie on the 
parabola {y + a:tana(l + 2e) + fef<2}2=2gr<2a;(i+e)«. tana. 

9. Ten impacts. 

16. Let A BCD be the billiard table; draw OK perpendicular to 
AB and produce it to Oj, making KOi=e. OK; draw OiL 
perpendicular to BG produced, and produce it to O2, making 
1/02= e • ^1^ » draw Ojif perpendicular to CD produced, and 
produce it to O3, making M0^=e . O^M \ draw O3N perpen- 
dicular to -4 Z> produced, and produce it to O4, making NO^ 
equal to e . O^N, Join O4O, cutting AB^ AD in P and S ; 
R.D. R 
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O2S, cutting CDinB; O^R, cutting BCinQ; then QP pro- 
duced will pass through Oj, and OPQRSO is the path required. 
(An optical method.) 

26. Jm'M-(l - 6), where u is the original speed of m'. 

28. 2pm=e(m+m')(m-m'-7?). 

32. If t? be the constant velocity, the force when a length x is lifted 

§ 158. Paqe 228. 
sint : sin'^. 

Examples on Chapter VIL Pages 230-236. 

4. At a distance ^ below the highest point. 

8. If ^ be the height of th e wall, and Ic its distance from the point 

of projection, u^=g{^h'^+l<?+h), u'^=g('JhU^^-h), 

9. 2Atan7(co8eca + cosec/3). 

F^sin^a 
18. — , where V is the speed and a the angle of projection. 

80. l^.(-J^X. 
3 g \m + m / 

32. Assume that the kinetic energy generated is constant for all 

elevations. 

33. ^V^^=^{ ^M^^){M+mBmH) \ ' 



Examples on Chapter VIIL Pages 246-248. 

1. 982-87. 2. By -0001157 of its length. 

7. Relative to the other end of the string, the particle behaves as 

'7 



a simple pendulum of period 2ir ^ /- 
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